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Quality of prediction
pi(+) = ui(-) with high u-probability:

o0
Dist(p, 1) = E Z disty, ...x,-(Ph Li) =% ulxixe...) i distx; ...x; (i47)
X1X24.. =

=1
disty, . (pis i) = 5 X
2
S (pi(@) — wi(@))? or 1 (z (@) — uf(a)l) or
acx 5 acx
> (Vo@ - V@) or % ui(a)in
aex acx
0 < Dist(p, ) < D, := Elog, nxaxe...)
p(X1 Xo .. )

Intuitively: (for a deterministic u)
D, ~ number of prediction errors
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Solomonoff prior

pi(+) = AM M(x) = Z#: W, p1(X)

M is a Bayes mixture of all semi-computable semi-measures.

Theorem (Solomonoff 1964, 1978)
For any computable measure p.

+
Dist(M, ) < Dy < KP(p)
KP(u) is Kolmogorov complexity of

~ quantity of information in p
~ the size of the shortest description of
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The problem
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The problem

X=Xy...Xn  Dist(M, u|x) < Dy(x) := E, log, (1Yo |X)

2 M(y1y2...[x)
For any computable measure p, for any word x
py) 9
M(ylx) —
We know We want
py) = u(y|x )
log < KP(u Wy

If x contains a lot of information about i (KP(u|x) is small),
prediction is easy.
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KP(u|x) bound

Theorem
For any computable measure i and any x,y € X*

092 i £ KP(ulx) + KP((x)
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KP(u|x) bound

Theorem
For any computable measure i and any x,y € X*

pyl)
lo < KP(ulx) + KP(((x
o 1 £ KP(X) + KP(()
Corollary
1. Dist(M, ;... x) < KP(u|xi . .. xn) + KP(n)
+
2. Dist(M, u) < mrin{Eg(X):nKP(uyx)+KP(n)+%n}
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Example

+
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Example

+ .
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“number of errors” ~ Dist(M, )

Solomonoff bound:
Dist(M, 1) < KP(u1) ~ “size of the image” ~ 10°
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Example

< min{Eq(x)=nKP(slx) + KP(n) + 231}

“number of errors” ~ Dist(M, )

Solomonoff bound:
Dist(M, 1) < KP(u1) ~ “size of the image” ~ 10°

New bound:
Dist(M, p) < KP(ulx1) + KP(1) + % ~ “small constant”
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Analysis of the bound: disinformation

L(X)—o0
—_

Dist(M, |x) < KP(u|x) + KP(£(x))

+
Is it worse than Dist(M, p1) < KP(u) ?
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Analysis of the bound: disinformation

. + L(X)—o0
Dist(M, ulx) < KP(u|x) + KP(£(x))
+
Is it worse than Dist(M, p1) < KP(u) ? No!
Dist(M, ) .+ Z x)Dist(M, p|x)
L(x)=

u(x) -0 = Dist(M, u|x) — oo is possible
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Analysis of the bound: disinformation

. + L(X)—o0
Dist(M, u/x) < KP(ulx) + KP(¢(x))
+
Is it worse than Dist(M, p1) < KP(u) ? No!
Dist(M, ) .+ Z x)Dist(M, p|x)
L(x)=

u(x) -0 = Dist(M, u|x) — oo is possible

If x is not typical for u (1(x) = 0), then we get disinformation
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How to deal with disinformation

pYX) g, HY) M(x)

_ | M(x)
%2 M(yx) ~ %92 M(y) "% ux)

+
< KP(11) + logy o)

(x)




Sequence Prediction and Solomonoff Prior Future Errors and A Priori Information Disinformation and New Complexity

How to deal with disinformation

u(y|x) wy) M(x) +
0 =lo +lo < KP(u) 4 d,.(x
O M(y|X) 92 M(y) O ,U/(X) (:u) #( )
Randomness deficiency: du(x) = log, ',‘f((:))

d, is a measure of non-typicalness, d,(x) is small for most x

du(x) = £(x) — KP(x) for uniform p
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How to deal with disinformation

Theorem (An. Muchnik, A. Shen)
For any computable measure 1 and any x,y € X*

plylx) _ B +
19G2 aiyix) = au(X) — du(xy) < KP(u) + KP([d.(x)1)
Randomness deficiency: du(x) = log, ":((;())

d, is a measure of non-typicalness, d,(x) is small for most x

du(x) = £(x) — KP(x) for uniform p
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Structure of the bounds
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Structure of the bounds

prediction errors information 4 quantity of

disinformation

A+ 1

Dist(M, p) KP(u)




Sequence Prediction and Solomonoff Prior Future Errors and A Priori Information Disinformation and New Complexity

Structure of the bounds

quantity of

information + disinformation

prediction errors

Dist(M, p)
Dist(M, p|x)

KP(u)
KP(ulx) +  KP({(x))

IA+IA+
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Structure of the bounds

prediction errors
Dist(M, p)
Dist(M, 1| x)
Dist(M, p|x)

=

IN+IN+ IN+

information
KP()

KP(u|x)
KP(u)

+

+
+

quantity of
disinformation

KP({(x))
KP(d,.(x))

Disinformation and New Complexity
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Structure of the bounds

quantity of

rediction errors <« information L :
P T disinformation

Dist(M, 1) < KP()

Dist(M, 11|x) S OKPux) +  KP((x))
Dis(M.ulx) < KP(u) +  KP(du(x))
Dist(M, 11|x) S KP.(uxx) +  KP(du(x))
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Prefix complexity monotone in conditions
Definition (informal)
X,y € X*, Uis a universal twice-prefix machine, p € {0,1}*

KP.(y x) = min{((p)| U(p+. x+) = ¥}

Recall: conditional prefix complexity
X,y € X*, Uis a universal prefix machine, p € {0,1}*

KP(y|x) = min{{(p)|U(px, x) = y}




Sequence Prediction and Solomonoff Prior Future Errors and A Priori Information Disinformation and New Complexity

Prefix complexity monotone in conditions
Definition (informal)

X,y € X*, Uis a universal twice-prefix machine, p € {0,1}*

KP.(y x) = min{((p)| U(p+. x+) = ¥}

KP.(y|xzx) < KPy(y|xx)
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KP. (1| x*) bound

Theorem
For any computable measure 1 and any x,y € X*

09, 40 < KP(ulx<) + KP([,()1)
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KP. (1| x*) bound

Theorem
For any computable measure 1 and any x,y € X*

09, 40 < KP(ulx<) + KP([,()1)

Corollary
+
Dist(M, pu|X1 ... Xn) <
rl_llirf;l{KP(/,L|X1 .. X)) + KP(i) + KP(du(x1 ... x;))}

For u-typical x,  Dist(M, u|x) < KP(u|x") + O(log £(x"))
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Relations between Complexities

U(px,x) =y
prefix
U(p,x) =y U(p*, x) = y*
plain monotone
U(p, x) =y
decision

Uspensky, Shen. Relations between Varieties of Kolmogorov
Complexities. Math. Systems Theory, 1996
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Prefix complexity monotone in conditions

Definition (formal)
E = {{(p,x,y)} is KP.-correct if
L(px.y1)€E, (p.X.yo) €EE = y1=;
2. {p,x,y)e E = (p,x,y)eE Vo dp, x' 3 x;
3. (p,x,y)e E, (P,x,y)e E, pCp,xCx =
(p,x,y) € E.
Let E be an optimal enumerable KP,-correct set

KP.(y|xx) = min{{(p) | {p;x,y) € E}.
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