MINIMUM COST HOMOMORPHISMS TO SEMICOMPLETE
BIPARTITE DIGRAPHS

GREGORY GUTIN*, ARASH RAFIEYT, AND ANDERS YEO?

Abstract. For digraphs D and H, a mapping f : V(D)—V(H) is a homomorphism of D to
H if wv € A(D) implies f(u)f(v) € A(H). If, moreover, each vertex u € V(D) is associated with
costs ¢;(u),? € V(H), then the cost of the homomorphism f is ZuEV(D) Cf(u)(u). For each fixed

digraph H, we have the minimum cost homomorphism problem for H. The problem is to decide,
for an input graph D with costs ¢;(u), u € V(D),i € V(H), whether there exists a homomorphism
of D to H and, if one exists, to find one of minimum cost. Minimum cost homomorphism problems
encompass (or are related to) many well studied optimization problems. We describe a dichotomy
of the minimum cost homomorphism problem for semicomplete bipartite digraphs H. This solves an
open problem from an earlier paper. To obtain the dichotomy of this paper, we introduce and study
a new notion, a k-Min-Max ordering of digraphs.

Key words. homomorphisms, minimum cost homomorphisms, semicomplete bipartite digraphs

1. Introduction. Motivation. We consider only directed (undirected) graphs
that have neither loops nor multiple arcs (edges). In this paper we solve a problem
raised in [6] to find a dichotomy for the computational complexity of minimum cost
homomorphism problem (MCH) for semicomplete bipartite digraphs (we define this
problem below). In fact, our result leads to a complete dichotomy for the computa-
tional complexity of MCH for semicomplete k-partite digraphs (k > 2) as a (much
simpler) dichotomy for the case k > 3 was obtained in [6] (see also Section 5). Our
result uses and significantly extends a dichotomy for the computational complexity of
MCH for bipartite undirected graphs obtained in [4].

In our previous papers we used properties of an important notion of Min-Max
ordering of digraphs. To obtain the dichotomy of this paper, we introduce and study
a new notion, a k-Min-Max ordering of digraphs. We believe that properties of this
notion and, in particular, Theorem 2.2 can be used to obtain further results on MCH
and its special cases. Recent results obtained in [3, 7] and other papers led us to
conjecture in [7] that, unless P=NP, MCH is polynomial time solvable only when H
admits either a Min-Max ordering or a k-Min-Max ordering for some k > 2.

The minimum cost homomorphism problem was introduced in [8], where it was
motivated by a real-world problem in defence logistics. We believe it offers a practical
and natural model for optimization of weighted homomorphisms. MCH’s special cases
include the well-known list homomorphism problem [10, 12] and the general optimum
cost chromatic partition problem, which has been intensively studied [9, 13, 14], and
has a number of applications, [16, 17]. A problem more general than MCH was
considered in [2].

Minimum cost homomorphisms. For directed or undirected graphs G and H,
a mapping f : V(G)—=V(H) is a homomorphism of G to H if wv € E(G) implies
f(u)f(v) € E(H). Recent treatments of homomorphisms in directed and undirected
graphs can be found in [10, 12]. Let H be a fixed directed or undirected graph. The
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Fi1G. 1.1. A bipartite claw (a), a bipartite net (b) and a bipartite tent (c).

(a) (b)

homomorphism problem for H asks whether a directed or undirected input graph G
admits a homomorphism to H. The list homomorphism problem for H asks whether
a directed or undirected input graph G with lists (sets) L, C V(H),u € V(G) admits
a homomorphism f to H in which f(u) € L, for each u € V(G).

Suppose G and H are directed (or undirected) graphs, and c¢;(u), u € V(G),
1 € V(H) are nonnegative costs. The cost of a homomorphism f of G to H is
2 uev(c) Crw(w). If H is fixed, the minimum cost homomorphism problem for H,
MinHOM(H), is the following optimization problem. Given an input graph G, to-
gether with costs ¢;(u), v € V(G), i € V(H), we wish to find a minimum cost
homomorphism of G to H, or state that none exists.

A bipartite digraph is semicomplete if there is at least one arc between every two

vertices belonging to different partite sets. In this paper, we study the minimum
cost homomorphism problem for semicomplete bipartite digraphs, i.e., MinHOM(H)
when H is a semicomplete bipartite digraph. Observe that MCH for semicomplete
bipartite digraphs extends MCH for bipartite undirected graphs. Indeed, let B be a
semicomplete bipartite digraph with partite sets U,V and arc set A(B) = Ay U Aa,
where A1 = {uv: v e U, veV}iand A3 C{vu: v eV, ue€ U}. Let B’ be a
bipartite graph with partite sets U,V and edge set E(B’) = {uv : vu € As}. Notice
that MinHOMP(B) is equivalent to MinHOMP(B').
Min-Max ordering. Let H be a digraph. We say that an ordering vy, vs,...,v, of
V(H) is a Min-Maz ordering of H if vv,,vjus € A(H) implies vnin(i,j}Vmin{s,r} €
A(H) and Viax{i,j}Vmax{s,r} € A(H). One can easily see that vi,vs,...,v, of V(H)
is a Min-Max ordering of H if i < j, s < r and v;v,, v;us € A(H), then v;vs € A(H)
and v;v, € A(H). We can define a Min-Max ordering for a bipartite undirected graph
G with partite sets V and U as follows: We orient all edges from V' to U and apply
the above definition for digraphs. Importance of Min-Max ordering for MinHOM(H )
is indicated in the following two theorems.

THEOREM 1.1. [5] Let a digraph H have a Min-Max ordering. Then MinHOM(H)
is polynomial-time solvable.

A bipartite graph H with vertices x1, x2, T3, T4, Y1, Y2, y3 is called

a bipartite claw if its edge set E(H) = {x4y1, Y121, TaY2, Y2T2, T4Ys3, Y3T3};

a bipartite net if its edge set E(H) = {x1y1, Y123, Y124, T3Y2, T4Y2, Y2X2, Y324 };

a bipartite tent if its edge set E(H) = {z1y1, T1Y2, T1Y3, T2Y1, T2Y3, T3Y1, TaY1, TaY2 -
See Figure 1.

THEOREM 1.2. [4] Let H be an undirected bipartite graph. If H contains a cycle
Cok, k > 3 or a bipartite claw or a bipartite net or a bipartite tent as an induced
subgraph, then MinHOM(H ) is NP-hard.
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FI1G. 1.2. The digraphs C}, Cy and H*

Assume that P£NP. Then the following three assertions are equivalent:

(i) H has a Min-Max ordering;

(i) MinHOM(H ) is polynomial time solvable;

(iii) H does not contain a cycle Cor, k > 3, a bipartite claw, a bipartite net, or a

bipartite tent as an induced subgraph.
Additional terminology and notation. For a graph H, V(H) and E(H) denote
its vertex and edge sets, respectively. For a digraph H, V(H) and A(H) denote its
vertex and arc sets, respectively. For a pair X,Y of vertex sets of a digraph H,
(X,Y)n denotes the set of all arcs of the form zy, where z € X,y € Y. We omit the
subscript when it is clear from the context. Also, X xY ={zy: z € X,y € Y}. For
aset X CV(H), let NT"(X) ={y: Jz € X withay € A(H)} and N~ (X) = {y :
Jz € X with yx € A(H)}.

If xy is an arc of a digraph H, we will say that y is an out-neighbor of x, and x is
an in-neighbor of y. We also denote it by z—y. For disjoint sets X,Y C V(H), X—=Y
means that z—y for each z € X and y € Y.

An extension of a digraph G is a digraph D obtained from G by replacing each
vertex u of G by a set of independent vertices uy,us,. .., uy(y) such that for a pair
u, v of vertices in G, u;—v; in D if and only if u—v in G.

For a bipartite digraph H = (V,U; A), where V and U are its partite sets, H
is the subdigraph induced by all arcs directed from V to U, H* is the subdigraph
induced by all arcs directed from U to V, and H*” is the subdigraph induced by all
2-cycles of H, i.e., by the set {zy : zy € A,yx € A}. A digraph H is an oriented
graph if it does not contain a 2-cycle, i.e., if H is empty. The converse of H is the
digraph obtained from H by replacing every arc xy with the arc yz.

We denote a directed cycle with p vertices by C’;,. For a set X of vertices of a
digraph H, D[X] denotes the subdigraph of H induced by X. For a digraph H,
UN(H) denotes the underlying graph of H, i.e., an undirected graph obtained from
H by disregarding all orientations and deleting multiple edges.

A digraph D is strong (or, strongly connected) if there is a directed path from z
to y and a directed path from y to x for every pair x,y of vertices of D. A strong
component of a digraph D is a strong maximal induced subdigraph of D.
Forbidden family. Let us introduced five special digraphs for which, as we will see
later, the minimum homomorphism problem is NP-hard. The digraphs are depicted
in Figures 1.2 and 1.3.

The digraph C} has vertices {z1, x2, y1, y2} and arcs {z1y1, Y122, T2y2, Y221, Y121 }.
The digraph C} has the same vertex set, but its arc set is A(C})U{xz2y;}. The digraph
H* has vertex set {1, 2,91, Y2, Y3} and arc set {x1y1, Y122, T2Y2, Y21, T1Y3, T2Y3 }-
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Fic. 1.3. The digraphs N1 and Na

Let Ny be a digraph with V(Ny) = {z1, 2, z3,y1, y2,ys3} and

A(Nl) = {3311117y1$1,$2y27y2$2,563y37y3333,y1$2,y1$37$1y27$1y37$392,mzys}-

Let N be a digraph with V(N2) = {21, 22, z3,y1, Y2, y3} and

A(NQ) = {$1y1,$292,92332,%31/379356372%13?2,y1$3,$1y2,$1y37$3y2,$2ys}~

A digraph H belongs to the family HFORB if H or its converse is isomorphic to
one of the five digraphs above or UN(H*®) is isomorphic to bipartite claw, bipartite
net, bipartite tent or even cycle with at least 6 vertices, where s € {—, —, <}.
k-Min-Max ordering. A collection Vi, Vs, ..., Vi of subsets of a set V is called a
k-partition of Vif V =V, UVoU--- UV, V;NV; =0 provided i # j.

DEFINITION 1.3. Let H = (V,A) be a digraph and let k > 2 be an integer.
We say that H has a k-Min-Max ordering if there is a k-partition of V into subsets
Vi, Va,..., Vi and there is an ordering v, v, . .. 7”@(1') of Vi for each i such that
(1) Every arc of H is an (V;,Viy1)-arc for some i € {1,2,...,k},

(ii) v’i,v%,...,vé(i),viﬂmy ,...,v%il) is a Min-Maz ordering of the subdigraph
H[V, UV for alli e {1,2,...,k},
where all indices © + 1 are taken modulo k. We call the ordering

vhv%,...,vl}(l),vf,vg,...,vl?(g),...,v’fm];,...,vf(k)
a k-Min-Max ordering of H.

Note that if H is a strong digraph in which the greatest common divisor of all
cycle lengths is k, then V(H) has a k-partition, k > 2, satisfying (i) (see Theorem
10.5.1 in [1]). A simple example of a digraph having a k-Min-Max ordering is an
extension of 5k
Dichotomy and paper organization. The main result of this paper is the follow-
ing:

THEOREM 1.4. Let H be an semicomplete bipartite digraph. If H contains a
digraph from HFORB as an induced subdigraph, then MinHOM(H ) is NP-hard.

Assume that PANP. Then the following three assertions are equivalent:

(i) MinHOM(H ) is polynomial time solvable;

(i) H does not contain a digraph from HFORB as an induced subdigraph;

4



(iii) Each component of H has a k-Min-Maz ordering for k =2 or 4.

Theorem 1.4 follows from Corollaries 3.5 and 4.6.

The rest of the paper is organized as follows. In Section 2, we study properties of
k-Min-Max orderings. In Section 3, we prove polynomial cases of MinHOM(H) when
H is a semicomplete bipartite digraph. In Section 4, we establish NP-hard cases of
the problem. In Section 5 we formulate a dichotomy for the computational complexity
of MinHOM(H) when H is a semicomplete multipartite digraph. Section 6 provides
a short discussion of further research.

2. Properties of k-Min-Max Orderings. Digraphs having k-Min-Max order-
ing have a very special structure as described in the following lemma.

LEMMA 2.1. If a digraph H = (V, A) has a k-Min-Maz ordering as described
in Definition 1.3 and I = {x € V : d~(x) = 0}, then we can define 0 < L(i,j) <
R(i,7) < (j) 4+ 1 for alli and j such that the following holds.

(a): We have N*(v)) = {vi?i{.j)+l7 ]L—&l])-w’ o v?llj) I\ for each v} € V with
positive out-degree, where all superscripts are taken modulo k;
(b): For all j and i < i’ we have R(i,j) < R(¢',j) and L(i,j) < L(z"7j),
Proof. It df;(v)) > 0, then let L(i,j) be the maximum number such that

Nt n ol ot JL+113)} = () and let R(4,j) be the minimum number such
1 1
that N*(v/) N {vﬁm),vﬂu)ﬂ,.. vl(])} = (. If df;(v)) = 0, then if i = 1 we let

L(i,j) = 1= R(i,j)—land ifi > 1 welet L(i,j) = L(i—1,j) and R(i,j) = R(i—1, 7).
Suppose that for some m and p > 2 we have v vi, ™, v/v]Fl € A, but v]vl Tl

vafnt_lp L& Aand vl ¢ T, where 1 < s < p— 1. Since v/ ¢ I, there is an arc

vjvl s in H. By the definition of a k-Min-Max ordering, v’ vJ‘H € A, a contradiction
that proves (a). A ‘

We now prove (b). If dt(v]) > 0 and d*(v},) > 0 then this follows from the
k-Min-Max ordering using an analogous argument as above. If i = 1 and d* (v}) = 0,
then we also see that (b) holds. We now prove the remaining cases by induction on
i+4. If d*(v]) = 0 consider i — 1 instead of i and if d* (v},) = 0 then consider i’ — 1
instead of ¢’. If the new 4 and i’ are equal than (b) holds and otherwise we are done
by induction. O

The construction used in the following theorem was inspired by somewhat similar
constructions in [15] and [2].

THEOREM 2.2. If a digraph H has a k-Min-Max ordering, then MinHOM(H) is
polynomial-time solvable.

Proof. Let H have a k-Min-Max ordering. Let Vi, V5, ...,V be defined as in
Definition 1.3. If there is a homomorphism h of D to H, then each h=1(V;), i =
1,2,...,k is an independent set. Thus, we may say that the vertices of h=1(V;)
are of color i. We may assume that UN(D) is connected as otherwise we consider a
minimum cost homomorphism of each component of D (corresponding to a component
of UN(D)) separately.

Let z € V(D) be an arbitrary vertex. We will show how to decide whether there
is a homomorphism f of D to H, such that f(z) € V;, for each i € {1,2,3,...,k}. If
such a homomorphism exists for a given i, then we will furthermore show how to find
a minimum cost homomorphism of D to H, such that f(z) € V;. We may assume
without loss of generality that ¢ = 1.

Now assign color 1 to z. Assign every out-neighbor of z color 2 and each in-
neighbor of z color k. For every vertex z’ with color 7, we assign every out-neighbor
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of 2’ color 7 + 1 modulo & and every in-neighbor of 2’ color i — 1 modulo k. If some
vertex of D is assigned different colors, then clearly there is no homomorphism of D
to H, so assume that this is not the case.

Consider the k-partition G, Ga, ..., G} of V(D) such that all vertices of G; were
assigned color j for each j € {1,2,...,k}. Clearly, all arcs in D are (G;, Gj41)-arcs,
where all indices are taken modulo k and j € {1,2,3,...,k}. Note that if f is a
homomorphism of D to H such that f(z) € Vi, then for all y; € G; we must have
fy;) € Vj.

We will build a weighted digraph (network) £ with vertex set U?zl(Gj x Vj)
together with two other vertices, denoted by s and ¢t. We will also denote t by
(x,vg(j)ﬂ) for every j € {1,2,...,k}. The weighted arcs of £ are as follows, where
M is any constant greater than the cost of a minimum cost homomorphism of D to
H.

e An arc from s to (z, Ul) of weight oo, for each z € Gj.

e Anarc, ef;, from (z, v!) to (J;,vzﬂ), for each z € Gj and i € {1,2,...,4(j)}.
Recall that when i = £(j) the arc enters t. We define the weight of ef ; as
follows. If d;(«) > 0 and d;(vf) = 0 then the weight is co. If d;(x) > 0 and
df;(v)) = 0 then the weight is co. Otherwise the weight is ¢, (z) + M.

e an arc from (z,v!) to (y,viJ(ri{j)+1) and an arc from (y, v Hlj)) to (z, l+1) for
every zy € A(D) with € G; and every i = 1,2,...,£(j). Furthermore the
weight of these arcs are co.

A cut in L is a partition of the vertices into two sets S and T such that s € S and
t € T and the weight of a cut is the sum of weights of all arcs going from a vertex of
S to a vertex of T. We will show that a minimum weight cut in £ has weight equal
to the minimum cost homomorphism f of D to H such that f(z) € V; plus |V(D)|M,
if such a homomorphism exists. Otherwise, a minimum weight cut in £ is of weight
at least |V (D)|M + M.

Assume f is a minimum cost homomorphism of D to H such that f(z) € V1, and
assume that f(x) = vi(w) for each z € G; and for all j = 1,2,... k. Define a cut in
L as follows: S = {(z,v}): i <a(x), j=1,2,...,k}U{s} and T = V(L) — S. Since
f is a homomorphism of D to H, we note that if d;(x) > 0 then d;l(vi(m)) > 0 and
if df,(z) > 0 then d;(vi(z)) > 0. Therefore the arcs from (:c,vi(m)) to (x,vi(z)ﬂ)
belong to the cut and contribute cs(,)(x) + M to the weight of the cut (and not 0o).
We will now show that there are no arcs of infinite weight in the cut, which would
imply that the weight of S is exactly the cost of a minimum cost homomorphism from
D to H plus |V(D)|M.

Clearly no arc out of s belongs to the cut S. Assume for the sake of contradiction
that the arc (z,v]) to (y,vi?i%j)+1) belongs to the cut S for some zy € A(D) with
x € G This implies that a(z) > i (as (z,v!) € S) and a(y) < L(i,5) + 1 (as
(y,vL (i) +1) ¢ S). By Lemma 2.1 (b), this implies that a(y) < L(4,j) < L(a(x),j).
Thus, there is no arc from UZ(I) to vial) in H, by the definition of L(i, 7). This is a
contradiction to f being a homomorphism.

Now assume for the sake of contradiction that the arc (y,fuR(”)) to (x,vljﬂ)
belongs to the cut S for some zy € A(D) with « € G;. This implies that a(z) <i+1
(as (z,vl ;) € S) and a(y) > R(i,j) (as (y,v ﬁllj)) € S). By Lemma 2.1 (b), this

implies that a(y) > R(i,j) > R(a(x),j). Thus, there is no arc from Ua(x) to vi?yl) in H,
6



by the definition of R(%,j). This is a contradiction to f being a homomorphism. We
have now proved that the cut S has the stated weight when there is a homomorphism
of D to H with f(z) € V1.

Assume that S’ is a cut of weight less than M + [V (D)|M and note that the cut
S’ contains exactly one arc of the form (z,v])(z,v],,) for each x € V(D). Therefore
we may define a mapping, f’, from V(D) to V(H) by letting f'(x) = v{ if and only
if (z,v)) € S and (z, vfﬂ) ¢ S’. We will now show that f’ is a homomorphism of D
to H of cost equal to the weight of the cut S’ minus |V(D)|M.

Let xy be any arc in D, and assume without loss of generality that x € G;. Let
i, and i, be defined such that (x,vfx) €S and (x,vfmﬂ) ¢S5 (ie., f'(z) = vfm) and
(y,v{jl) € S and (y,vf;;ll) ¢S (ie., f'(y) = ’ufy“) As the arc (x,vgw)(y,vﬂ;j)ﬂ)

is not in the cut, we must have (y, ”JLElI jy41) € S, which implies that iy > L(iz,j) +
J+1

1. Furthermore as the arc (y,vR(iz j))(x,vgzﬂ) is not in the cut, we must have

(y, vg(rit’j)) ¢ S, which implies that i, < R(iz,7). We have now shown that L(i,,j)+

1 < iy < R(iz, ). Since xy € A(D) and the arc (z,v] )(z, U{IH) has finite weight we
observe that d;}(vft) > 0 and vf-jl
2.1 now implies that vfm vg:rl is an arc in H. Therefore f’ is a homomorphism. It is
not difficult to see that the cost of f’ is indeed equal to weight of the cut S’ minus
[V(D)|M.

It remains to recall that a minimum weight cut in a network can be found in
polynomial time [1].0

¢ I, where I is defined in Lemma 2.1. Lemma

3. Polynomial Cases. We start from a special case which is of importance
when H contains no induced 6_"4.

LEMMA 3.1. Let H = (V,U; A) be a semicomplete bipartite digraph, which does
not contain an induced subdigraph belonging to HFORB. Suppose for every v,v' € V
we have N*(v) C NT(v') or NT(v') C Nt (v). Then H has a 2-Min-Maz ordering.

Proof. We say that vertices v;,v; € V are similar if N™(v;) = N*(v;). Consider
similarity classes V1, Va,...,Vy of V. Moreover assume that N*(V;) ¢ N*(V;) for
i < j. Set Uy = N*(V1) and U; = NT(V;) — UiZ}U; for each i > 1. If s = 1
then UN(H ) is a complete bipartite graph. By Theorem 1.2, H has a Min-Max
ordering 7. Observe that the orderings of vertices in V and U given by the relative
order of vertices in 7 generate a 2-Min-Max ordering of H. Assume s > 1. We prove
the following two claims:

(1) Let w; € Uj, vj €V, j >4, and u;v; € A. Then U,—w; for each r > ¢ and
u;—V; for each t < j.

Proof of (1): By the definition of U; and V;, if » > j then U, —v;. Now suppose
that ¢ < r < j and u,v; € A for some u, € U,. Let v; € V; be arbitrary, and
note that H[{u;,v;, u,,v;}| is isomorphic to C} or C, a contradiction. So
upv; € A

By the definition of U; and V;, if t < ¢ then u;—V;. Now suppose that
i <t < jand that u,v; € A, for some vy € V;. Let u; € U; be arbitrary, and
note that H[{u;, v, u;j,v;}] is isomorphic to C or CY, a contradiction.

(2) If u,u’ € U then N*(u) C Nt(u') or N*(u') C N*(u).

Proof of (2): Assume that this is not the case, and there exist v € N T (u) —
N*t(u')and v' € NT(u')— N7 (u). This implies that u # u’, v # v/, uv,u'v' €
7



A and w',u'v ¢ A. If w € U; and v’ € U; and i < j, then by (1) we note
that u'v € A, a contradiction. So for some ¢ we must have {u,u'} C U,.
Analogously, if v € V, and v/ € V}, and a < b, then by (1) we note that
uw'v € A, a contradiction. So for some j we must have {v,v'} CV;. If i > j
then U;—Vj;, which is a contradiction, so we must have i < j.

If i < j then let «” € U; and v” € V; be arbitrary. Note that by (1) we
must have the arcs v v, u”v’',uv”,u'v" in H. By the construction of the sets
U;,U;, Vi, V; we now note that the underlying graph of H [{u, v, u”, v, v, v"}]*
is the 6-cycle v uvu”v'u/v”, a contradiction.

Therefore we must have ¢ = j. First assume that ¢ < s. Now consider
vs € Vs and ug € Us. By (1) there is no arc from {u,u’} to vs. However
H[{u, v ,v,v",vs,us}] is either Ny or Ny, a contradiction.

Similarly for the case i = s we derive a contradiction.

Now consider an ordering wj,us,...,u, of the vertices in U and an ordering
V1,02, ..., of the vertices in V, defined as follows. If i < j then d*(v;) < d*(v;)
and if dt(v;) = d*(v;) then d(v;) > d (vj). Furthermore when ¢ < j then
dt(u;) < d*(u;) and if d(u;) = d*(u;) then d~(u;) > d~(u;). Note that the
ordering vy, vs, ..., vy first contains vertices from V; then from Vs, etc.

We will now show that for every i € {1,2,...,b} there exists an integer «; such
that N*(u;) = {v1,va,..., 04, }. Suppose this is not the case. Then there exists an arc
u;v; in H, such that u;v;_1 is not an arc in . Thus, both v; and v;_; belong to some
Vi, as otherwise we have a contradiction to (1). This implies that d*(v;) = d* (vj_1)
and d~ (vj_1) > d~ (v;j). Note that every vertex u € N~ (vj_1) has N (u;) C N (u),
by (2). Therefore u—wv;. However this implies that d™ (v;_1) < d™ (v;) (as u;—wv; but
u;vj_1 ¢ A(H)), a contradiction.

Using the fact that N (u;) = {v1,va,...,04,} for each i € {1,2,...,b} and that
a; > a;_q for each i € {2,3,...,b} (as d™(u;) > d"(u;—1)) and the similar relations
for the vertices of V', we can readily conclude that H has a 2-Min-Max ordering.0

The distance dist(z,y) between a pair x,y of vertices in an undirected graph G is
the length of the shortest path between z and y. The diameter of G is the maximal
distance between a pair of vertices in G.

The following theorem shows when MinHOM(H) is polynomial time solvable if
H is strong and does not contain Cy as an induced subdigraph.

THEOREM 3.2. Let H be a strongly connected semicomplete bipartite digraph.
Assume that H does not contain a digraph from HFORB or Cy as an induced sub-
digraph. Then H has a 2-Min-Max ordering and MinHOM(H ) is polynomial time
solvable.

Furthermore, either UN(H ) or UN(H ") are complete bipartite graphs, or the
following holds. For every pair u,u’ of distinct vertices of U we have NT(u) C N T (u)
or Nt(u') C N*(u) and for every pair v,v" of distinct vertices of V- we have N T (v) C
NT @) or NT(v') C N*(v).

Proof. By Theorem 2.2, to prove the first part part of this theorem (before
‘Furthermore’), it suffices to show that H has a 2-Min-Max ordering. Let V and U
be partite sets of H. Denote H; = H and H, = H . It follows from Theorem 1.2
that UN(H;) and UN(H;) have Min-Max orderings and so do H; and Hs.

Let d; be the diameter of UN(H;), i = 1, 2. Observe that if UN(H;) (UN(Hz)) is a
complete bipartite graph, then, as in the proof of Lemma 3.1, a Min-Max ordering of
H, (H;) generates a 2-Min-Max ordering of H. Therefore, MinHOM(H ) is polynomial
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time solvable by Theorem 2.2. Notice that UN(H;) is complete bipartite if and only
if d; = 2. Thus, we may assume that both d; > 3 and dy > 3.
We consider the following cases for the value of d; > 3.

Case 1: d; > 4.

We will show that UN(Hs>) is a complete bipartite graph or, equivalently, dy = 2.
Assume that d; is odd, as the case of d; even can be considered similarly. Let
P = vjujvaus . .. vp_1uk_1vur be a shortest path of length d; between vy and uy
in UN(H;). Let U= {u1,ug,...,u;} and V= {v1,v9,...,v5}. We will first prove
that U—V . Since P is a shortest path, we have u;—v; for each u; € U and v € 1%
provided j & {i,i + 1}. Thus, it sufficient to prove

(3.1) u—v; (1=1,2,...,k) and w;—v;41 (1 =1,2,...,k—1)

Consider the subdigraph H’ of H induced by four vertices vy, u;, v; 2, u;v1, where
i €{1,2,...,k — 2}. By the definition of P (including the fact that P is a shortest
path), we have ViUjy Vi4-2Ui4 15 Uit1V5, Ui Vit2 € A/él(ff)7 but ViUi+1, Vi4-2U5 g A(H)
Since H’ is not isomorphic to either C, or ), we have u;v;, uj+1v;42 € A(H). This
proves that u;—wv; provided ¢ =1,2,..., k—2 and u;—v;41 provided: =2,3,...,k—1.
Thus, to prove (3.1) it remains to show that

(3.2) Up—1 Vg1, Ukp—Vk, U] —V2

Consider the subdigraph H” of H induced by four vertices vg_1, ur_1, Uk, ug. By
the definition of P, we have vj_jug_1, vgug, Vgtg—1, ugvp—1 € A(H), but vg_jup &
A(H). We have proved that uy_1—wvg. Since H” is not isomorphic to C} or C}, we
have ug_1vg_1,upvr € A(H).

Consider H[{vs, vs, u1, us}]. By the definition of P, we have vouy, vausg, v3us, ujvg €
A(H), but vsuy ¢ A(H). We have proved that us—vs. Since H[{va,vs,u1,uz}] is
not isomorphic to Cj or CY, we have ujvg, ugvs € A(H). This implies that (3.2) and,
thus, (3.1) has been proved.

Consider vertex u € U—U; we will show that u — V. Suppose this is not true. Let
j be the smallest index such that uv; ¢ A(H). We have vju € A(H). Suppose j > 1.
Since H[{u,v1, u1, v;}] is not isomorphic to Cj or CY, we have vjuq, viu € A(H). Since
P is a shortest path, we have j = 2 as otherwise viuv;u 41 ... v uy is shorter than P.
We have vsu & A(H) as otherwise vjuvsus . . . vguy is shorter than P. However, C} is
isomorphic to H[{ve, u, vs,us}], a contradiction.

Now assume that j = 1. We have vsu ¢ A(H) as otherwise we have a shorter path.
Since H is semicomplete bipartite, we have uvs € A(H). However H[{v1,u,vs, ug}] =
C}, a contradiction.

Analogously we can prove that U — v for every v € V — V. Consider u €
U-U, v eV —V. We show that uv € A(H). Suppose this is not true. We
have vu € A(H). Since H[{v,u,v1,u;}] is not isomorphic to Cy, C} or C} we have
viu,vu; € A(H). Since H[{v,u, v, ur}] is not isomorphic to C} or C} we have
veu, vuy € A(H). But now dist(vy,u) = 3 in UN(H;), a contradiction.

Case 2: d; = 4.

We will show that again UN(Hj) is a complete bipartite graph. Assume that
viujvhubul is a shortest path between a pair v; € V and v§ € U in UN(H;). Let
Uy = Nt (1), Vo = N~ (Uy) = {1}, Us = N*(Va) — Uy and Vs = N~ (Us) —Vo. By the
definitions, V' = {01} UVoUV5 and U = U; UUs. Observe also that (Uy, V3) = Uy x Vs,
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(‘/3,U1) = @, (UQ,{’Ul}) = Uy x {’Ul} and ({’Ul},Ug) = (). Let up € Uy, us € UQ,
vy € Vo and vs € V3 be arbitrary. If ugvs ¢ A(H), then vsus € A(H), and now
H[{u1,vs, u2,v1}] is either Cy or (Y}, a contradiction. Therefore, we have ugvs € A(H)
and consequently (U, V3) = Uy x V3. Consider vz, us where vsus € A(H). Since
H[{uy,vs, ug,v1}] is not C} or Cy, we conclude that uyv; € A(H) and consequently
(U1, {v1}) = Uy x {v1}.

Note that we have already proved that the underlying graph of Ho[Uy UUs U V35U
{v1}] is a complete bipartite graph. Suppose ujve € A(H). Then ugve € A(H) as
otherwise H[{u1,v1, u2,vs}] is isomorphic to C} or CY, a contradiction. Therefore, if
uivg € A(H), then (Uz,{v2}) = Uz x {v2}. Thus, to show that (Uz, Vo) = Uy x V3 it
suffices to prove that every vertex in V5 has an in-neighbor in U;. Suppose this is not
true, and let X5 be the set of all vertices in V5 that does not have an in-neighbor in
U;. Let Y5 be the set of all vertices in Us that have an arc into Xs. As H is strong
some vertex in H must have an arc into X5, which implies that Y5 # 0.

If there is an arc vsys from V3 to Ys, then let x5 be an out-neighbor of y» in X5
and let u; € Uy be arbitrary. However this is a contradiction to H[{vs,ya, za,u1}]
not being isomorphic to Cj and CY, which implies that there is no arc from V3 to Y5.

As H is strong and there is no arc from V3 into U; or Y3, there must be an arc, say
v3ug, from V3 into Us —Y,. As H is strong there must also be an arc from V(H)— X —
Y5 into Xo U Y5. By the above this arc, say vays, must be from Vo — X5 to Y5. As ys
belongs to Y5 there must be a vertex, say o € Xo, such that yoxs € A(H). Asve & Xo
we note that there is a vertex, say u; € Uy, such that ujve € A(H). As uixs & A(H)
and H[{va, 2, u1,y2}] is not isomorphic to C} and CJ, we note that zays,vou; €
A(H). If ugvy & A(H), then H[{v1, va, u1,us}] is isomorphic to C} and C} (as viug &
A(H)), a contradiction. As ugue € A(H) and H[{ve,vs,us,y2}] is not isomorphic to
C} and C} we note that yovs € A(H) (as vsys & A(H)). As H[{va, x2,us,y2}] is not
isomorphic to C} and C} we note that vous € A(H) (as ugze ¢ A(H)). However, the
underlying graph of H[vi,uy,va,vs,T2,Ys2,u2] " is now a bipartite claw, with edges
{vau1, Vay2, Voo, U1V1, Yaa, U2vs }, a contradiction. Therefore Us— V5.

We show that ujve, € A(H) for every u; € Uy and ve € V. Suppose this is not
true for some vy € Vo and w; € U;. Then we have vou; € A(H). Let v € V3 be
arbitrary and us € Uy N N1 (vs). Then H[{u1,vs,us,v2}] is isomorphic to C} or CY.
This completes our proof that UN(H>) is a complete bipartite graph.

Case 3: d; = 3.

Consider a Min-Max ordering 7 for H;. Define vertices x,t,y and z as follows.
Let 7(z) = min{n(z') : 2’ € V}, n(t) = max{n(t') : t' € U}, w(y) = max{n(y’) :
y €U, z—y'}, and 7(z) = min{n(2") : 2/ €V, 2/—t}.

Let T = N~ (t). Since H is strong, every vertex of V has an out-neighbor. Since
7 is a Min-Max ordering, z’—t for each 2z’ € V with w(z") > 7(z). Thus, T = {%’ €
V: m(2') > w(2)}. Let X = NT(x). Since H is strong, every vertex of U has an
in-neighbor. Since 7 is a Min-Max ordering, z—y’ for each 3y’ € U with n(y’) < 7(y).
Thus, X ={y' € U: n(y") <w(y)}.

Since dist(x,z) = 2 in UN(H;), we have z—y’ for some y’ € NT(x). Since 7
is a Min-Max ordering, z—y (consider the arcs zy' and zy). Now for every 2’/ € V
with 7(2") < m(z), we have 2’ —y (as 7 is a Min-Max ordering). Similarly, for every
y" € U with w(y") > 7 (y), we have z—y".

Let m(w) = min{n(w’) : w' € U}. Notice that dist(w,t) = 2 in UN(H;). Thus,
for some 2’ € T, we have z’—w. Hence, z—w and z—X (as 7 is a Min-Max ordering).
We conclude that z—U. Similarly, we can obtain that V—y.
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Let Y =V -Tand Z=U - X. Let 2’ € X, 3y € Y. We have z—1z’ and y'—y.
Hence (as 7 is a Min-Max ordering), y'—a’. Thus, Y—X. Analogously, we can prove
that T—Z.

Let ¢/ € X, t' € T,y € Y and 2’—t'. Then t't, ty',y'2’ € A(H). Since
H[{«' t,t',y'}] is not isomorphic to Cy, C) or C/, we have ’—y’ and t—t'. Thus, if
' —t', we have 2'—Y . Analogously, if z'—t', we have Z—t'. Hence,

(3.3) 2’ —t" implies ' —Y and Z—t'

We will now prove the following: for a pair u,u’ of distinct vertices of U we have
N*t(u) C Nt (u') or N*(u') € N*(u). By Lemma 3.1, this implies that H has a 2-
Min-Max ordering and we are done. Suppose that we have neither N*(u) C N*(u')
nor N*(u') C N*(u). Thus, there is a pair v,v" of vertices in V such that u—wv,
u'—v’, but wv’ and u'v are not arcs in H. Since H[{u, v, v,v'}] is not isomorphic to
Cy, € and CY, we have v—u and v'—u'. Now consider four cases.

Case 3.1: v,v' € Y. Let t' € T. By the definition of ¢, t & {u,u'}. If v'—t', then
H[{t,t',v,u'}] is isomorphic to Cy, C} or C}, which is impossible. Thus, u't’ & A(H)
and t'—u'. Analogously, ut’ ¢ A(H) and t'—wu. By the fact that ¢ —¢ and the existence
and nonexistence of previously considered arcs, we conclude that H[{v, v, u,u,¢,t'}]
is isomorphic to Ny or N, which is impossible.

Case 3.2: u,u’ € Z. We can show that this case is impossible similarly to Case 3.1
but considering x, w instead of ¢,#'.

Case 3.3: ve Y, v € T. By (3.3), ' € Z. By Case 3.2, we may assume that u € X.
Then H[{v,v',v,t}] is isomorphic to Cy, C} or Cf, which is impossible.

Case 3.4: v,v’ € T. By Case 3.2, we may assume that u € X. By (3.3), Z—wv and,
thus, v’ € X. By (3.3), we conclude that uzu, u'zvu’, vtv and v'tv’ are 2-cycles. Notice
that t—z, but 2t ¢ A(H). Now it follows that H[{x,v,v',u,u’,t}] is isomorphic to
Cs, a contradiction.

It follows from Cases 1,2 and 3 that if neither UN(H;) nor UN(H3) are complete
bipartite graphs, then we must have d; = do = 3. In this case we have shown that for
every pair u, u’ of distinct vertices of U we have N*(u) C N*(u') or N*(u') C N T (u).
However, by swapping the roles of U and V we also get that for every pair v,v’ of
distinct vertices of V' we have N (v) C N*(v') or N*(v') C Nt (v). O

The following theorem shows when MinHOM(H) is polynomial time solvable for
the case when H is not strong, and does not contain 64 as an induced subdigraph.

THEOREM 3.3. Let H = (V,U; A) be a semicomplete bipartite digraph with strong
components C1,Cs,...,Cy, (p > 2) satisfying the following:

e There is no arc from C; to C; for i > j,
e H does not contain an induced subdigraph belonging to HFORB or an induced
directed 4-cycle.
Then H has a 2-Min-Maz ordering and MinHOM(H ) is polynomial time solvable.

Proof. If there are no v,v’ € V and u,u’ € U such that A(H " [{v,v/,u,u'}]) =
{vu,v'u'}, then H ™ satisfies the condition of Lemma 3.1. Therefore H has a 2-Min-
Max ordering.

Thus, we may assume that there exist v,v’ € V and u,u’ € U such that
A(H [{v,v,u,u'}]) = {vu,v'v’'}. Note that {v,v’,u,u'} belong to a strong compo-
nent of H as they are contained in a 4-cycle. Let {v,v’,u,u'} C V(C}) for some ¢t and
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let Vi ={zeV]zeC,i<th,Uy={yeU|yeC;,i<t} Vo=VnC,
U, =UNC; , V3=V Vi —Voand U3 =U — Uy — Us.

If there is a w’ € Uz and w € V3, such that w'—w, then H[{u,v, v v, w,w'}] is
the converse of either N7 or Ny. Therefore we must have A(H[Us U Vs]) = V3 x Us.
Analogously we must have A(H[U; UVj]) = V; x Uy. Consider H' = H[Uy U V5] and
note that H' is strong and does not contain a digraph from HFORB or Cy as an
induced subdigraph. Therefore Theorem 3.2 implies that Us—Vs (as Vo—Us is not
true), which furthermore implies that (U; U Uz)— (V2 U V3).

Let 7 be a Min-Max ordering of H~. Let uv € A(H) and u'v' € A(H) be two
distinct arcs from U to V. As d*(u) > 0 we note that u € Uy U Us, by the above.
Analogously we note that v’ € Uy UUsz, v € Vo U V3 (as d™ (v) > 0) and v’ € Vo U V.
By the above we therefore have uv’, u'v € A(H). As u,u’,v,v’ were chosen arbitrarily,
this implies that 7 is a 2-Min-Max ordering. O

The following theorem shows when MinHOM(H) is polynomial time solvable for
the case when H does contain 6_"4 as an induced subdigraph.

THEOREM 3.4. Let H be a semicomplete bipartite digraph. Assume that H does
not contain a digraph from HFORB as an induced subdigraph, but contains Cy as an
induced subdigraph. Then H is an extension of a Cy and MinHOM(H ) is polynomial
time solvable.

Proof. Observe that an extension L of any cycle C_"p, p > 2, has a p-Min-Max
ordering. Thus, MinHOM(L) is polynomial time solvable by Theorem 2.2. Let C' =
viu1vousvy be an induced 4-cycle of H. It suffices to prove that H is an extension of
C.

Fori=1,2,let M*(v;) ={u€U: viue A(H), uv; € A(H)}, M~ (v;) ={u €
U: wy, € A(H), viu ¢ A(H)}, and M(v;)) ={uv e U : wv;, viu € A(H)}. We have
M™(v1)NM™ (vg) = 0 as otherwise H[{vy, vo, u1,uz, u3}] = H*, where ug € M (v1)N
M™(vg). We have M~ (vy) N M~ (vg) = 0 as otherwise H[{v1,va, u1,us,uz}] = H**,
where ug € M~ (v1) N M~ (ve) and H** is the converse of H*.

We have M (v1) N (M (vy) UM~ (vg)) = 0 as otherwise H[{vy,u1,vs,u}] = Cj,
where u € M (v1) N M7 (ve) or H[{v1,us,ve,u}] = C}, where u € M(vy) N M~ (v2).
Moreover, M (v1)NM (ve) = () as otherwise H[{v1,u1,ve,u}] = C}, where u € M (v1)N
M (v3). The arguments above imply that M (v1) = M(v3) = 0, and M+ (v1) = M~ (v2)
and M~ (v1) = M™T(v).

Similarly, we can define M + (u;), M~ (u;) and M (u;), i = 1,2, and prove the
relations analogous to those for M ™ (v;), M~ (v;) and M (v;), i = 1,2.

Let v € V—{v1,v2} and u € U —{uy, uz} be arbitrary. Without loss of generality,
assume that v € Mt (v1) = M~ (ve) and v € M T (ug) = M~ (uy) (all other cases can
be treated similarly). To show that H is an extension of C, it suffices to prove that
v—u, but uv ¢ A(H). Suppose first that u—v and v—u. Then H[{v, u, v, uz}] = C,
a contradiction. Now suppose that u—v, but vu € A(H). Then H[{v, vy, v, u, us}] =
H*, a contradiction. Thus, v—u, but wv ¢ A(H) and we are done. O

The three theorems of this section and the fact that € has a 4-Min-Max ordering
imply the following:

COROLLARY 3.5. Let H be a semicomplete bipartite digraph not containing a
digraph from HFORB as an induced subdigraph. Then MinHOM(H ) is polynomial
time solvable and H has a k-Min-Max ordering for k = 2 or 4.

4. NP-hardness Cases. It is well known that the problem of finding a maxi-
mum size independent set in an undirected graph G is NP-hard. We say that a set I
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in a digraph D is independent if no vertices in I are adjacent. Clearly, the problem of
finding a maximum size independent set in an oriented graph D (MISO) is NP-hard.
LEMMA 4.1. MinHOM(C)) is NP-hard.
Proof. Let H be isomorphic to C} as follows:

V(H) = {1,2,3,4}, A(H) = {12,21,23,34,41}.

Let D be an arbitrary oriented graph. We replace every arc uv of D by the digraph
Guv with V(Guv) = {’LL, Uy Tyws Yuw, Zuv} and A(Guv) = {UxuvamuvyuvayuvzuvaUzuv}~
Here Ty, # Turv's Yuo F Yuor aNd 2y, F# Zyrer for each uv # u'v'. Let D’ be the
obtained oriented graph. Define the cost function as follows: ¢;(w) = 1, co(w) = 1,
c3(w) =0, and ¢q(w) = 1 for each w € V(D) and ¢;(t) =0 for each t € V(D')\ V(D)
and i € {1,2,3,4}.

Let g be a homomorphism of D’ to H andlet S = {s € V(D) : g(s) = 3}. Observe
that the cost of ¢ is |V(D)| — |S] and S is an independent set in D Indeed, suppose
that uwv € A(D) and {u,v} C S. Then g(yuy) = 1 and g(zyy) = 4, a contradiction to
the fact that ¢ is a homomorphism of D’ to H.

Let I be an independent set in D of maximum size. Set f(w) = 3 for each w € T
and f(w) =1 for each w € V(D) \ I. For each uv € A(D), set

(a) f(l'uv) = 27f(yuv) =1and f(zuv) =2if {U‘?U} nIl= (Z)a

() f(xuww) =4, f(yuw) =1 and f(zy) =2ifuel and v €1,

(©) f(zuw) =2, f(yuww) =3 and f(zyy) =4ifu gl and v € I.

Observe that f is a homomorphism of D’ to H and the cost of f is [V/(D)| — |1].
By the arguments above, f is a homomorphism of D’ to H of minimum cost. Thus,
we have reduced MISO to MinHOM(H).O

LEMMA 4.2. MinHOM(CY ) is NP-hard.

Proof. Let H be isomorphic to CY as follows:

V(H) ={1,2,3,4}, A(H) = {12,21,23,32,34,41}.

Let D be an arbitrary oriented graph. We replace every arc uv of D by the digraph
Gy with V(Gyuy) = {u,v, 240} and A(Gyy) = {uyy, Tuwv}. Here yy # Xy for
each uv # v'v’. Let D’ be the obtained oriented graph. Define the cost function as
follows: c1(w) = 1, ca(w) = 1, cg(w) = 1, and ¢4(w) = 0 for each w € V(D) and
¢i(x) =0 for each x € V(D')\ V(D) and i = 1,2,3, 4.

Let g be a homomorphism of D' to H and let S = {s € V(D) : g(s) = 4}.
Observe that the cost of g is [V(D)| — |S] and S is an independent set in D.

Let I be an independent set in D of maximum size. Set f(w) =4 for each w € I,
f(w) = 2 for each w € V(D) \ I, f(zyy) =3 if v € I and f(xyy) = 1, otherwise, for
each uv € A(D). Observe that f is a homomorphism of D’ to H and the cost of f is
|[V(D)| — |I]. By the arguments above, f is a homomorphism of D’ to H of minimum
cost. Thus, we have reduced MISO to MinHOM(H).0

The following lemma was stated in [6]. We give a proof here for the sake of
completeness.

LEMMA 4.3. MinHOM(H*) is N P-hard.

Proof. Let H be isomorphic to H* as follows:

V(H)=1{1,2,3,4,5}, A(H) ={12,23,34,41, 15, 35}.
We replace every arc uv of an oriented graph Dby the digraph G, with V(G.,) =
{v1, va, V3,4, V5, Vg, V7 }, Wwhere u = vg and v = vy, and
A(Guy) = {v1v2, 203, V304, V4V1, Vs Vs, UsU7, V1 Vg, V3VT |-
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Let D’ be the obtained oriented graph. Define the cost function as follows: ¢4(w) =0
and ¢;(w) = 1 for each w € V(D) and ¢ € {1,2,3,5}, and ¢;(¢) = 0 for each t €
V(D')\ V(D) and i € {1,2,3,4,5}.

Let g be a homomorphism of D’ to H and let S = {s € V(D) : g¢g(s) = 4}.
Observe that the cost of g is |[V(D)| — |S| and S is an independent set in D Indeed,
suppose that uwv € A(D) and {u,v} C S. Then g(v1) = g(vs) = 3 and g(ve) cannot
be given any value in V(H) since g is a homomorphism.

Let I be an independent set in D of maximum size. Set f(w) = 4 for each w € T
and f(w) =5 for each w € V(D) \ I. For each uv € A(D), set

(a) f(vs) =3 and f(v;) =i for every i =1,2,3,4if u & I,

(b) f(vs) =3 and f(v;) =i+2 for every i = 1,2, 3,4, where i+ 2 is taken modulo
4,ifu el

Observe that f is a homomorphism of D’ to H and the cost of f is |[V(D)| — |1].
By the arguments above, f is a homomorphism of D’ to H of minimum cost. Thus,
we have reduced MISO to MinHOM(H).O

LEMMA 4.4. MinHOM(Ny) is NP-hard.

Proof. Let H be the following digraph isomorphic to Ny: V(H) = {1,2,3,4,5,6}
and

A(H) = {12, 21, 34,43, 56,65, 23, 25, 14, 16, 54, 36 }.

Let D be an arbitrary oriented graph. We replace every arc uv of D with the digraph
Gy with V(Gyy) = {x,y,2,u,v} and A(Gy,) = {uzx,vz,xy,yz}. Consider the fol-
lowing cost function: ca(u) = c2(v) =1, cg(u) = c(v) =0, ¢;(u) = ¢;(v) = M + 1
for i # 2,6 and cs(y) = M + 1, where M = |V(D)|. In all remaining cases the cost is
z€ero.

Let D’ be the obtained oriented graph, let f be a mapping from V(D’) to V(H),
and let uv be an arc in D. Assume that f(u) = f(v) = 2. Then with f(x) = f(z) =1
and f(y) = 2, we obtain a homomorphism from G, to H of cost 2. This implies that
there is a homomorphism of D’ to H of cost M < M + 1, and, thus, every vertex of
D in D’ must be colored either 2 or 6 in any minimum cost homomorphism of D’ to
H. Let f be a homomorphism of D’ to H and let us consider the remaining options
for coloring the vertices of D in D’.

Assume that f(v) =6 and f(u) = 2. Then with f(z) =5, f(y) =2 and f(x) =1,
we obtain a homomorphism from G,, to H of cost 1. Assume that f(v) = 2 and
f(u) = 6. Then with f(z) =5, f(y) =4 and f(z) = 3, we obtain a homomorphism
from Gy, to H of cost 1. Note that if f(u) = f(v) = 6, then f(x) = f(z) = 5 and
f(y) = 6. Then the cost of f will be at least M + 1 implying we cannot color both
vertices v and v in color 6 in any minimum cost homomorphism of D’ to H.

Now let f be a minimum cost homomorphism, let S be the vertices of D in D’
colored 6 and let T = V(D) \ S. Recall that the vertices of T are colored 2. Notice
that S is an independent set and the cost of f equals |T'|. Thus, S is an independent
set of maximum size and we have reduced MISO to MinHOM(H).O

LEMMA 4.5. MinHOM(N,) is NP-hard.

Proof. Let H be the following digraph isomorphic to No: V(H) = {1,2,3,4,5,6}
and

A(H) = {12,34,43,56,65,23,25,14, 16, 54, 36}

Let D be an arbitrary oriented graph. We replace every arc uv of D by the digraph
Gy with V(Gy,) = {x,y,2z,u,v} and A(Gyy) = {uz,vz, 2y, zy}. We introduce the
14



following cost function: c¢;(u) = ¢1(v) =1, ¢5(u) = ¢5(v) =0, ¢;(u) = ¢;(v) = M + 1
for i # 1,5 and c4(x) = ¢6(2) = M + 1, where M = |V(D)|. In any other cases the
cost is zero. Let D’ be the obtained oriented graph, let f be a mapping from V(D’)
to V(H), and let wv be an arc in D.

Assume that f(u) = f(v) = 1. With f(z) = f(2) =2 and f(y) = 3 with obtain
a homomorphism from H’ to H with cost 2. Thus, there is a homomorphism of D’
to H of cost at most M (assign all vertices of D in D’ color 1) and no vertex of D in
D’ must not be assigned any color other than 1 and 5.

Let f be a homomorphism of D’ to H and let us consider the remaining options
for coloring the vertices of D in D’. Assume that f(v) = 1 and f(u) = 5. With
f(z) =2, f(z) =6 and f(y) = 5, we obtain a homomorphism of G, to H of cost
1. Assume that f(v) =5 and f(u) = 1. With f(z) =2, f(z) =4 and f(y) = 3, we
obtain a homomorphism of G, to H of cost 1. Note that if f(u) = f(v) = 5, then
f(z) € {4,6} and f(z) € {4,6}. Thus, f has cost at least M + 1 implying that a
minimum cost homomorphism of D’ to H does not assign adjacent vertices of D color
5 (in D).

Now let f be a minimum cost homomorphism, let S be the vertices of D in D’
colored 5 and T'= V(D) \ S. Recall that the vertices of T' are colored 1. Notice that
S is an independent set and the cost of f equals |T'|. Thus, S is an independent set
of maximum size and we have reduced MISO to MinHOM(H).O

COROLLARY 4.6. MinHOM(H ) is NP-hard for every H € HFORB.

Proof. If H is isomorphic to Cj, Cy, H*, N1 or Ny or the converse of one of the
five digraphs, then MinHOM(H) is NP-hard due to the lemmas of this section and
the simple fact that if MinHOM(H) is NP-hard and H' is the converse of H then
MinHOM(H') is NP-hard as well.

Let B be the set consisting of the following bipartite graphs: bipartite claw, bi-
partite net, bipartite tent and every even cycle with at least 6 vertices. If UN(H?),
where s € {—, <}, is isomorphic to a graph in B, then MinHOM(H) is NP-hard due
to Theorem 1.2 and the transformation from a bipartite undirected graph to a semi-
complete bipartite digraph described in the last paragraph of subsection ‘Minimum
Cost Homomorphisms’ of Section 1. If UN(H ) is isomorphic to a graph in B, then
MinHOM(H) is NP-hard as, for each bipartite undirected graph L, MinHOM(L) is
equivalent to MinHOM(L™), where LT is the digraph obtained from L by replacing
every edge xy with two arcs xy and yx.0

5. Dichotomy for semicomplete multipartite digraphs. A digraph D is
called semicomplete k-partite if D can be obtained from a complete k-partite (undi-
rected) graph G by replacing every edge zy of G by either the arc zy or the arc yz
or the pair zy, yx of arcs. Let 1T}, denote the acyclic tournament on p > 1 vertices.
Let p > 3 and let T'T} be a digraph obtained from 7T}, by deleting the arc from the
vertex of in-degree zero to the vertex of out-degree zero. Combining the main result
of this paper with the main result of [6], we obtain the following:

THEOREM 5.1. Let H be a semicomplete k-partite digraph. If k =2 and H does
not contain a digraph from HFORB as an induced subdigraph or if k > 3 and H s
an extension of either TTy or TT)  , or Cs, then MinHOM(H ) is polynomial time
solvable. Otherwise, MinHOM(H ) is NP-hard.

6. Further Research. In the case of undirected graphs H, the well-known theo-
rem of Hell and Nesetril [11] on the homomorphism problem implies that MinHOM(H)
is NP-hard for each non-bipartite graph H. The authors of [4] obtained a complete
dichotomy of the computational complexity of MinHOM(H) when H is undirected.
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The dichotomy obtained in this paper significantly extends the dichotomy of [4]. This
indicates that the problem of obtaining a dichotomy for the computational complex-
ity of MinHOM(H) when H is a bipartite digraph is a very difficult problem. Note
that MinHOM(H) is polynomial-time solvable for some non-bipartite digraphs, for
example, for acyclic tournaments [6]. Thus, a dichotomy for bipartite directed case
does not coincide with a dichotomy for the general directed case. The problem of
obtaining dichotomy for both cases is a very interesting open problem.
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