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Counters that hold natural numbers are ubiquitous in modeling and verifying software systems; for example,

they model dynamic creation and use of resources in concurrent programs. Unfortunately, such discrete

counters often lead to extremely high complexity. Continuous counters are an efficient over-approximation of

discrete counters. They are obtained by relaxing the original counters to hold values over the non-negative

rational numbers.

This work shows that continuous counters are extraordinarily well-behaved in terms of decidability. Our

main result is that, despite continuous counters being infinite-state, the language of sequences of counter

instructions that can arrive in a given target configuration, is regular. Moreover, a finite automaton for this

language can be computed effectively. This implies that a wide variety of transition systems can be equipped

with continuous counters, while maintaining decidability of reachability properties. Examples include higher-

order recursion schemes, well-structured transition systems, and decidable extensions of discrete counter

systems.

We also prove a non-elementary lower bound for the size of the resulting finite automaton.
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1 Introduction
Counters are ubiquitous in modeling and verifying software systems. They model dynamic creation

and use of resources in concurrent systems. For example, a fundamental type of infinite-state

system with counters is a vector addition system (VAS). These consist of finitely many counters that

can be incremented and decremented in a coordinated way. VAS, and related models such as Petri

nets, have a long record of modeling resources in concurrent systems, including manufacturing

systems and discrete control [37], business workflows [57], hardware design [58], and biological
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pathways [42]. In concurrent programming, they can model and analyze dynamic thread creation

[6, 11, 26, 28], numerical data types [33], network broadcasts [21], and population protocols [22].

However, analyzing systems with discrete counters encounters two crucial challenges. First,

when the size of the counters is very large, e.g., modeling packets in a network or individuals in a

large population, individual discrete interactions are too fine-grained. In such situations, one would

like a “fluid limit” that captures the limit behaviors as counters go to infinity. Second, the complexity

of reachability for the simplest model, vector addition systems (VAS), which have natural-number

counters, is already Ackermann-complete [16, 46, 48]. As soon as we combine such counters

with more expressive infinite-state data structures, algorithmic tools become extremely rare. Such

combinations are natural in concurrency theory: for example, combining pushdown systems

with counters (pushdown VAS) lets us model systems with both recursion and concurrency, but

decidability of reachability remained a longstanding open problem until a very recent breakthrough

[30]. Reachability becomes undecidable very quickly when we extend systems (that themselves

have decidable reachability) even with very weak counters. For example, lossy channel systems

(LCS for short; which model unreliable communication channels) and higher-order pushdown

automata (HOPA; a standard model for programs with higher-order recursion) are well-known

to have decidable reachability, but equipping them even with very weak kinds of counters makes

reachability undecidable ([59, Prop. 7] and [41, Thm. 4] for HOPA, and [2, p. 7] for LCS).

Continuous counters [19] provide a fluid relaxation of counter machines. In a continuous counter

machine, any transition that adds a vector 𝒙 ∈ Z𝑑 to the counters, can be executed with any

non-zero fraction: we are allowed to pick a rational 0 < 𝛼 ≤ 1 and add 𝛼 · 𝒙 to the counters. As a

result, the counters may thus assume values in Q+, the non-negative rationals. This means that

the possible behaviors of the relaxation are an overapproximation of the original machine. This

idea of relaxing discrete counters to continuous ones goes back to David and Alla, who introduced

continuous semantics in the context of studying fluid limits of Petri nets already in the 1980s [18].

Just as linear programming is a relaxation of integer linear programming with better algorithmic

complexity, continuous relaxations of counter machines have much better complexity in many cases.

For example, reachability in Petri nets with continuous semantics can be decided in polynomial

time [25]; reachability in finite systems with continuous counters is NP-complete [13]; reachability

in pushdown continuous counter systems is NEXP-complete [10], and there is an almost complete

description of the complexity of systems with affine continuous counters [7].

The continuous relaxation has found applications in many fields, such as modeling client-server

systems [49], chemical reaction networks [39] and biological networks [31]. Also, continuous Petri-

nets are well-studied in biochemical settings, with a variety of semantics and interpretations [35, 36].

In certain cases, continuous counters not only overapproximate the original system, but even

allow an exact representation of system behavior. For example, we consider leaderless rendez-vous

protocols, which are a model of distributed systems composed of arbitrarily many identical finite-

state agents interacting in pairs. These interactions can be modeled using a (discrete) counter system

where each of the counters is used to keep track of the number of agents in each state. It turns out

that important questions such as reachability and coverability for such protocols can be solved

exactly by using the continuous relaxation [8]. Furthermore, even more involved analysis problems

such as the cut-off problem can be solved by combining the continuous relaxation along with the

so-called integer relaxation [8]. All of these algorithms run in polynomial time, which highlights

the importance of the continuous relaxation as an important tool in algorithmic verification.

Finally, continuous relaxations have proven to be useful for the problem of coverability in Petri

nets. In [23], continuous relaxations were used in an SMT approach to solve (i.e. prove safety of)

94 of 115 instances of Petri net benchmarks. Maintaining integer counters only helped prove 2

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 19. Publication date: January 2026.



General Decidability Results for Systems with Continuous Counters 19:3

additional instances (with higher runtimes). In contrast, coverability tools only scaled to about

60 instances. The continuous relaxation has also been used as an optimization in coverability

algorithms for VAS [12]. Thus, better analysis tools for continuous counters will yield better

algorithms for discrete counter systems in practice.

Given these positive results, it is natural to ask how far one can push the decidability frontier for

continuous counters: Is reachability decidable if we extend well-known infinite-state models with

continuous counters? This is an important concern in modeling and analysis, because we often take

fluid limits for certain components while maintaining the discrete structure for other components.

Our main results show that indeed, continuous counters have extraordinarily good decidability

properties. In a nutshell, decidable models remain decidable when continuous counters are added,

as long as the models are closed under taking products with finite-state systems.

1.1 Outline of Main Results
To make our results precise, we need some terminology. In a continuous counter machine, a

transition that adds a vector 𝒙 ∈ Z𝑑 can be scaled by any rational 0 < 𝛼 ≤ 1, that is 𝛼 · 𝒙 is

added. We refer to this as fractional firing. A system that has access to 𝑑 continuous counters has

transitions which are labeled with vectors from a finite set Σ ⊂ Z𝑑 , which represent the set of

counter instructions. If a sequence𝑤 ∈ Σ∗
can lead from counter configuration 𝒙 ∈ Q𝑑

+ to 𝒚 ∈ Q𝑑
+

via fractional firing, then we write 𝒙
𝑤−→ 𝒚.

Our main result is that for any dimension 𝑑 , any given finite Σ ⊂ Z𝑑 and any 𝒙,𝒚 ∈ Q𝑑
+, the set

of all words𝑤 ∈ Σ∗
with 𝒙

𝑤−→ 𝒚 is an effectively regular language.
This is very surprising: The set of configurations attainable between 𝒙 and 𝒚 is infinite, and

involves arbitrarily large numbers. Thus, regularity strongly contrasts with almost all kinds of

infinite-state systems studied so far: In almost all known types of infinite-state systems, the set of

transition sequences between two configurations is in general non-regular. This holds for any type

of discrete counters that can be incremented and decremented (such as classical VAS, but also the

integer, bidirected, and reversal-bounded variants of VAS, etc.)
1
, but also for pushdown automata

2

(higher-order or not), lossy-channel systems. To our knowledge, the only exception to this is timed

automata [4] (see, e.g. [5] for the finite-word setting)
3
.

Our construction yields an Ackermannian upper bound on the size of an NFA recognising the

language. We also prove a non-elementary lower bound on the size of these NFAs. (This already

indicates that our regularity proof requires substantially different insights than the exponential

construction for timed automata [4, 5]; and in fact, the proof uses an entirely different approach.)

1.2 Implications of the Main Result
Our main result implies a very general decidability result for infinite-state systems extended with

continuous counters: For any class of infinite-state systems that is closed under taking products

with finite-state systems, reachability is decidable if and only if it is decidable when equipped with

additional continuous counters. Thus, it follows that, e.g., lossy channel systems and higher-order

1
This is because applying transitions in discrete counter systems is forward- and backward-deterministic: In a forward-

and backward-deterministic Σ-labeled transition system where between two configurations 𝑐1 and 𝑐2, infinitely many

configurations can be visited, the set of 𝑤 ∈ Σ∗ leading from 𝑐1 to 𝑐2 must be non-regular (a simple consequence of the

Myhill-Nerode theorem). Similarly arguments apply to almost any type of infinite-state system.

2
This is not to be confused with the fact that in a pushdown automaton, the set of reachable stack contents is regular [14]:
The set of transition sequences, e.g. from empty stack to empty stack can be the Dyck language, which is not regular.

3
However, note that a substantial difference between timed automata and CVAS is that once a clock in a timed automaton

surpasses all constants occurring in guards, its value becomes irrelevant. In a CVAS, when we reach any value 𝑥 we need at

least 𝑥 decrement steps to come back to zero. This makes regularity in CVAS rather unexpected.
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pushdown automata (even with the collapse operation [34]), when extended with continuous

counters, still have decidable reachability.

Our result also applies to the very general class of well-structured transition systems (WSTS) [1,

24]. Here, the state space is ordered by awell-quasi ordering (WQO)≤ that enjoys some compatibility

with the transition relation. Under mild assumptions, many questions are decidable for WSTS [1,

24]. An example is the coverability problem: Given a configuration 𝒄 of a WSTS, can we reach a

configuration 𝒄 ′ with 𝒄 ≤ 𝒄 ′? In this case, 𝒄 is said to be coverable. Our result implies that given

such a WSTS whose transitions carry labels from some finite Σ ⊂ Z𝑑 , one can even decide whether

𝒄 is coverable by a run that, working on 𝑑 continuous counters, reaches a given 𝒚 ∈ Q𝑑
+. This is

because, by our result, the 𝑑 continuous counters can be simulated by finitely many states, and

WSTS are well-known to be closed under taking products with finite-state systems [24].

Our general decidability result starkly contrasts with discrete counters. There, many infinite-

state models (e.g. LCS or HOPA) have undecidable reachability when extended with weak kinds of

counters (see references above). Until very recently, the only known situation where combining

(discrete) counters with another type of data structure retains decidability is pushdown systems

with reversal-bounded counters [33]. The recent breakthrough on PVASS reachability generalizes

the result to all counters [30].

Our result also makes the vast collection of algorithmic tools for regular languages (see, e.g. [3, 20,

29, 54, 56]) available to the languages of continuous counters. This includes not only combinatorial

methods working with finite automata [20] and regular expressions [29, 54], but also algebraic tools

working with finite semigroups [56], and topological approaches using topological semigroups [3].

For space reasons, detailed proofs can be found in the full version of this paper [9].

2 Preliminaries and Main Results
In this section, we recall the basic definitions of our central object of study, namely, continuous

vector addition system (CVAS for short). Then we formally state our main results.

2.1 Preliminaries
Throughout the paper, we use N, Z, Q, and Q+ to denote the natural numbers, integers, rational

numbers, and non-negative rational numbers, respectively.

A 𝑑-dimensional Continuous Vector Addition System (𝑑-CVAS or simply CVAS) is a finite set

Σ ⊂ Z𝑑 of vectors called transitions. The operational semantics of a CVAS is given by means of its

configurations, which we define below.

A configuration of Σ is a tuple 𝒙 ∈ Q𝑑
+, which intuitively denotes the current value of each of

the 𝑑 continuous counters. Let 𝑡 ∈ Σ be a transition and let 𝛼 ∈ (0, 1] be a rational number. A step
from a configuration 𝒙 to 𝒚 by means of the pair (𝛼, 𝑡) (denoted 𝒙 𝛼𝑡−−→ 𝒚) is possible iff 𝒚 = 𝒙 + 𝛼𝑡 .

In this case, 𝛼 is called the firing fraction of this step. Since each configuration must be in Q𝑑
+, a

step is only possible if no component of the configuration becomes negative. If 𝒙
𝛼𝑡−−→ 𝒚 for some

𝛼 ∈ (0, 1], then we also write 𝒙
𝑡−→ 𝒚.

A run of Σ is a finite sequence of steps 𝒙0

𝛼1𝑡1−−−→ 𝒙1

𝛼2𝑡2−−−→ . . .
𝛼𝑛𝑡𝑛−−−→ 𝒙𝑛 . Here, the sequence

𝛼1𝑡1, . . . , 𝛼𝑛𝑡𝑛 is called a firing sequence. If such a firing sequence exists between 𝒙0 and 𝒙𝑛 , we say

that 𝒙𝑛 is reachable from 𝒙0 (written 𝒙0

𝛼1𝑡1,𝛼2𝑡2,...,𝛼𝑛𝑡𝑛−−−−−−−−−−−−→ 𝒙𝑛 or 𝒙0

∗−→ 𝒙𝑛).

For a word 𝑤 ∈ Σ∗
and configurations 𝒙,𝒚 ∈ Q𝑑

+, we write 𝒙
𝑤−→ 𝒚 if 𝑤 = 𝑡1 · · · 𝑡𝑛 and there

exist rational fractions 𝛼1, . . . , 𝛼𝑛 ∈ (0, 1] such that 𝒙
𝛼1𝑡1,...,𝛼𝑛𝑡𝑛−−−−−−−−−→ 𝒚. We also write 𝒙

𝛼𝑤−−→ 𝒚 where

𝛼 = 𝛼1, 𝛼2, . . . , 𝛼𝑛 is the sequence of firing fractions. It will always be clear from the context whether
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𝛼 is a single firing fraction or a sequence of firing fractions. In the sequel, we often view Σ as an

alphabet and write letters to mean transitions.

Finally, for a CVAS Σ ⊂ Z𝑑 and configurations 𝒙,𝒚 ∈ Q𝑑
+, we define its transition language as

𝐿
𝒙,𝒚
Σ := {𝑤 ∈ Σ∗ | 𝒙 𝑤−→ 𝒚}

Example 2.1. Let Σ = {𝑎, 𝑏, 𝑐} with 𝑎 = (1, 0, 0), 𝑏 = (−1, 1, 0) and 𝑐 = (0,−1, 1). Let 𝒙 = ⟨0, 0, 0⟩
and 𝒚 = ⟨0, 1/4, 1/4⟩. It is easy to see that 𝑎𝑏𝑏𝑐 ∈ 𝐿

𝒙,𝒚
Σ because of the following run:

⟨0, 0, 0⟩
1

2
𝑎

−−→
〈

1

2

, 0, 0

〉
1

4
𝑏

−−→
〈

1

4

,
1

4

, 0

〉
1

4
𝑏

−−→
〈
0,

1

2

, 0

〉
1

4
𝑐

−−→
〈
0,

1

4

,
1

4

〉
On the other hand, note that 𝑏𝑏𝑐 ∉ 𝐿

𝒙,𝒚
Σ . Indeed, suppose there exist fractions 𝛼1 > 0, 𝛼2 > 0, 𝛼3 >

0 such that 𝒙
𝛼1𝑏, 𝛼2𝑏, 𝛼3𝑐−−−−−−−−−−→ 𝒚. Note that the first counter of 𝒙 is zero and also that 𝛼1𝑏 decrements

the first counter by 𝛼1. Hence, the first counter becomes negative after firing 𝛼1𝑏 from 𝒙 , which is

a contradiction to the requirement that configurations contain only non-negative values.

Now that we have all the necessary definitions, we now move on to stating our main result.

2.2 Main Result - Effective Regularity
The main result of this paper is the following

Theorem 2.2. For every CVAS Σ ⊂ Z𝑑 and configurations 𝒙,𝒚 ∈ Q𝑑
+, the language 𝐿

𝒙,𝒚
Σ is regular.

Moreover, given Σ, 𝒙 and 𝒚, one can effectively compute an NFA for it.

We now discuss some implications of this result. Theorem 2.2 implies that for any class of labeled

transition systems (LTS) that (i) has decidable reachability and (ii) is closed under taking products

with finite-state systems, the following problem is decidable: Given an LTS 𝑆 over an alphabet

Σ ⊂ Z𝑑 , CVAS configurations 𝒙,𝒚 ∈ Q𝑑
+, and states 𝑠, 𝑡 of 𝑆 , is there a run of 𝑆 from 𝑠 to 𝑡 , such that

it can take the CVAS configuration 𝒙 into 𝒚? Indeed, a decision procedure for this problem is as

follows: First, construct the NFA for 𝐿
𝒙,𝒚
Σ using Theorem 2.2, then take the product of this NFA

with 𝑆 using (ii), and then finally check reachability of this product system using (i).

Let us formalize this result in language-theoretic terms. We say that a class C of languages has

decidable regular intersection if given 𝐿 ⊆ Σ∗
from C and a regular language 𝑅 ⊆ Σ∗

, it is decidable

whether 𝐿 ∩ 𝑅 = ∅. This is the case, e.g., if C is the class of languages of a class of LTS with the

above properties (i) and (ii).

Corollary 2.3. Suppose C is a class of languages with decidable regular intersection. Then, given
a language 𝐿 ⊆ Σ∗ in C over some Σ ⊂ Z𝑑 , and configurations 𝒙,𝒚 ∈ Q𝑑

+, we can decide whether 𝐿
intersects 𝐿𝒙,𝒚Σ .

Corollary 2.3 applies to a wide range of (languages of) infinite-state systems. For example, it

applies to the large class of well-structured transition systems (WSTS) [1, 24]. They can be viewed

as language-accepting devices [27] (by considering all labels of runs that arrive in some upward

closed set of configurations), and since they are closed under taking products with finite-state

systems (which are well-structured), their corresponding language class is closed under intersection

with regular languages. In particular, this means reachability is decidable in lossy channel-systems
equipped with continuous counters.
Another application concerns higher-order pushdown automata [17, 50, 51] (even with the

collapse operation [34]). Their language class is closed under regular intersection, since their

finitely many control states admit a product construction with a finite automaton. Moreover,

their emptiness problem is decidable: With collapse, they are equivalent to higher-order recursion
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schemes (HORS) [34, Thm. 4.1], and for HORS, even monadic second-order logic is decidable [53,

Thm. 16]. Thus, Corollary 2.3 implies that in higher-order pushdown automata (even with collapse)
equipped with continuous counters, reachability is decidable. This is in contrast to discrete counters:

It is known that already for second-order pushdown automata (a special case of higher-order

pushdown automata), even adding very simple kinds of discrete counters leads to an undecidable

reachability problem (see [59, Prop. 7] and [41, Thm. 4]).

Continuous Petri nets and CVASS. Closely related to CVAS, there are two other formalisms that

overapproximate discrete counter systems with continuous semantics: continuous Petri nets (CPN)
and continuous vector addition systems with states (CVASS). The latter are almost the same as CVAS,

except that the configurations also feature a control-state, and each transition can only be taken in

a particular control-state (and updates the control-state). From Theorem 2.2, it follows immediately

that languages of CVASS are regular as well, since the language of a CVASS is just the language of a
CVAS, intersected with a regular language.

CPN are slightly different: Each transition is not just a vector in Z𝑑 , but two vectors pre, post ∈ N𝑑
.

It is applied by picking a fraction 𝛼 ∈ (0, 1], then first subtracting 𝛼 · pre and then adding 𝛼 · post.
Crucially, after subtracting 𝛼 · pre, the configuration vector must be non-negative. While in the

discrete setting, Petri nets are easily translated into VASS, it is not obvious that CPN can be translated

into CVASS. However, Blondin and Haase [13, proof of Prop. 4.1] provide a language-preserving

translation from CPN to CVASS. Thus, languages of continuous Petri nets are regular as well.

2.3 A Non-Elementary Lower Bound
We now make a remark on the complexity of computing an NFA for 𝐿

𝒙,𝒚
Σ . As we shall show

in Section 4, the construction from Theorem 2.2 only yields an Ackermannian upper bound for

the NFA for 𝐿
𝒙,𝒚
Σ . Usually, one would expect that if all languages of a class of systems is regular,

then there should be an elementary upper bound (just as, e.g. in the region construction for timed

automata [4]). However, as our second result, we show that this is not the case: There is a non-

elementary lower bound for the size of NFAs for 𝐿
𝒙,𝒚
Σ . More precisely, let expℎ : N → N be the

ℎ-fold exponentiation function, i.e. exp
0
(𝑛) = 𝑛 and expℎ+1

(𝑛) = 2
expℎ (𝑛) . We define the size of a

configuration 𝒙 ∈ Q𝑑
+ to be the largest absolute value of a numerator or denominator occurring in

some component in 𝒙 . Hence, a configuration 𝒙 ∈ Q𝑑
+ of size 𝑠 can be represented using at most

𝑂 (log(𝑠) · 𝑑) bits. We then show that

Theorem 2.4. For each ℎ ≥ 2, there is a 5ℎ-dimensional CVAS Σℎ of size 𝑂 (ℎ) with the following
property: For each 𝑛, there are configurations 𝒙𝑛,𝒚𝑛 of size at most 𝑛, such that any NFA for 𝐿𝒙𝑛,𝒚𝑛Σℎ
requires at least expℎ (𝑛) states.

This theorem shows that CVAS can be extremely succinct in representing regular languages.

This is perhaps surprising, given that checking whether a language of a CVAS is non-empty can be

done in polynomial-time [25]. Note that with these results, we leave a complexity gap between non-

elementary and Ackermannian. In particular, we leave open whether there is a primitive-recursive

construction of an NFA for 𝐿
𝒙,𝒚
Σ .

3 Examples and Behaviours of CVAS
Before presenting our proofs, we give examples to show the behaviour of CVAS and motivate our

definitions. In this section, let us consider the same CVAS that we had discussed in Example 2.1.

That is, we consider the following 3-dimensional CVAS with transitions Σ = {𝑎,𝑏, 𝑐} given by

𝑎 = (1, 0, 0), 𝑏 = (−1, 1, 0), 𝑐 = (0,−1, 1)

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 19. Publication date: January 2026.
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Let us also set 𝒙 = ⟨0, 0, 0⟩ and 𝒚 = ⟨0, 1/4, 1/4⟩. We will now observe some behaviours of this

CVAS for 𝒙 and 𝒚. These observations will lead to the concepts of path-schemes, bubbles, stars,

and gatherings that are used in our proofs and that we shall introduce at the end of this section.

3.1 Duplication
As a first step, we notice that we have the following run between 𝒙 and 𝒚, which proves that

𝑎𝑏𝑐𝑎𝑏𝑐 ∈ 𝐿
𝒙,𝒚
Σ :

⟨0, 0, 0⟩
1

4
𝑎

−−→ ⟨ 1

4
, 0, 0⟩

1

8
𝑏

−−→ ⟨ 1

8
, 1

8
, 0⟩

1

16
𝑐

−−→ ⟨ 1

8
, 1

16
, 1

16
⟩

1

4
𝑎

−−→ ⟨ 3

8
, 1

16
, 1

16
⟩

3

8
𝑏

−−→ ⟨0, 7

16
, 1

16
⟩

3

16
𝑐

−−→ ⟨0, 1

4
, 1

4
⟩

(1)

One of the important properties of CVAS runs is that it allows immediate duplication of transitions.

For example, by halving the fraction of each transition in run 1 and then inserting a copy of each

transition next to its original, we get the following run over 𝑎𝑎𝑏𝑏𝑐𝑐𝑎𝑎𝑏𝑏𝑐𝑐:

⟨0, 0, 0⟩
1

8
𝑎 1

8
𝑎 1

16
𝑏 1

16
𝑏 1

32
𝑐 1

32
𝑐 1

8
𝑎 1

8
𝑎 3

16
𝑏 3

16
𝑏 3

32
𝑐 3

32
𝑐

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
〈
0,

1

4

,
1

4

〉
This shows that 𝑎𝑎𝑏𝑏𝑐𝑐𝑎𝑎𝑏𝑏𝑐𝑐 ∈ 𝐿

𝒙,𝒚
Σ . More importantly, this principle can now be applied to

𝑎𝑎𝑏𝑏𝑐𝑐𝑎𝑎𝑏𝑏𝑐𝑐 itself (duplicating the second 𝑎 in 𝑎𝑎, the second 𝑏 in 𝑏𝑏 etc.). Using 𝑎, ˆ𝑏, 𝑐 to mark

the new copies of 𝑎, 𝑏, and 𝑐 , we can prove that 𝑎𝑎𝑎𝑏𝑏 ˆ𝑏𝑐𝑐𝑐𝑎𝑎𝑎𝑏𝑏 ˆ𝑏𝑐𝑐𝑐 ∈ 𝐿
𝒙,𝒚
Σ . Generalizing this

argument allows us to prove that 𝑎𝑎∗𝑏𝑏∗𝑐𝑐∗𝑎𝑎∗𝑏𝑏∗𝑐𝑐∗ ∈ 𝐿
𝒙,𝒚
Σ . In fact, whenever𝑤1𝑤2 . . .𝑤𝑘 ∈ 𝐿

𝒙,𝒚
Σ

for any 𝑘 words𝑤1,𝑤2, . . . ,𝑤𝑘 , then𝑤1𝑤
∗
1
𝑤2𝑤

∗
2
. . .𝑤𝑘𝑤

∗
𝑘
∈ 𝐿

𝒙,𝒚
Σ as well.

4

3.2 Padding Runs
Remarkably, we have more freedom to manipulate runs. To illustrate this, we take the run from 1

over the word 𝑎𝑏𝑐𝑎𝑏𝑐 . We can pad this word by inserting the transitions 𝑏, 𝑎, 𝑐 in the middle (again

marked by the hat symbol to help the reader) to get the word 𝑎𝑏𝑐 ˆ𝑏𝑎𝑐𝑎𝑏𝑐 . We shall now modify the

run from 1 to get a run over 𝑎𝑏𝑐 ˆ𝑏𝑎𝑐𝑎𝑏𝑐 , thereby showing that this new word is also in 𝐿
𝒙,𝒚
Σ .

To get this new run, we need to redistribute the firing fractions of the transitions in run 1 to

accommodate for their additional instances. We do this by reducing the firing fractions of the final

instances of 𝑎, 𝑏 and 𝑐 and moving the slack to the inserted 𝑏𝑎𝑐 . In general, the goal is to adjust the

fractions to maintain the same overall effect of each transition, but without any component going

below 0 due to the adjustments.

⟨0, 0, 0⟩
1

4
𝑎

−−→ ⟨ 1

4
, 0, 0⟩

1

8
𝑏

−−→ ⟨ 1

8
, 1

8
, 0⟩

1

16
𝑐

−−→ ⟨ 1

8
, 1

16
, 1

16
⟩

1

16
𝑏

−−→ ⟨ 1

16
, 1

8
, 1

16
⟩

1

8
𝑎

−−→ ⟨ 3

16
, 1

8
, 1

16
⟩

1

16
𝑐

−−→ ⟨ 3

16
, 1

16
, 1

8
⟩

1

8
𝑎

−−→ ⟨ 5

16
, 1

16
, 1

8
⟩

5

16
𝑏

−−→ ⟨0, 3

8
, 1

8
⟩

1

8
𝑐

−−→ ⟨0, 1

4
, 1

4
⟩

(2)

Similarly, we can prove that 𝑎𝑏𝑐 ˆ𝑏𝑎𝑐 ˆ𝑏𝑎𝑏𝑐 also belongs to 𝐿
𝒙,𝒚
Σ . This principle of redistributing

the firing fractions is quite general and will allow us to conclude a broad result in Section 6

(namely Theorem 6.1, the Lifting Runs Theorem) that allows us to show effective regularity.

4
This principle shows that the language of a CVAS is either empty or infinite. As a consequence, there are regular languages

that are not CVAS languages.
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3.3 Limitations on Run Padding
In the examples above, we could add new transitions, but we only added them after the first instance

of each transition in the original run. More precisely, in Section 3.1, we went (using hat to mark

additions) from 𝑎𝑏𝑐𝑎𝑏𝑐 to 𝑎𝑎𝑏 ˆ𝑏𝑐𝑐𝑎𝑎𝑏 ˆ𝑏𝑐𝑐 . Similarly, in Section 3.2 we went from 𝑎𝑏𝑐𝑎𝑏𝑐 to 𝑎𝑏𝑐 ˆ𝑏𝑎𝑐𝑎𝑏𝑐 .

In both cases, we added transitions only after they had already appeared. This is not by accident,

as the following argument shows, which limits the kinds of padding that we can perform on runs.

Suppose we consider the word
ˆ𝑏𝑎𝑏𝑐𝑎𝑏𝑐 . This adds a 𝑏 before its first appearance in 𝑎𝑏𝑐𝑎𝑏𝑐 . It is

easy to see that there cannot be any firing sequence that would enable this new word to start from

⟨0, 0, 0⟩ and reach ⟨0, 1/4, 1/4⟩. This is because 𝑏 decrements the first counter and so it would be

impossible to choose a positive non-zero fraction to fire 𝑏 from ⟨0, 0, 0⟩ without making the first

counter negative. By the same argument, we can establish similar claims for 𝑐𝑎𝑏𝑐𝑎𝑏𝑐 and 𝑎𝑐𝑏𝑐𝑎𝑏𝑐 .

We can now see that a similar limitation also applies to the last appearance of transitions, i.e.,

we cannot always pad transitions after their last appearance in the original word. For instance,

consider the word 𝑎𝑏𝑐𝑎𝑏𝑐𝑎 obtained from 𝑎𝑏𝑐𝑎𝑏𝑐 by padding an 𝑎 at the end. Once again, we can

see that there cannot be any firing sequence that would enable this new word to start from ⟨0, 0, 0⟩
reach ⟨0, 1/4, 1/4⟩. This is because 𝑎 increments the first counter and so it would be impossible to

choose a positive non-zero fraction to fire 𝑎 without making the first counter strictly bigger than

zero. By the same argument, we can also establish a similar claim for 𝑎𝑏𝑐𝑎𝑏𝑎𝑐 .

To sum up, while Section 3.1 and Section 3.2 gave us quite some freedom to pad words and insert

transitions, here we have seen some limits on padding, by looking at the first and last appearance

of transitions. This naturally leads us to the notion of gatherings which we discuss next.

3.4 Gatherings and the Lifting Runs Theorem
So far we have seen that it might be possible to adjust a run by adding additional transitions, as long

as we add any new instance of a transition after its first appearance and before its last appearance

in the run. This tells us that tracking the first and last appearances of a transition is important. Let

us formalize this by means of first- and last-appearance records.
Let𝑤 be a word. For each transition 𝑎 that appears in𝑤 , let 𝑓𝑎 ∈ [1, |𝑤 |] (resp. ℓ𝑎 ∈ [1, |𝑤 |]) be

the index of the first (resp. last) appearance of 𝑎 in𝑤 . The first-appearance (resp. last-appearance)
record of𝑤 is the unique sequence of transitions 𝑎1, 𝑎2, . . . , 𝑎𝑛 (resp. 𝑏1, 𝑏2, . . . , 𝑏𝑛) such that 𝑓𝑎1

<

𝑓𝑎2
< . . . < 𝑓𝑎𝑛 (resp. ℓ𝑏1

< ℓ𝑏2
< . . . < ℓ𝑏𝑛 ).

First- and last-appearance will be used in Section 6 to generalize the reasoning in Section 3.2

for showing that, under some broad conditions, if we have a run over a word𝑤 between 𝒙 and 𝒚,
then we also have a run between 𝒙 and 𝒚 over any word 𝑤 ′

obtained by inserting transitions into

𝑤 whilst preserving its first- and last-appearance records (Theorem 6.4).

The first- and last-appearance records of a word are part of the crucial notion of gatherings:

Informally, a gathering is a set of words that have a particular first- and last-appearance record

and where the first appearances occur to the left of all last appearances. Formally, a gathering is an

expression of the form 𝑋
𝑏1 ...𝑏𝑛
𝑎1 ...𝑎𝑛 where 𝑎1, . . . , 𝑎𝑛 and 𝑏1, . . . , 𝑏𝑛 are letters such that {𝑎1, . . . , 𝑎𝑛} =

{𝑏1, . . . , 𝑏𝑛}. Intuitively, 𝑎1, . . . , 𝑎𝑛 is the order in which each transition should appear first, and

𝑏1, . . . , 𝑏𝑛 is the order in which each transition should appear last. Additionally, the last instance

of 𝑏1 appears after the first appearance of 𝑎𝑛 in the gathering. In full, a word𝑤 over the alphabet

{𝑎1, . . . , 𝑎𝑛} = {𝑏1, . . . , 𝑏𝑛} is said to match this gathering if (i) all first appearances of letters are

to the left of all last appearances of letters in𝑤 and (ii) it has the same first- and last-appearance

records as the one specified by the gathering. Note that each of 𝑎1, . . . , 𝑎𝑛 must appear in the word,

and these characters may not necessarily comprise the whole of Σ. The term gathering comes from

the fact that in such a word, “everyone comes before everyone leaves”.
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Example 3.1. Suppose we have the gathering 𝑋𝑎𝑏𝑐
𝑎𝑏𝑐

. Then the words 𝑎𝑏𝑐𝑎𝑏𝑐, 𝑎𝑏𝑐𝑏𝑐𝑎𝑎𝑏𝑐 match

𝑋𝑎𝑏𝑐
𝑎𝑏𝑐

, but the words 𝑎𝑏𝑐𝑎𝑐𝑏, 𝑎𝑏𝑐𝑎𝑏𝑐𝑎𝑐𝑏 do not: since the way the letters appear last in 𝑎𝑏𝑐𝑎𝑐𝑏 and

𝑎𝑏𝑐𝑎𝑏𝑐𝑎𝑐𝑏 is 𝑎, 𝑐, 𝑏. Moreover, due to condition (i), 𝑎𝑏𝑎𝑏𝑐 does not match because the last appearance

of 𝑎 is before the first appearance of 𝑐 . If we have the gathering 𝑋𝑏𝑎
𝑎𝑏
, then the word 𝑎𝑏𝑏𝑎 matches

𝑋𝑏𝑎
𝑎𝑏
, but 𝑎𝑏𝑎 and 𝑎𝑏𝑎𝑏 do not match 𝑋𝑏𝑎

𝑎𝑏
.

In Theorem 6.4, the Lifting Runs Theorem for Gatherings, we see that, by using these ideas, from

a gathering that intersects 𝐿
𝒙,𝒚
Σ we can find an infinite regular language that is contained in 𝐿

𝒙,𝒚
Σ .

This allows us to make strides towards a regular representation of 𝐿
𝒙,𝒚
Σ .

However, to construct a regular representation of 𝐿
𝒙,𝒚
Σ , gatherings alone are too simple. As a next

step, we synthesize the ideas presented so far to introduce path-schemes. The Lifting Runs Theorem
for Gatherings is generalised to path-schemes in Theorem 6.1 (The Lifting Runs Theorem).

3.5 Path-Schemes
In Section 3.4, we saw that it is important to track gatherings in order to characterize the language

of a CVAS. In Section 3.1 we also saw that it is sometimes necessary to track languages of the

form𝑤0Σ
∗
1
𝑤1Σ

∗
2
. . . Σ∗

𝑛𝑤𝑛 for words𝑤0,𝑤1, . . . ,𝑤𝑛 and subsets Σ1, Σ2, . . . , Σ𝑛 ⊆ Σ. We refer to the

Σ∗
𝑖 components as stars. Let us now combine both of these ideas into the notion of a path-scheme.
Let us fix a set of transitions Σ and two configurations 𝒙 and 𝒚. A path-scheme over Σ defines a

regular language of words and is given by an expression 𝜌 = 𝑢0𝑋1𝑢1 . . . 𝑋𝑛𝑢𝑛 where each 𝑢𝑖 ∈ Σ∗

and each 𝑋𝑖 is a bubble. A bubble is either,

• a star 𝑋𝐴 for a set of characters 𝐴 ⊆ Σ, or
• a gathering 𝑋𝑏1 ...𝑏𝑛

𝑎1 ...𝑎𝑛 where {𝑎1, . . . , 𝑎𝑛} = {𝑏1, . . . , 𝑏𝑛} ⊆ Σ and 𝑎1, . . . , 𝑎𝑛 are pairwise distinct

(and thus also 𝑏1, . . . , 𝑏𝑛).

The language of a star 𝐿(𝑋𝐴) is the set of words𝐴∗
. The language of a gathering 𝐿(𝑋𝑏1 ...𝑏𝑛

𝑎1 ...𝑎𝑛 ) is the set
of all words that match the gathering, i.e., all𝑤 such that𝑤 = 𝑎1𝑤1 . . . 𝑎𝑛𝑤𝑛𝑏1𝑣1 . . . 𝑏𝑛𝑣𝑛 where for

all 𝑖 we have𝑤𝑖 ∈ {𝑎1, . . . , 𝑎𝑖 }∗ and 𝑣𝑖 ∈ ({𝑎1, . . . , 𝑎𝑛} \ {𝑏1, . . . , 𝑏𝑖 })∗. For words𝑤 ∈ 𝐿(𝑋𝑏1 ...𝑏𝑛
𝑎1 ...𝑎𝑛 ), we

define its center as center(𝑤) =𝑤𝑛 . That is, center(𝑤) is the part of𝑤 between the first occurrence

of 𝑎𝑛 and the last occurrence of 𝑏1 where all characters in the gathering can occur freely.

The language 𝐿(𝜌) of a path-scheme 𝜌 = 𝑢0𝑋1𝑢1 . . . 𝑋𝑛𝑢𝑛 is the set of words of the form

𝑢0𝑤1 . . .𝑤𝑛𝑢𝑛 where𝑤𝑖 ∈ 𝐿(𝑋𝑖 ) for all 𝑖 . In such a case, we say that (𝑤1, . . . ,𝑤𝑛) is a 𝜌-factorization
or short 𝜌-factor of𝑤 . A path-scheme 𝜌 is said to be pre-perfect if all of its bubbles are gatherings.
𝜌 is said to be perfect if it is pre-perfect and in addition 𝐿(𝜌) ∩ 𝐿

𝒙,𝒚
Σ ≠ ∅.

We will prove that the language of a CVAS can be (effectively) represented as a finite union of

perfect path-schemes. This will immediately imply that the language of a CVAS is (effectively)

regular. In the next section, we introduce the main ideas and give an overview of this proof.

4 Key Concepts and Proof Overview
4.1 Proof Overview
Our NFA construction for Theorem 2.2 proceeds as follows. It maintains a list of path-schemes,

which initially just consists of a single path-scheme 𝑋Σ, representing Σ∗
. As we saw in Section 3.5,

a path-scheme 𝜌 gives rise to a set 𝐿(𝜌) ⊆ Σ∗
of transition sequences. Here, it may still be the case

that a path-scheme contains no word from 𝐿
𝒙,𝒚
Σ .

One step in our procedure is to decompose each path-scheme into finitely many perfect path-

schemes. By definition, a perfect path-scheme intersects 𝐿
𝒙,𝒚
Σ . This is the first decomposition pro-

cedure. However, just finding perfect path-schemes using the first decomposition does not yield
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effective regularity: Instead, we show in addition that each perfect path-scheme 𝜌 not only contains

a single run, but in fact contains an infinite regular subset 𝑅𝜌 ⊆ 𝐿(𝜌) with 𝑅𝜌 ⊆ 𝐿
𝒙,𝒚
Σ .

However, the set 𝑅𝜌 may not capture all of 𝐿(𝜌). Therefore, our proof uses a second decomposition
to turn a perfect 𝜌 into finitely many (not necessarily perfect) path-schemes 𝜎, 𝜌1, . . . , 𝜌𝑚 where 𝜎

captures 𝑅𝜌 and 𝜌1, . . . , 𝜌𝑚 capture the remaining transition sequences of 𝜌 . This step employs the

Lifting Runs Theorem (Theorem 6.1) to identify 𝑅𝜌 , from which 𝜎 and 𝜌1, . . . , 𝜌𝑚 are computed.

Our construction then alternates between these two decomposition steps. Termination is guar-

anteed by the fact that each decomposition step yields path-schemes that are smaller—in some

appropriate lexicographical ordering—than the path-scheme that is decomposed.

Having described our high-level strategy, we now state the precise theorems corresponding to

the first and the second decomposition mentioned above.

4.2 The Two Decomposition Steps
We will describe here what our two decomposition steps achieve. The resulting theorems —

Theorems 4.2 and 4.3—will be stated here and proven in Section 5 and Section 6, respectively.

For the rest of this section, let us fix a CVAS with set of transitions Σ and two configurations 𝒙
and 𝒚. We now state the two main theorems that we need to prove our main result. In order to

state these two theorems, we first need to set up a key definition.

As mentioned before, to prove termination of our construction, we need to impose a lexicographic

ordering on path-schemes . To this end, we define the weight of a path-scheme𝑊 (𝜌) as a vector
in N |Σ |

such that the 𝑖𝑡ℎ component of𝑊 (𝜌) denotes the number of bubbles in 𝜌 with exactly 𝑖

distinct elements in it. More formally, for each 1 ≤ 𝑖 ≤ |Σ|, we first let 𝑖 be the vector that is 1 in

the 𝑖th component and 0 elsewhere. Then, we inductively define weight as

• 𝑊 (𝑋𝐴) = |𝐴|.
• 𝑊 (𝑋𝑏1 ...𝑏𝑛

𝑎1 ...𝑎𝑛 ) = 𝑛.

• 𝑊 (𝑢0𝑋1 . . . 𝑋𝑛𝑢𝑛) =
∑

𝑖𝑊 (𝑋𝑖 ).

Example 4.1. Let Σ = {𝑎,𝑏, 𝑐}. The star 𝑋𝑎,𝑏 has weight (0, 1, 0) as it contains a single bubble with
2 elements in its support. Similarly, the gathering 𝑋

𝑏,𝑎,𝑐

𝑎,𝑏,𝑐
has weight (0, 0, 1). For the path-scheme

𝑎𝑋𝑎,𝑏𝑐𝑋
𝑏,𝑎,𝑐

𝑎,𝑏,𝑐
, its weight is the sum of the weights of its bubbles, which is (0, 1, 1).

Now, given two path-schemes 𝜎 and 𝜌 , we say that𝑊 (𝜎) ≤lex 𝑊 (𝜌) if𝑊 (𝜎) is lexicographically
smaller than 𝑊 (𝜌), i.e., either the |Σ|𝑡ℎ component of 𝑊 (𝜎) is strictly smaller than the |Σ|𝑡ℎ
component of𝑊 (𝜌) or they are equal and the ( |Σ| − 1)𝑡ℎ component of𝑊 (𝜎) is strictly smaller

than the ( |Σ| − 1)𝑡ℎ component of𝑊 (𝜌) and so on. We say that𝑊 (𝜎) <lex 𝑊 (𝜌) if𝑊 (𝜎) is strictly
lexicographically smaller than𝑊 (𝜌), i.e., if𝑊 (𝜎) ≤lex 𝑊 (𝜌) and𝑊 (𝜎) ≠𝑊 (𝜌).

We now introduce the two main theorems needed to prove our effective regularity result. Both of

these results decompose path-schemes into “simpler” path-schemes whilst still preserving certain

properties regarding 𝐿
𝒙,𝒚
Σ . The first one states that any path-scheme 𝜌 can be decomposed into a

finite number of simpler perfect path-schemes that together preserves the intersection 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ .

Theorem 4.2 (Path-Scheme Decomposition). Given a path-scheme 𝜌 , we can compute a finite set
of perfect path-schemes 𝜌1, . . . , 𝜌𝑚 such that 𝐿(𝜌) ∩ 𝐿

𝒙,𝒚
Σ = (⋃𝑖 𝐿(𝜌𝑖 )) ∩ 𝐿

𝒙,𝒚
Σ and𝑊 (𝜌𝑖 ) ≤lex 𝑊 (𝜌)

for each 𝑖 .

Note that if 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ is empty, then the above theorem guarantees that so is (⋃𝑖 𝐿(𝜌𝑖 )) ∩ 𝐿

𝒙,𝒚
Σ .

However, since 𝜌1, . . . , 𝜌𝑚 are required to be perfect path-schemes, in this case we will have𝑚 = 0.

The second theorem states that any perfect path-scheme 𝜌 can be decomposed into a finite

number of path-schemes such that one of them completely sits inside 𝐿
𝒙,𝒚
Σ and all the others have
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strictly smaller weight than 𝜌 . This theorem relies on the Lifting Runs Theorem (Theorem 6.1) to

identify the required path-schemes.

Theorem 4.3 (Perfect Path-Scheme Decomposition). Given a perfect path-scheme 𝜌 , we can
compute a path-scheme 𝜎 and a finite set of path-schemes 𝜌1, . . . , 𝜌𝑚 such that 𝐿(𝜌) = 𝐿(𝜎)∪⋃

𝑖 𝐿(𝜌𝑖 )
and 𝐿(𝜎) ⊆ 𝐿

𝒙,𝒚
Σ and𝑊 (𝜌𝑖 ) <lex 𝑊 (𝜌) for all 𝑖 .

We shall now see how these two theorems can be used to prove our effective regularity result.

4.3 Proof of Effective Regularity
Assuming the above two theorems, we show that 𝐿

𝒙,𝒚
Σ is effectively regular. Here (and later in the

proof), we employ a result by Blondin and Haase [13, Thm 4.9], which allows us to decide, for a

given CVAS Σ and a regular language 𝑅 ⊆ Σ∗
, whether the language 𝐿

𝒙,𝒚
Σ intersects 𝑅.

Proposition 4.4 (Blondin & Haase). Given a CVAS Σ ⊂ Z𝑑 , configurations 𝒙,𝒚 ∈ Q𝑑
+ and a

regular language 𝑅, the problem of deciding whether 𝑅 ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅ is decidable (and NP-complete).

This is because in [13, Thm 4.9], Blondin and Haase show that reachability in “CVAS with states”,

which are CVAS with finitely many control states, is NP-complete. Proposition 4.4 implies that

given a path-scheme 𝜌 , it is decidable whether 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅ (since 𝐿(𝜌) is a regular language).

To show effective regularity, using Proposition 4.4, we first check if Σ∗ ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅, i.e., we check

if 𝐿
𝒙,𝒚
Σ is non-empty. If it is empty, then we are already done. Hence, for the rest of this proof, we

assume that 𝐿
𝒙,𝒚
Σ ≠ ∅.

We start with a tree 𝑇0 and then progressively add leaves to construct trees 𝑇1,𝑇2, . . . with each

tree 𝑇𝑖 satisfying the following invariants:

C0 Each node of the tree will be labelled by one path-scheme 𝜌 such that 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅. This

path-scheme will either be marked or unmarked. If it is at an odd level, then it will be a

perfect path-scheme.

C1 For any node 𝜌 at an odd level, if its parent is 𝜌 ′, then𝑊 (𝜌) ≤lex 𝑊 (𝜌 ′).
C2 For any unmarked node 𝜌 at an even level, if its parent is 𝜌 ′, then𝑊 (𝜌) <lex 𝑊 (𝜌 ′).
C3 If a node 𝜌 is marked, then 𝐿(𝜌) ⊆ 𝐿

𝒙,𝒚
Σ and it will not have any children.

C4 The union of the languages at the leaf nodes will be an overapproximation of 𝐿
𝒙,𝒚
Σ , i.e., a

super-set of 𝐿
𝒙,𝒚
Σ .

We begin by setting 𝑇0 to be the tree consisting of just the unmarked root node labelled with the

path-scheme 𝑋Σ. Clearly, the five conditions are satisfied by 𝑇0 (where we take the root node to be

a node at level 0). Suppose we have already constructed 𝑇𝑘 . If all the leaves of 𝑇𝑘 are marked, then

we stop the construction. Otherwise, let 𝜌 be an unmarked leaf of 𝑇𝑘 . There are two possibilities:

• 𝜌 is a leaf at an even level: In this case, we apply the Path-Scheme Decomposition theorem to 𝜌

to get a finite set of perfect path-schemes 𝜌1, . . . , 𝜌𝑚 such that 𝐿(𝜌) ∩𝐿
𝒙,𝒚
Σ = (⋃𝑖 𝐿(𝜌𝑖 )) ∩𝐿

𝒙,𝒚
Σ

and𝑊 (𝜌𝑖 ) ≤lex 𝑊 (𝜌) for each 𝑖 . We then attach each 𝜌𝑖 as an unmarked leaf to 𝜌 . Let this

new tree be 𝑇𝑘+1.

By construction, the invariants C0, C1, C2 and C3 are immediately satisfied. For invariant C4,

notice that 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ = (⋃𝑖 𝐿(𝜌𝑖 )) ∩ 𝐿

𝒙,𝒚
Σ . Since C4 was satisfied by the tree 𝑇𝑘 and since

the leaf 𝜌 in 𝑇𝑘 is replaced by the leaves 𝜌1, . . . , 𝜌𝑚 in 𝑇𝑘+1, it follows that C4 is also satisfied

by the tree 𝑇𝑘+1.

• 𝜌 is a leaf at an odd level: By invariant C0, 𝜌 must be a perfect path-scheme. We apply

the Perfect Path-Scheme Decomposition theorem to 𝜌 to get a path-scheme 𝜎 and a finite

set of path-schemes 𝜌1, . . . , 𝜌𝑚 such that 𝐿(𝜌) = 𝐿(𝜎) ∪ ⋃
𝑖 𝐿(𝜌𝑖 ) and 𝐿(𝜎) ⊆ 𝐿

𝒙,𝒚
Σ and

𝑊 (𝜌𝑖 ) <lex 𝑊 (𝜌) for all 𝑖 . We then attach 𝜎 as a marked leaf. Further, we add each 𝜌𝑖 that
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satisfies 𝐿(𝜌𝑖 ) ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅ (we check this using Proposition 4.4) as an unmarked leaf to 𝜌 . Let

this new tree be 𝑇𝑘+1.

By construction, the invariants C0, C1, C2 and C3 are once again immediately satisfied.

For invariant C4, note that the only reason we do not add some 𝜌𝑖 as a leaf to 𝜌 is if

𝐿(𝜌𝑖 ) ∩ 𝐿
𝒙,𝒚
Σ = ∅. Hence, if 𝜎, 𝜌𝑖1 , 𝜌𝑖2 , . . . , 𝜌𝑖𝑞 are the path-schemes which we added as a leaf

to 𝜌 , then 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ = (𝐿(𝜎) ∪ ⋃

𝑖 𝑗
𝐿(𝜌𝑖 𝑗 )) ∩ 𝐿

𝒙,𝒚
Σ . Since C4 was satisfied by the tree 𝑇𝑘

and since the leaf 𝜌 in 𝑇𝑘 is replaced by the leaves 𝜎, 𝜌𝑖1 , . . . , 𝜌𝑖𝑞 in 𝑇𝑘+1, it follows that C4 is

satisfied by 𝑇𝑘+1 as well.

We claim that the construction of 𝑇0,𝑇1, . . . halts after a finite number of steps. Towards a

contradiction, suppose𝑇0,𝑇1, . . . does not terminate. Note that each𝑇𝑖 satisfies all the five invariants,

is finitely-branching and is obtained by adding a finite number of leaves to 𝑇𝑖−1. Hence, from

𝑇0,𝑇1, . . . we get a finitely-branching infinite tree 𝑇 that also satisfies all of the five invariants. By

König’s lemma, 𝑇 must have an infinite path. By invariant C3, this path has no marked nodes. By

C1 and C2, the weight of an unmarked node at an even level along this path strictly decreases

(with respect to the <lex ordering) when compared with the weight of its grandparent. By the

well-ordering of the lexicographic ordering, this path cannot be infinite, leading to a contradiction.

Hence, the construction halts at some point (say 𝑇𝑚). By definition of the construction, this

can happen iff there are no unmarked leaves in 𝑇𝑚 . Let 𝜌1, . . . , 𝜌ℓ be the set of all leaves in 𝑇𝑚 .

By invariant C4, we have 𝐿
𝒙,𝒚
Σ ⊆ ∪1≤𝑖≤ℓ 𝐿(𝜌𝑖 ) and by invariant C3, we have ∪1≤𝑖≤ℓ 𝐿(𝜌𝑖 ) ⊆ 𝐿

𝒙,𝒚
Σ .

Hence, 𝐿
𝒙,𝒚
Σ = ∪1≤𝑖≤ℓ 𝐿(𝜌𝑖 ), and thus 𝐿

𝒙,𝒚
Σ is effectively regular.

We now conclude with a brief discussion on the complexity of our construction, i.e., the size of

the final set of path-schemes that we obtain.

Complexity. By a straightforward application of length function theorems for ordinals [55,

Theorem 3.5], we can show that the NFA for 𝐿
𝒙,𝒚
Σ can be computed in Ackermannian time. Moreover,

if we fix the number ℎ = |Σ| of transitions in our CVAS, then we obtain a primitive recursive

construction. This is because termination in our construction is guaranteed by descent w.r.t. the

lexicographical ordering (N |Σ | ,≤lex), which is the ordinal 𝜔 |Σ |
, and each construction of path-

schemes runs in elementary time. This elementary time bound in particular yields an elementary

control function for the application of the length function theorem for ordinals. A detailed argument

can be found in the full version of this paper.

Division of Proof into Sections. Hence, in order to complete the proof of effective regularity

(Theorem 2.2), it suffices to prove Theorems 4.2 and 4.3, whichwe do in Sections 5 and 6 respectively.

5 Path-Scheme Decomposition
In this section, we will prove Theorem 4.2. We begin by proving a slightly weaker claim for the

special case of stars.

Lemma 5.1 (Star Decomposition). Given a star 𝑋𝐴, we can compute a finite set of pre-perfect
path-schemes 𝜌1, . . . , 𝜌𝑚 such that 𝐿(𝑋𝐴) = 𝐿(𝜌1) ∪ · · · ∪ 𝐿(𝜌𝑚) and𝑊 (𝜌𝑖 ) ≤lex 𝑊 (𝑋𝐴).

Proof Sketch. We proceed inductively w.r.t. the size of 𝐴. The base case is when |𝐴| = 0. Hence

𝐴 = ∅, and so we can pick the pre-perfect path-scheme 𝜌 = 𝜖 consisting of just the empty word. It

is then easy to see that 𝐿(𝑋𝐴) = 𝐴∗ = {𝜀} and also that𝑊 (𝜌) =𝑊 (𝑋𝐴).
For the induction step, suppose |𝐴| > 0. Then we first claim that we can decompose 𝐴∗

as

𝐴∗ =
⋃
𝐺

𝐿(𝐺) ∪
⋃
𝐵⊊𝐴
𝐶⊊𝐴

𝐵∗𝐶∗ ∪
⋃
𝑎∈𝐴,

𝐵⊆𝐴\{𝑎},
𝐶⊆𝐴\{𝑎}

𝐵∗𝑎𝐶∗, (3)
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where𝐺 ranges over all gatherings 𝑋
𝑏1,...,𝑏𝑛
𝑎1,...,𝑎𝑛 with 𝐴 = {𝑎1, . . . , 𝑎𝑛} = {𝑏1, . . . , 𝑏𝑛}. The inclusion “⊇”

is trivial, so let us prove the other direction “⊆”, i.e., we prove that every word in 𝐴∗
belongs to one

of the terms on the right-hand side of the above equation.

Consider a word𝑤 ∈ 𝐴∗
. If some letter 𝑎 ∈ 𝐴 occurs less than twice in𝑤 , then𝑤 belongs either

(i) to 𝐵∗𝑎𝐶∗
for some 𝐵 ⊆ 𝐴 \ {𝑎},𝐶 ⊆ 𝐴 \ {𝑎} or (ii) to 𝐵∗

for some 𝐵 ⊊ 𝐴. Thus, let us assume that

every letter occurs at least twice in𝑤 . Let 𝐴 = {𝑎1, . . . , 𝑎𝑛} and for each 1 ≤ 𝑖 ≤ 𝑛, let 𝑓𝑖 ∈ [1, |𝑤 |]
be the position of the first occurrence of 𝑎𝑖 in𝑤 , and ℓ𝑖 ∈ [1, |𝑤 |] be the last occurrence of 𝑎𝑖 in𝑤 .

We now consider two cases:

(i) Some first occurrence is to the right of some last occurrence, i.e. there are 𝑖, 𝑗 such that ℓ𝑗 < 𝑓𝑖 .

In this case it is easy to see that𝑤 belongs to 𝐵∗𝐶∗
, where 𝐵 = 𝐴 \ {𝑎𝑖 } and𝐶 = 𝐴 \ {𝑎 𝑗 } and

so we are done.

(ii) Every first occurrence is to the left of every last occurrence, i.e. 𝑓𝑖 < ℓ𝑗 for all 𝑖, 𝑗 . In this case

we claim that there is a gathering 𝐺 such that𝑤 ∈ 𝐿(𝐺). Indeed, let 𝑖1, . . . , 𝑖𝑛 and 𝑗1, . . . , 𝑗𝑛
be permutations of {1, . . . , 𝑛} such that 𝑓𝑖1 < 𝑓𝑖2 < . . . 𝑓𝑖𝑛 < ℓ𝑗1 < ℓ𝑗2 < . . . ℓ𝑗𝑛 . Then, it is

easily seen that 𝑤 belongs to the gathering 𝑋 whose first-appearance record is 𝑎𝑖1 , . . . , 𝑎𝑖𝑛
and whose last-appearance record is 𝑎 𝑗1 , . . . , 𝑎 𝑗𝑛 . Hence, in this case as well, we are done.

With (3) at our disposal, in order to prove the induction step for 𝑋𝐴, it suffices to prove the

following: For each term 𝑆 that appears in the right-hand side of (3), we can decompose 𝑆 as a

finite set of pre-perfect path-schemes 𝜎1, . . . , 𝜎𝑘 such that each𝑊 (𝜎𝑖 ) ≤lex 𝑊 (𝑋𝐴). This follows
by a simple case analysis on 𝑆 . The intuition is that 𝑆 is either the language of a gathering 𝐺 , or a

term of the form 𝐵∗𝐶∗
or 𝐵∗𝑎𝐶∗

for some 𝐵,𝐶 ⊊ 𝐴. In the first case, gatherings are pre-perfect path

schemes themselves. In the latter two cases, we use the induction hypothesis to get pre-perfect

path schemes for 𝐵∗
and 𝐶∗

. From these, we can construct a set of pre-perfect path-schemes for

each language of the form 𝐵∗𝐶∗
and 𝐵∗𝑎𝐶∗

. Note that inductively, the pre-perfect path-schemes for

𝐵∗
, 𝐶∗

have weight ≤lex |𝐴| − 1. Thus, a concatenation of such schemes will have a weight vector

that is strictly less than |𝐴|. Moreover, each gathering 𝐺 has weight |𝐴|. Thus, every pre-perfect

path-scheme we construct has a weight vector that is at most |𝐴| =𝑊 (𝑋𝐴). A detailed proof of

this case analysis on 𝑆 is given in the full version of this paper.

This completes the induction step and therefore concludes the proof of the lemma. □

Using this lemma, we now prove Theorem 4.2.

Proof of Theorem 4.2. First, notice that it suffices to only compute pre-perfect path-schemes

𝜌1, . . . , 𝜌𝑚 with 𝐿(𝜌) = ⋃𝑚
𝑖=1

𝐿(𝜌𝑖 ) and𝑊 (𝜌𝑖 ) ≤lex 𝑊 (𝜌) for each 𝑖 . Indeed, if we can compute such

pre-perfect path-schemes, then we can check whether each 𝜌𝑖 is perfect. This amounts to checking

whether 𝐿(𝜌𝑖 ) ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅, which is decidable (even in NP) by Proposition 4.4. Let 𝜌𝑖1 , . . . , 𝜌𝑖𝑘 be

the perfect path-schemes from this list. It is then easy to see that 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ = (∪𝑖 𝑗𝐿(𝜌𝑖 𝑗 )) ∩ 𝐿

𝒙,𝒚
Σ

and𝑊 (𝜌𝑖 𝑗 ) ≤lex 𝑊 (𝜌) for each 𝑖 𝑗 , thereby yielding the desired list of perfect path-schemes for 𝜌 .

Now let 𝜌 be a path-scheme. Let 𝑋𝐴1
, . . . , 𝑋𝐴𝑠

be the occurrences of stars in 𝜌 . For each star 𝑋𝐴𝑖

in 𝜌 , we compute a list 𝜎𝑖,1, . . . , 𝜎𝑖,𝑡 of perfect path-schemes using Lemma 5.1 (by duplicating the

path-schemes if necessary, we may assume that we get the same number 𝑡 of schemes for each 𝐴𝑖 ).

For each function 𝑓 : [1, 𝑠] → [1, 𝑡], consider the perfect path-scheme 𝜌 𝑓 obtained from 𝜌 by

replacing each 𝑋𝐴𝑖
with 𝜎𝑖,𝑓 (𝑖 ) . It is then easy to see that 𝐿(𝜌) = ⋃

𝑓 𝜌 𝑓 , where 𝑓 ranges over all

functions [1, 𝑠] → [1, 𝑡]. It remains to argue that𝑊 (𝜌 𝑓 ) ≤lex 𝑊 (𝜌). For this, we observe that

since𝑊 (𝜎𝑖,𝑓 (𝑖 ) ) ≤lex 𝑊 (𝑋𝐴𝑖
), it follows that replacing 𝑋𝐴𝑖

with 𝜎𝑖,𝑓 (𝑖 ) in any path-scheme will not

increase the weight: This is because if 𝒖 ≤lex 𝒗 for some vectors 𝒖, 𝒗 ∈ N𝑘
, then𝒘 + 𝒖 ≤lex 𝒘 + 𝒗 for

every𝒘 ∈ N𝑘
. Applying this observation 𝑠 times yields that𝑊 (𝜌 𝑓 ) ≤lex 𝑊 (𝜌). □
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6 Perfect Path-Scheme Decomposition
In this section, we will prove Theorem 4.3. In order to prove this theorem, we first set up some

notation and introduce some key definitions.

Recall that a word𝑤 is said to be less than or equal to another word𝑤 ′
over the subword ordering

(denoted by 𝑤 ⪯ 𝑤 ′
) if 𝑤 can be obtained from 𝑤 ′

by deleting some letters in it. Now, let 𝑋 be

a gathering and let 𝑤 ∈ 𝐿(𝑋 ). We define (𝑤)↑
𝑋
to be the set of all words 𝑤 ′ ∈ 𝐿(𝑋 ) such that

center(𝑤) ⪯ center(𝑤 ′) with respect to the subword ordering ⪯. Hence, (𝑤)↑
𝑋
is the set of all words

in 𝐿(𝑋 ) whose center component is larger than or equal to the center component of𝑤 .

We extend the above notion to pre-perfect path-schemes. Let 𝜌 = 𝑢0𝑋1 . . . 𝑋𝑛𝑢𝑛 be a pre-perfect

path-scheme and let ®𝑤 = (𝑤1, . . . ,𝑤𝑛) be a 𝜌-factor. We let ( ®𝑤)↑𝜌 be the set of words given by

{𝑢0𝑤
′
1
𝑢1𝑤

′
2
. . .𝑤 ′

𝑛𝑢𝑛 : ∀ 1 ≤ 𝑖 ≤ 𝑛, 𝑤 ′
𝑖 ∈ (𝑤𝑖 )↑𝑋𝑖

}. Intuitively, ( ®𝑤)↑𝜌 is the set of all words obtained

by replacing each𝑤𝑖 with some𝑤 ′
𝑖 ∈ (𝑤𝑖 )↑𝑋𝑖

. We call ( ®𝑤)↑𝜌 the 𝜌-upward closure of ®𝑤 .

With these notations set up, we are now ready to state the three main ingredients which will

together imply Theorem 4.3. To state these ingredients, we first set up some context. Recall that to

prove Theorem 4.3, we need to split a perfect path-scheme 𝜌 into path-schemes 𝜎, 𝜌1, . . . , 𝜌𝑚 such

that 𝐿(𝜎) is contained entirely in 𝐿
𝒙,𝒚
Σ and the weight of each 𝜌𝑖 is strictly less than the weight of

𝜌 . The three ingredients will help us find the path-schemes 𝜎, 𝜌1, . . . , 𝜌𝑚 . The first two are about

finding 𝜎 and the last one is about finding 𝜌1, . . . , 𝜌𝑚 .

First Ingredient: Lifting Runs Theorem. The Lifting Runs Theorem states that from any perfect

path-scheme 𝜌 , we can extract a word𝑤 and a 𝜌-factor ®𝑤 such that the entire set ( ®𝑤)↑𝜌 is contained

in 𝐿
𝒙,𝒚
Σ . Intuitively this result allows us to lift the 𝜌-factor ®𝑤 to its 𝜌-upward closure ( ®𝑤)↑𝜌 .

Theorem 6.1 (Lifting Runs Theorem). Suppose 𝜌 is a perfect path-scheme. Then, we can compute
a word𝑤 ∈ 𝐿(𝜌) ∩ 𝐿

𝒙,𝒚
Σ and a corresponding 𝜌-factor ®𝑤 such that ( ®𝑤)↑𝜌 ⊆ 𝐿(𝜌) ∩ 𝐿

𝒙,𝒚
Σ .

Second Ingredient: Path-Scheme for 𝜌-Upward Closures. Given ®𝑤 , obtained from the Lifting

Runs Theorem, we can partition 𝐿(𝜌) into two: ( ®𝑤)↑𝜌 and 𝐿(𝜌) \ ( ®𝑤)↑𝜌 . Our second result proves

that it is always possible to construct a path-scheme 𝜎 that captures exactly the set ( ®𝑤)↑𝜌 .

Theorem 6.2 (Path-Scheme Theorem for 𝜌-Upward Closures). Given a perfect path-scheme 𝜌
and a 𝜌-factor ®𝑤 , we can compute a path-scheme 𝜎 such that 𝐿(𝜎) = ( ®𝑤)↑𝜌 .

Third Ingredient: Path-Schemes for Complement of 𝜌-Upward Closures. We characterize

the complement of this 𝜌-upward closure, i.e., 𝐿(𝜌) \ ( ®𝑤)↑𝜌 , and get the desired 𝜌1, . . . , 𝜌𝑚 for proving

Theorem 4.3. In particular, we can compute a finite set of path-schemes 𝜌1, . . . , 𝜌𝑚 such that their

union over-approximates 𝐿(𝜌) \ ( ®𝑤)↑𝜌 and the weight of each 𝜌𝑖 is strictly less than the weight of 𝜌 .

Theorem 6.3 (Path-Schemes Theorem for Complements). Given a perfect path-scheme 𝜌 and a
𝜌-factor ®𝑤 , we can compute a finite set of path-schemes 𝜌1, . . . , 𝜌𝑚 such that 𝐿(𝜌) \ ( ®𝑤)↑𝜌 ⊆ ⋃

𝑖 𝐿(𝜌𝑖 ) ⊆
𝐿(𝜌) and𝑊 (𝜌𝑖 ) <lex 𝑊 (𝜌) for all 𝑖 .

In the remainder of this section, we will prove our three ingredients. First, we first show how they

together imply Theorem 4.3. (A pictorial representation of this implication can be found in Fig. 1).

Proof of Theorem 4.3. Let 𝜌 be a perfect path-scheme. By the Lifting Runs Theorem, we can

compute a word𝑤 ∈ 𝐿(𝜌) and a 𝜌-factor ®𝑤 such that ( ®𝑤)↑𝜌 ⊆ 𝐿(𝜌)∩𝐿𝒙,𝒚Σ . Then, by the Path-Scheme

Theorem for 𝜌-Upward Closures, we can compute a path-scheme 𝜎 such that 𝐿(𝜎) = ( ®𝑤)↑𝜌 . Finally,
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by the Path-Schemes Theorem for Complements, we can compute path-schemes 𝜌1, . . . , 𝜌𝑚 such

that 𝐿(𝜌) \ ( ®𝑤)↑𝜌 ⊆ ⋃
𝑖 𝐿(𝜌𝑖 ) ⊆ 𝐿(𝜌) and𝑊 (𝜌𝑖 ) <lex 𝑊 (𝜌) for all 𝑖 . By construction, we have that

𝐿(𝜌) = 𝐿(𝜎) ∪ ⋃
𝑖 𝐿(𝜌𝑖 ), 𝐿(𝜎) ⊆ 𝐿

𝒙,𝒚
Σ and𝑊 (𝜌𝑖 ) <lex 𝑊 (𝜌) for all 𝑖 , proving Theorem 4.3. □

𝐿(𝜌) 𝐿
𝒙,𝒚
Σ 𝐿(𝜌) 𝐿

𝒙,𝒚
Σ

( ®𝑤)↑𝜌

𝐿(𝜌) 𝐿
𝒙,𝒚
Σ

( ®𝑤)↑𝜌
= 𝐿(𝜎)

𝐿(𝜌) 𝐿
𝒙,𝒚
Σ

( ®𝑤)↑𝜌
= 𝐿(𝜎)

𝜌5𝜌4

𝜌3

𝜌2

𝜌1

Theorem 6.1

Theorem 6.2

Theorem 6.3

Fig. 1. Venn-diagram illustration of the proof of Theorem 4.3. Theorem 6.1 allows us to find a 𝜌-upward closed
set ( ®𝑤)↑𝜌 that belongs to both the circles, i.e., to both 𝐿(𝜌) and 𝐿

𝒙,𝒚
Σ . Theorem 6.2 finds a path-scheme 𝜎 that

equals this set. Along with this 𝜎 , Theorem 6.3 then allows us to split the left circle into multiple fragments
(here 𝜌1, . . . , 𝜌5) such that each 𝜌𝑖 has weight strictly smaller than 𝜌 . Notice that the fragments need not be
disjoint with 𝜎 ; for example, 𝜌4 intersects with 𝜎 .

6.1 Proof of the First Ingredient: Lifting Runs Theorem
In this subsection, wewill prove our first ingredient, namely the Lifting Runs Theorem (Theorem 6.1).

First we prove the following special case of this theorem for gatherings.

Theorem 6.4 (Lifting Runs Theorem for Gatherings). Suppose 𝑋 = 𝑋
𝑎1,...,𝑎𝑛
𝑏1,...,𝑏𝑛

is a gathering

such that 𝐿(𝑋 )∩𝐿𝒙,𝒚Σ ≠ ∅. Then, we can compute a word𝑤 ∈ 𝐿(𝑋 )∩𝐿𝒙,𝒚Σ such that (𝑤)↑
𝑋
⊆ 𝐿(𝑋 )∩𝐿𝒙,𝒚Σ .

Proof Sketch. To prove this theorem, we begin with a fact from the proof of [13, Proposition

4.5]. It states that if 𝐿(𝑋 ) ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅ then we can compute a word 𝑤 ∈ 𝐿(𝑋 ) ∩ 𝐿

𝒙,𝒚
Σ such that

𝑤 = 𝑢 ·center(𝑤) ·𝑣 where𝑢 = 𝑎1𝑎2 . . . 𝑎𝑛 , 𝑣 = 𝑏1𝑏2 . . . 𝑏𝑛 , the set of letters that appear in center(𝑤)
is exactly {𝑎1, . . . , 𝑎𝑛} and the following property is satisfied: There exist two vectors 𝒙′,𝒚′

and

three sequences of firing fractions 𝛼, 𝛽,𝛾 such that 𝒙
𝛼𝑢−−→ 𝒙 ′ 𝛽center(𝑤 )

−−−−−−−−→ 𝒚′ 𝛾𝑣
−−→ 𝒚 and

• If a counter is non-zero at any point in the run 𝑟1 = 𝒙
𝛼𝑢−−→ 𝒙 ′

then it stays non-zero from that

point onwards in 𝑟1.

• If a counter is zero at any point in the run 𝑟3 = 𝒚′ 𝛾𝑣
−−→ 𝒚 then it stays zero from that point

onwards in 𝑟3.

• If a counter was non-zero at any point in either 𝑟1 or 𝑟3, then it stays non-zero along the run

𝑟2 = 𝒙′ 𝛽center(𝑤 )
−−−−−−−−→ 𝒚′

.
5

5
Technically, this fact was proven for cyclic reachability in CVAS with finitely many control states, i.e., reachability in CVAS

with states with the same starting and the final state. However, the same fact applies in our setting as well, because any

gathering 𝑋 over a CVAS Σ can be converted into a CVAS with states where the starting and the final state are the same.
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With these properties at our disposal, we can prove that not only is 𝑤 ∈ 𝐿(𝑋 ) ∩ 𝐿
𝒙,𝒚
Σ but that

we have the stronger property (𝑤)↑
𝑋
⊆ 𝐿(𝑋 ) ∩ 𝐿

𝒙,𝒚
Σ . To this end suppose𝑤 ′ ∈ (𝑤)↑

𝑋
. By definition,

𝑤 ′ ∈ 𝐿(𝑋 ) and so it suffices to prove that𝑤 ′ ∈ 𝐿
𝒙,𝒚
Σ . Since 𝑋 is a gathering and since𝑤 ′ ∈ (𝑤)↑

𝑋
,

we can split𝑤 ′
as𝑤 ′ = 𝑢′ · center(𝑤 ′) · 𝑣 ′ such that center(𝑤) ⪯ center(𝑤 ′). Furthermore, since

𝑢 = 𝑎1𝑎2 . . . 𝑎𝑛 and 𝑣 = 𝑏1𝑏2 . . . 𝑏𝑛 , by definition of a gathering, we also have that 𝑢 ⪯ 𝑢′
and 𝑣 ⪯ 𝑣 ′.

We can now argue that there exist sequences of firing fractions 𝛼 ′, 𝛽 ′ and 𝛾 ′ such that 𝒙
𝛼 ′𝑢′
−−−→

𝒙′ 𝛽 ′center(𝑤′ )
−−−−−−−−−−→ 𝒚′ 𝛾 ′𝑣′

−−−→ 𝒚. Intuitively, we do this as follows: For each transition 𝑡 , we show that

we can take away a small part of its firing fraction from the sequences 𝛼𝑢, 𝛽center(𝑤) and 𝛾𝑣 and
redistribute this small part amongst its additional occurrences present in 𝑢′, center(𝑤 ′) and 𝑣 ′

respectively. When this redistribution is done naively and arbitrarily, it might happen that some

counter value becomes negative at some point. To prevent this, we use the special properties of𝑤

to show that there is a way of redistribution which forces the counters to stay non-negative at each

step. The formal details of this redistribution can be found in the full version of this paper. □

Example 6.5. We give here an example that illustrates the main techniques behind the redistribu-

tion of firing fractions in the proof of Theorem 6.4. Let us consider the example from Section 3 where

Σ = {𝑎, 𝑏, 𝑐} with 𝑎 = (1, 0, 0), 𝑏 = (−1, 1, 0) and 𝑐 = (0,−1, 1). Let 𝑋 be the gathering 𝑋
𝑎,𝑏,𝑐

𝑎,𝑏,𝑐
and

let 𝒙 = ⟨0, 0, 0⟩,𝒚 = ⟨0, 1

4
, 1

4
⟩. Let𝑤 = 𝑎𝑏𝑐𝑏𝑎𝑐𝑎𝑏𝑐 ∈ 𝐿(𝑋 ). Notice that𝑤 can be split as 𝑎𝑏𝑐 𝑏𝑎𝑐 𝑎𝑏𝑐

where the first part is its first-appearance record, the middle part is its center and the last part is its

last-appearance record. Corresponding to this split, we also saw the following three runs in Eq. (2)

⟨0, 0, 0⟩
1

4
𝑎

−−→
〈

1

4

, 0, 0

〉
1

8
𝑏

−−→
〈

1

8

,
1

8

, 0

〉
1

16
𝑐

−−→
〈

1

8

,
1

16

,
1

16

〉
(4)〈

1

8

,
1

16

,
1

16

〉
1

16
𝑏

−−→
〈

1

16

,
1

8

,
1

16

〉
1

8
𝑎

−−→
〈

3

16

,
1

8

,
1

16

〉
1

16
𝑐

−−→
〈

3

16

,
1

16

,
1

8

〉
(5)〈

3

16

,
1

16

,
1

8

〉
1

8
𝑎

−−→
〈

5

16

,
1

16

,
1

8

〉
5

16
𝑏

−−→
〈
0,

3

8

,
1

8

〉
1

8
𝑐

−−→
〈
0,

1

4

,
1

4

〉
(6)

Notice that if we set 𝒙′ = ⟨ 1

8
, 1

16
, 1

16
⟩ and 𝒚′ = ⟨ 3

16
, 1

16
, 1

8
⟩, then this word𝑤 and these three runs

together satisfy the properties mentioned in the proof of Theorem 6.4. Hence, according to this

theorem, any word in (𝑤)↑
𝑋
must also be fireable from 𝒙 to reach 𝒚.

Let𝑤 ′ = 𝑎𝑏𝑎𝑐 𝑏𝑏𝑎𝑐 𝑎𝑐𝑏𝑐 ∈ (𝑤)↑
𝑋
. To show that Theorem 6.4 applies to𝑤 ′

, we must now construct

firing fractions 𝛼 ′, 𝛽 ′ and 𝛾 ′ such that

⟨0, 0, 0⟩ 𝛼 ′𝑎𝑏𝑎𝑐−−−−−→
〈

1

8

,
1

16

,
1

16

〉
𝛽 ′𝑏𝑏𝑎𝑐
−−−−−→

〈
3

16

,
1

16

,
1

8

〉
𝛾 ′𝑎𝑐𝑏𝑐
−−−−−→

〈
0,

1

4

,
1

4

〉
In the proof of Theorem 6.4, we get these three runs for𝑤 ′

by modifying the corresponding runs

for 𝑤 . We first see how to construct 𝛼 ′
by modifying the run in Eq. (4). First, we inspect Eq. (4)

and pick a small enough 𝜖 > 0 so that we can fire the modified run ( 1

4
− 𝜖)𝑎, 1

8
𝑏, 1

16
𝑐 from ⟨0, 0, 0⟩

without any counter values becoming negative. It is always possible to find such an 𝜖 because this

run satisfies the property that once a counter becomes non-zero, it stays non-zero throughout. (In

this case, it suffices to take 𝜖 = 1

16
). Then, we plug back the remaining 𝜖𝑎 portion into this modified

run to get the same effect as the original run. Concretely speaking we get the following run.

⟨0, 0, 0⟩
3

16
𝑎

−−−→
〈

3

16

, 0, 0

〉
1

8
𝑏

−−→
〈

1

16

,
1

8

, 0

〉
1

16
𝑎

−−−→
〈

1

8

,
1

8

, 0

〉
1

16
𝑐

−−→
〈

1

8

,
1

16

,
1

16

〉
Doing exactly the same procedure, we can modify Eq. (5) to get the following run.
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〈
1

8

,
1

16

,
1

16

〉
1

32
𝑏

−−→
〈

3

32

,
3

32

,
1

16

〉
1

32
𝑏

−−→
〈

1

16

,
1

8

,
1

16

〉
1

8
𝑎

−−→
〈

3

16

,
1

8

,
1

16

〉
1

16
𝑐

−−→
〈

3

16

,
1

16

,
1

8

〉
Finally, we do the same procedure, but in reverse for the last run. More precisely, we pick 𝜖 > 0

so that it is possible to fire the modified run
1

8
𝑎, 5

16
𝑏, ( 1

8
− 𝜖)𝑐 to reach ⟨0, 1

4
, 1

4
⟩ without any counter

values becoming negative. It is always possible to take such an 𝜖 > 0 because this run satisfies the

property that once a counter becomes zero, it stays zero throughout. (In this case, we see that it

suffices to take 𝜖 = 1

32
). We plug the remaining 𝜖𝑐 portion into this modified run to get the following〈

3

16

,
1

16

,
1

8

〉
1

8
𝑎

−−→
〈

5

16

,
1

16

,
1

8

〉
1

32
𝑐

−−→
〈

5

16

,
1

32

,
5

32

〉
5

16
𝑏

−−→
〈
0,

11

32

,
5

32

〉
3

32
𝑐

−−→
〈
0,

1

4

,
1

4

〉
Altogether, this shows that we have the required three runs for𝑤 ′

and proves that that𝑤 ′ ∈ 𝐿
𝒙,𝒚
Σ .

We stress that this procedure of redistributing runs is possible only because of the special

properties of the runs. For instance, suppose instead of Eq. (4), we had the following run

⟨0, 0, 0⟩
1

4
𝑎

−−→
〈

1

4

, 0, 0

〉
1

4
𝑏

−−→
〈
0,

1

4

, 0

〉
1

8
𝑐

−−→
〈
0,

1

8

,
1

8

〉
Then, we cannot redistribute the fraction 1/4 for 𝑎 without either making the first counter go

negative or without also redistributing the fraction 1/4 for 𝑏. Hence it would not be possible to

modify this run to also get a run for 𝑎𝑏𝑎𝑐 between ⟨0, 0, 0⟩ and ⟨0, 1

8
, 1

8
⟩ by the above procedure.

We can now prove the Lifting Runs theorem for any perfect path-scheme.

Proof of Theorem 6.1. Let 𝜌 be any perfect path-scheme of the form 𝜌 = 𝑢0𝑋1 . . . 𝑋𝑛𝑢𝑛 . Since

it is perfect, there is a word𝑤 ∈ 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ . Let ®𝑤 = (𝑤1, . . . ,𝑤𝑛) be a 𝜌-factor of𝑤 . Hence, for

each 0 ≤ 𝑖 ≤ 𝑛, there exists 𝒙𝑖 ,𝒚𝑖 with 𝒙0 = 𝒙 and 𝒚𝑛 = 𝒚 such that

𝑢0 ∈ 𝐿
𝒙0,𝒚0

Σ , 𝑤1 ∈ 𝐿
𝒚0,𝒙1

Σ , 𝑢1 ∈ 𝐿
𝒙1,𝒚1

Σ · · · · · · 𝑤𝑛 ∈ 𝐿
𝒚𝑛−1,𝒙𝑛
Σ , 𝑢𝑛 ∈ 𝐿

𝒙𝑛,𝒚𝑛
Σ (7)

Applying Theorem 6.4 to 𝑋1, . . . , 𝑋𝑛 , we can compute𝑤 ′
1
∈ 𝐿(𝑋1), . . . ,𝑤 ′

𝑛 ∈ 𝐿(𝑋𝑛), such that

(𝑤 ′
1
)↑
𝑋1

⊆ 𝐿(𝑋1) ∩ 𝐿
𝒚0,𝒙1

Σ , (𝑤 ′
2
)↑
𝑋2

⊆ 𝐿(𝑋2) ∩ 𝐿
𝒚1,𝒙2

Σ , · · · · · · , (𝑤 ′
𝑛)

↑
𝑋𝑛

⊆ 𝐿(𝑋𝑛) ∩ 𝐿
𝒚𝑛−1,𝒙𝑛
Σ (8)

Let 𝑤 ′ = 𝑢0𝑤
′
1
𝑢1𝑤

′
2
. . .𝑤 ′

𝑛𝑢𝑛 with the 𝜌-factor ®𝑤 ′ = (𝑤 ′
1
,𝑤 ′

2
, . . . ,𝑤 ′

𝑛). By definition of ( ®𝑤 ′)↑𝜌
and Eq. (7) and Eq. (8) it follows that ( ®𝑤 ′)↑𝜌 ⊆ 𝐿(𝜌) ∩ 𝐿

𝒙,𝒚
Σ .

The above procedure gives a way to compute𝑤 ′
when we know𝒚0, 𝒙1,𝒚1, . . . ,𝒚𝑛−1, 𝒙𝑛 . It remains

to compute 𝒚0, 𝒙1,𝒚1, . . . ,𝒚𝑛−1, 𝒙𝑛 . We can use an enumerate-and-check strategy: We enumerate

(2𝑛)-tuples of rational vectors and then check for each 0 ≤ 𝑖 ≤ 𝑛, whether 𝑢𝑖 ∈ 𝐿
𝒙𝑖 ,𝒚𝑖
Σ and

𝐿(𝑋𝑖 ) ∩𝐿
𝒚𝑖−1,𝒙𝑖
Σ ≠ ∅. The former asks if a given word is in the intersection of a regular language and

a CVAS language. The latter asks if the intersection of a regular language and a CVAS language is non-

empty. Since both these problems are decidable (even in NP) by Proposition 4.4, it follows that we

can decide whether the current tuple of vectors satisfies the required conditions. Since 𝜌 is a perfect

path-scheme, we are guaranteed that one of our guesses will succeed and so our algorithm will

terminate at some point and compute the required sequence of vectors. This proves Theorem 6.1. □

6.2 Proof of the Second Ingredient: Path-Scheme Theorem for 𝜌-Upward Closures
In this subsection, we will prove our second ingredient, namely the Path-Scheme Theorem for

𝜌-Upward Closures (Theorem 6.2). To prove this theorem, we first need some definitions, which
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we state here. Let 𝑋 = 𝑋
𝑏1 ...𝑏𝑛
𝑎1 ...𝑎𝑛 be a gathering and let 𝐴 = {𝑎1, . . . , 𝑎𝑛}. We let flat(𝑋 ) be the

path-scheme denoted by

𝑎1𝑋{𝑎1 }𝑎2𝑋{𝑎1,𝑎2 } . . . 𝑎𝑛𝑋𝐴𝑏1𝑋𝐴\{𝑏1 }𝑏2𝑋𝐴\{𝑏1,𝑏2 } . . . 𝑋𝐴\{𝑏1,...,𝑏𝑛−1 }𝑏𝑛

Note that flat(𝑋 ) is a path-scheme that, by definition, accepts the same set of words as 𝑋 , i.e.,

𝐿(flat(𝑋 )) = 𝐿(𝑋 ). Furthermore, if𝑤 ∈ 𝐿(flat(𝑋 )) and ®𝑤 = (𝑤1, . . . ,𝑤2𝑛−1) is a flat(𝑋 )-factor of
𝑤 , it is easily seen that the part𝑤𝑛 in ®𝑤 corresponds to the bubble 𝑋𝐴 and is exactly equal to the

center of𝑤 . For this reason, we will call the bubble 𝑋𝐴 as the central bubble of flat(𝑋 ).
Finally, in our proof of this theorem, we will construct new path-schemes by substituting bubbles

with path-schemes. To this end, we define a notion of substitution for path-schemes as follows:

Suppose 𝜌 = 𝑢0𝑋1 . . . 𝑋𝑛𝑢𝑛 and 𝜌 ′ = 𝑣0𝑌1 . . . 𝑌𝑚𝑣𝑚 are two path-schemes. We define 𝜌 [𝜌 ′/ 𝑗] to be

the path-scheme obtained by replacing the 𝑗𝑡ℎ bubble in 𝜌 (i.e., 𝑋 𝑗 ) with the path-scheme 𝜌 ′. I.e.,

𝜌 [𝜌 ′/ 𝑗] = 𝑢0𝑋1 . . . 𝑋 𝑗−1𝑢 𝑗−1𝑣0𝑌1 . . . 𝑌𝑚𝑣𝑚𝑢 𝑗𝑋 𝑗+1 . . . 𝑋𝑛𝑢𝑛 .

Our strategy to now prove Theorem 6.2 is the same as the one we used to prove Theorem 6.1:

First, prove the theorem for gatherings. Then use this to prove the theorem for the general case.

Theorem 6.6 (Path-Scheme Theorem for 𝜌-Upward Closures of Gatherings). Given a
gathering𝑋 = 𝑋

𝑏1 ...𝑏𝑛
𝑎1 ...𝑎𝑛 and a word𝑤 ∈ 𝐿(𝑋 ), we can compute a path-scheme 𝜌 such that 𝐿(𝜎) = (𝑤)↑

𝑋
.

Proof. By the definition of flat(𝑋 ) and 𝜉 , it follows that 𝜎 is precisely the path-scheme given by

𝑎1𝑋{𝑎1 }𝑎2𝑋{𝑎1,𝑎2 } . . . 𝑎𝑛𝑋𝐴𝑐1𝑋𝐴𝑐2 . . . 𝑋𝐴𝑐𝑚𝑋𝐴𝑏1𝑋𝐴\{𝑏1 }𝑏2𝑋𝐴\{𝑏1,𝑏2 } . . . 𝑋𝐴\{𝑏1,...,𝑏𝑛−1 }𝑏𝑛

It follows that any word𝑤 ′
belongs to 𝐿(𝜎) iff𝑤 ′

can be written as

𝑤 ′ = 𝑎1𝑤
′
1
𝑎2𝑤

′
2
. . . 𝑎𝑛𝑤

′′𝑏1𝑤
′
𝑛 . . .𝑤

′
2𝑛−2

𝑏𝑛

where

• For each 𝑖 ∈ [1, 𝑛 − 1],𝑤 ′
𝑖 ∈ 𝐿(𝑋{𝑎1,...,𝑎𝑖 }) = {𝑎1, . . . , 𝑎𝑖 }∗,

• 𝑤 ′′ ∈ 𝐿(𝑋𝐴𝑐1𝑋𝐴𝑐2 . . . 𝑋𝐴𝑐𝑚𝑋𝐴) = 𝐿(𝜉) ⊆ 𝐿(𝑋𝐴),
• And for each 𝑖 ∈ [𝑛, 2𝑛 − 2],𝑤 ′

𝑖 ∈ 𝐿(𝑋𝐴\{𝑏1,...,𝑏𝑖−𝑛+1 }) = (𝐴 \ {𝑏1, . . . , 𝑏𝑖−𝑛+1})∗.
Hence,𝑤 ′ ∈ 𝐿(𝜎) iff𝑤 ′ ∈ 𝐿(𝑋 ) and center(𝑤 ′) ∈ 𝐿(𝜉). Since a word is in 𝐿(𝜉) iff it is larger than

or equal to center(𝑤) with respect to the subword ordering, it follows that𝑤 ′ ∈ 𝐿(𝜎) iff𝑤 ′ ∈ 𝐿(𝑋 )
and center(𝑤) ⪯ center(𝑤 ′). The latter is the definition of (𝑤)↑

𝑋
and so the proof is complete. □

We can now prove the Path-Scheme Theorem for 𝜌-Upward Closures.

Proof of Theorem 6.2. Let 𝜌 = 𝑢0𝑋1𝑢1 . . . 𝑋𝑛𝑢𝑛 be a perfect path-scheme and take some 𝜌-

factor ®𝑤 = (𝑤1,𝑤2, . . . ,𝑤𝑛). By Theorem 6.6, for each 𝑋𝑖 and𝑤𝑖 , we can compute a path-scheme 𝜎𝑖

such that 𝐿(𝜎𝑖 ) = (𝑤𝑖 )↑𝑋𝑖
. By definition of ( ®𝑤)↑𝜌 it then follows that ( ®𝑤)↑𝜌 = 𝐿(𝜎) where 𝜎 is given

by 𝑢0𝜎1𝑢1𝜎2 . . . 𝜎𝑛𝑢𝑛 . This completes the proof of Theorem 6.2. □

6.3 Proof of the Third Ingredient: Path-Scheme Theorem for Complements
In this subsection, we prove our third ingredient, the Path-Scheme Theorem for Complements

(Theorem 6.3). The strategy is similar to that of Theorem 6.2: First, prove the theorem for the special

case of gatherings and then prove the general case. We begin with the case of gatherings.

Theorem 6.7 (Path-Scheme Theorem for Complement over Gatherings). Given a gathering
𝑋 = 𝑋

𝑏1 ...𝑏𝑛
𝑎1 ...𝑎𝑛 and a word𝑤 ∈ 𝐿(𝑋 ), we can compute a finite set of path-schemes 𝜌1, . . . , 𝜌𝑚 such that

𝐿(𝑋 ) \ (𝑤)↑
𝑋
=

⋃
𝑖 𝐿(𝜌𝑖 ) and𝑊 (𝜌𝑖 ) <lex 𝑊 (𝑋 ) for all 𝑖 .
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Proof Sketch. Let center(𝑤) = 𝑐1 . . . 𝑐𝑚 and 𝐴 = {𝑎1, . . . , 𝑎𝑛}. For any 𝑎 ∈ 𝐴, let 𝑎 = 𝐴 \ {𝑎}.
Note that a word is not larger than or equal to center(𝑤) (with respect to the subword ordering) iff

the largest prefix of center(𝑤) that is a subword is strictly smaller than center(𝑤).
Hence, for every 𝑖 ∈ [1,𝑚], we let 𝜎𝑖 be the path-scheme given by 𝑋𝑐1

𝑐1𝑋𝑐2
𝑐2 . . . 𝑋𝑐𝑖 . By the

above,

⋃
𝑖∈[1,𝑚] 𝐿(𝜎𝑖 ) is exactly the set of all words that are not larger than or equal to center(𝑤).

Now the set of words in 𝐿(𝑋 ) \ (𝑤)↑
𝑋
are precisely those words in 𝐿(𝑋 ) whose center component

belongs to

⋃
𝑖∈[1,𝑚] 𝐿(𝜎𝑖 ). Recall that flat(𝑋 ) is a path-scheme such that 𝐿(flat(𝑋 )) = 𝐿(𝑋 ). Fur-

thermore, the central bubble of flat(𝑋 ) captures precisely the center of all words in 𝐿(𝑋 ). Hence,
if we replace the central bubble of flat(𝑋 ) with 𝜎1, . . . , 𝜎𝑚 to get path-schemes 𝜌1, . . . , 𝜌𝑚 it will

follow that 𝐿(𝑋 ) \ (𝑤)↑
𝑋
=

⋃
𝑖∈[1,𝑚] 𝐿(𝜌𝑖 ). Since the central bubble of flat(𝑋 ) is its 𝑛𝑡ℎ component,

it then suffices to set each 𝜌𝑖 to be 𝜌𝑖 = flat(𝑋 ) [𝜎𝑖/𝑛]. The formal proof behind the correctness of

the equality 𝐿(𝑋 ) \ (𝑤)↑
𝑋
=

⋃
𝑖∈[1,𝑚] 𝐿(𝜌𝑖 ) can be found in the full version of this paper.

For any 𝑖 , notice that any bubble of 𝜌𝑖 is either a bubble of flat(𝑋 ) that is not the central bubble
or a bubble of 𝜎𝑖 . By construction, in either case, it follows that, each bubble of 𝜌𝑖 is actually a star

of the form 𝑋𝑆 with |𝑆 | < |𝐴|. It follows then that the weight of each bubble of 𝜌𝑖 has only 0 in the

𝑗𝑡ℎ component for any 𝑗 ≥ |𝐴|. Hence, the overall weight of 𝜌𝑖 also has only 0 in the 𝑗𝑡ℎ component

for any 𝑗 ≥ |𝐴|. This implies that the weight of each 𝜌𝑖 is lexicographically strictly smaller than the

weight of 𝑋 (which has a 1 in the |𝐴|𝑡ℎ component). This then completes the proof. □

We can now prove the Path-Schemes Theorem for Complements.

Proof of Theorem 6.3. Let 𝜌 = 𝑢0𝑋1𝑢1 . . . 𝑋𝑛𝑢𝑛 be a perfect path-scheme and let ®𝑤 be a 𝜌-factor

given by ®𝑤 = (𝑤1, . . . ,𝑤𝑛). By Theorem 6.7, for each 𝑋𝑖 and𝑤𝑖 , we can compute a finite number of

path-schemes 𝜎1

𝑖 , . . . , 𝜎
𝑚𝑖

𝑖
such that

⋃
𝑗∈[1,𝑚𝑖 ] 𝐿(𝜎

𝑗

𝑖
) = 𝐿(𝑋𝑖 ) \ (𝑤𝑖 )↑𝑋𝑖

and𝑊 (𝜎 𝑗

𝑖
) <lex 𝑊 (𝑋𝑖 ). Now,

for each 𝑖 ∈ [1, 𝑛] and each 𝑗 ∈ [1,𝑚𝑖 ], we can create a path-scheme 𝜌
𝑗

𝑖
= 𝜌 [𝜎 𝑗

𝑖
/𝑖].

First, we claim that if𝑤 ′ ∈ 𝐿(𝜌) \ ( ®𝑤)↑𝜌 , then𝑤 ′ ∈ 𝐿(𝜌 𝑗

𝑖
) for some 𝑖, 𝑗 . Indeed, if𝑤 ′ ∈ 𝐿(𝜌) \ ( ®𝑤)↑𝜌

then for any 𝜌-factor ®𝑤 ′ = (𝑤 ′
1
, . . . ,𝑤 ′

𝑛) there must be some 𝑖 such that center(𝑤𝑖 ) ⪯̸ center(𝑤 ′
𝑖 ).

Hence,𝑤 ′
𝑖 ∈ 𝐿(𝑋𝑖 ) \ (𝑤𝑖 )↑𝑋𝑖

and so𝑤 ′
𝑖 ∈ 𝐿(𝜎 𝑗

𝑖
) for some 𝑗 . It then follows that𝑤 ′ ∈ 𝐿(𝜌 𝑗

𝑖
). Hence,

we can conclude that 𝐿(𝜌) \ ( ®𝑤)↑𝜌 ⊆ ⋃
𝑖, 𝑗 𝐿(𝜌

𝑗

𝑖
).

Second, since each 𝜌
𝑗

𝑖
was obtained from 𝜌 by substituting 𝑋𝑖 with 𝜎

𝑗

𝑖
and since 𝐿(𝜎 𝑗

𝑖
) ⊆ 𝐿(𝑋𝑖 ),

it follows that 𝐿(𝜌 𝑗

𝑖
) ⊆ 𝐿(𝜌). Hence we can conclude that

⋃
𝑖, 𝑗 𝐿(𝜌

𝑗

𝑖
) ⊆ 𝐿(𝜌).

Finally for each 𝑖, 𝑗 we have that𝑊 (𝜌 𝑗

𝑖
) =𝑊 (𝜌) −𝑊 (𝑋𝑖 ) +𝑊 (𝜎 𝑗

𝑖
). Since𝑊 (𝜎 𝑗

𝑖
) <lex 𝑊 (𝑋𝑖 ), it

follows that𝑊 (𝜌 𝑗

𝑖
) <lex 𝑊 (𝜌). This completes the proof of Theorem 6.3. □

7 Comparison with the KLM Decomposition
In the previous three sections, we have presented our effective regularity proof for CVAS languages.

Our construction bears a striking similarity with the KLM-decomposition
6
from the theory of (dis-

crete) vector addition systems [43, 44, 52]. Since we find it surprising that a KLM-like decomposition

(i) can be used for a regularity proof and (ii) applies to the continuous setting, we use this section

to point out similarities and differences between our construction and the KLM-decomposition.

Readers who only want to understand the new proofs may safely skip this section.

Vector Addition Systems. Intuitively, a vector addition system is the same as a CVAS, except that

the firing fraction at each step must be exactly equal to 1. Formally, a vector addition system (VAS) is

6
The authors of this work discovered the similarity only after obtaining the results of this paper. However, some structural

aspects and some terms in the construction (such as “perfect” for path-schemes) have been chosen after this discovery to

match the KLM-decomposition.
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syntactically the same as a CVAS, and is given by a finite set of transitions Σ ⊂ Z𝑑 . A configuration

of a VAS is a vector in N𝑑
. A step from a configuration 𝒙 to 𝒚 by means of a transition 𝑡 is possible

if and only if 𝒚 = 𝒙 + 𝑡 . Since each configuration must be an element in N𝑑
, a step is only possible

if no component of the configuration becomes negative. Similar to CVAS, we can define runs and

reachability in a VAS. The reachability problem for VAS is to decide, given a set of transitions Σ and

two configurations 𝒙 and 𝒚, whether 𝒙 can reach 𝒚.
A landmark result in the theory of VAS is that reachability is decidable and in fact, Ackermann-

complete [16, 46, 48]. The first known algorithm for reachability in VAS is the so-called KLM-
decomposition (named after three key contributors Kosaraju [43], Lambert [44], and Mayr [52]).

Why is the Similarity Surprising?. At first glance, it might seem natural that ideas for VAS

also apply to CVAS. However, compared to other VAS overapproximations like Z-VASS (where the
counters can become negative), it is not obvious that a CVAS can be translated into a VAS with the

same language. For example, consider the following decision problem: Given a VAS, configurations

𝒙,𝒚 ∈ N𝑑
and a number ℓ (represented in binary), decide whether there is a run of length ℓ from 𝒙

to𝒚. In the VAS setting, this problem is PSPACE-complete (since all intermediate counter values are

at most exponential). However, for CVAS, this problem is NEXP-complete [10, Theorems 1.1 and

6.1]. Hence, unless PSPACE = NEXP, one cannot translate a CVAS into a language-equivalent VAS

in polynomial time. Of course, Theorem 2.2 implies that CVAS languages are also VAS languages

(since the former are regular), but we are not aware of any proof of this fact besides Theorem 2.2.

An Overview of KLM. Roughly speaking, the KLM-decomposition works as follows (we adopt

the terminology of Leroux and Schmitz [47]). It maintains a list of structures called marked witness
graph sequences (MWGS). Each MWGS describes a set of pre-runs, which intuitively are sequences

of transitions that are not necessarily valid VAS runs. In the beginning, the list consists of a single

MWGS—essentially the VAS itself.

A crucial notion forMWGSes is that of a “perfectMWGS”. A key insight in the KLM-decomposition

is that a perfect MWGS has a valid run among its pre-runs. Moreover, whether an MWGS is perfect

can be decided using simpler algorithmic tools: (i) a coverability check, and (ii) feasibility of a

system of integer linear inequalities.

The KLM algorithm first checks perfectness of each of the current MWGS. If one of them is

perfect, it concludes the existence of a valid run. On the other hand, for every MWGS 𝜉 that is

not perfect, the algorithm can decompose 𝜉 into finitely many MWGS that are smaller w.r.t. some

lexicographical ordering. This implies that after finitely many steps, all remaining MWGS (if any)

must be perfect. Hence, if at the very end, some perfect MWGS remains, we can conclude the

existence of a run; otherwise, we can conclude that no run exists.

Similarities. Let us first highlight similarities between our construction and the KLM-decomposition.

Our construction follows a similar overall strategy: While KLM decomposes MWGS, our algorithm

decomposes path-schemes. Moreover perfectness in MWGS has a correspondence in perfectness of

path-schemes, since the perfectness condition in Section 3.5 consists of a (i) “coverability part” and

(ii) a “linear inequalities” part. Indeed, recall that a path-scheme 𝜌 is perfect if it is pre-perfect and

𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅. First, pre-perfectness is closely related to coverability (of the zero vector) in CVAS

along a run over a given word𝑤 ∈ Σ∗
. This is because whether some word𝑤 ∈ Σ∗

can cover the

zero vector (starting from a given initial vector) depends only on the order of first appearances

of letters in𝑤 [10, Lemma 3.10]. Similarly, last appearances determine “backwards coverability”.

Furthermore, the proof of Proposition 4.4 (specifically, the NP upper bound in [13, Thm 4.9]) is

based on expressing 𝐿(𝜌) ∩ 𝐿
𝒙,𝒚
Σ ≠ ∅ as solvability of systems of linear inequalities.
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Another similarity is that KLM-based proofs have a step that constructs a run (or a subset of

runs) inside a perfect MWGS. Examples include Lambert’s Iteration Lemma [44, Lemma 4.1] or

Leroux and Schmitz’s discovery that the pre-runs of perfect MWGS actually form an adherent
ideal of the set of all pre-runs below valid runs [47, Lemma VII.2, Theorem VII.5]. In our proof, the

construction of a regular subset 𝑅𝜌 of 𝐿
𝒙,𝒚
Σ in Theorem 6.4, which is based on [13, Proposition 4.5],

is similar (in spirit and in technique) to these steps in KLM-based proofs.

Differences. Let us now point out differences between our proof and existing variants of the

KLM-decomposition.

First, our decomposition does not stop when all path-schemes are perfect. Instead, it is possible

that the regular sets 𝑅𝜌 do not cover the entire set 𝐿
𝒙,𝒚
Σ : Classical KLM-decompositions only

construct over- and/or underapproximations of the set of runs
7
, whereas we need to find an

exact representation. This necessitates the second decomposition step (Theorem 4.3): In addition

to constructing regular sets 𝑅𝜌 ⊆ 𝐿
𝒙,𝒚
Σ of perfect path-schemes, we then need to decompose the

perfect path-schemes further into path-schemes that cover those runs that have not been caught

by the already-built sets 𝑅𝜌 .

Second, the steps to achieve perfectness of path-schemes (Theorem 4.2) are very different: In

KLM, one decomposes by bounding counters or by bounding the number of transition occurrences

(which is anyway not possible in the continuous semantics). Instead, our construction relies on a

word-combinatorial observation: Lemma 5.1.

Third, in order for both decomposition steps to work together (and ensure termination), our

proof requires the novel notion of gatherings, which is built so that it (i) yields subsets of the

CVAS language (Theorem 6.4) and (ii) can be achieved by decomposing arbitrary path-schemes

(Theorem 4.2). Note that gatherings are different from just the set of words with a particular first-

and last appearance record (as in [10, Lemma 3.10]): In a gathering, it is important that all first

appearances come before all last appearances.

8 Lower Bound
In this section, we prove Theorem 2.4. That is, we construct a CVAS Σℎ ⊂ Z5ℎ

of size 𝑂 (ℎ) and
configurations 𝒙𝑛,𝒚𝑛 ∈ Q5ℎ

+ of size ≤ 𝑛 such that any NFA for 𝐿
𝒙𝑛,𝒚𝑛
Σℎ

has at least expℎ (𝑛) states.
Let us first give an overview of the constructed CVAS. We will describe Σℎ implicitly by construct-

ing transition sequences𝑤1, . . . ,𝑤ℎ , 𝑟1, . . . , 𝑟ℎ , and 𝑢 over the transition set Σℎ . Thus, Σℎ will just

consist of those transitions occurring in𝑤1, . . . ,𝑤ℎ (which have 6 transitions each), 𝑟1, . . . , 𝑟ℎ (which

have one transition each), and 𝑢 (which has 2ℎ transitions). We will be interested in transition

sequences of the form that are “short” in the sense of Definition 8.1.

𝑤
ℓ1
1
𝑟1𝑤

ℓ2
2
𝑟2 · · ·𝑤 ℓℎ

ℎ
𝑟ℎ𝑢 , (9)

Definition 8.1 (Short run). A run as in (9) is called short if ℓ1 ≤ 𝑛 and ℓ𝑖+1 ≤ ℓ𝑖 · 2ℓ𝑖 for 𝑖 ∈ [1, ℎ − 1].

In fact, our construction will ensure that there is only one short run from 𝒙𝑛 to 𝒚𝑛 of the form in

(9) and that this run will “max out” the bounds above.

Definition 8.2 (Maxed out run). A short run as in (9) is called maxed out if ℓ1 = 𝑛 and ℓ𝑖+1 = ℓ𝑖 · 2
ℓ𝑖

for each 𝑖 ∈ [1, ℎ − 1].

Once we define all details of Σℎ , 𝒙𝑛,𝒚𝑛 , we will show:

7
Examples of overapproximations are semilinear overapproximations (which are implicit in the various KLM-based al-

gorithms for reachability, including the new algorithm for PVASS by Guttenberg, Keskin, and Meyer [30]), regular over-

approximations [15, 32], or integer VASS overapproximations [40]. Underapproximations are given, e.g. by the Iteration

Lemma [44, Lemma 4.1] and related facts, see above.
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Lemma 8.3. The maxed out run leads from 𝒙𝑛 to 𝒚𝑛 . Moreover, the only short run of the form in (9)

from 𝒙𝑛 to 𝒚𝑛 is the maxed out run.

In fact, Lemma 8.3 suffices to obtain the stated lower bound:

Lemma 8.4. Every NFA for 𝐿𝒙𝑛,𝒚𝑛Σℎ
has at least expℎ (𝑛) states.

Proof. Consider an NFA for 𝐿
𝒙𝑛,𝒚𝑛
Σℎ

with 𝑠 states. Since the maxed out run leads 𝒙𝑛 to𝒚𝑛 , the NFA

accepts𝑤
ℓ1
1
𝑟1 · · ·𝑤 ℓℎ

ℎ
𝑟ℎ𝑢 with ℓ1 = 𝑛 and ℓ𝑖+1 = ℓ𝑖 · 2

ℓ𝑖
for 𝑖 ∈ [1, ℎ − 1]. If 𝑠 < ℓℎ , then in this run, we

can remove some infix𝑤𝑟
ℎ
with 𝑟 > 0. This shorter word implies the existence of a short run of the

form in (9) that is not maxed out, contradicting Lemma 8.3. Hence, we have 𝑠 ≥ ℓℎ ≥ expℎ (𝑛). □

Counters and Configurations. Let us now describe the 5ℎ counters and the initial and final

configurations 𝒙𝑛 and 𝒚𝑛 . Our CVAS will have counters

𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ,

complement counters︷                    ︸︸                    ︷
𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ︸                                                   ︷︷                                                   ︸

high-precision counters

, step
1
, . . . , stepℎ︸             ︷︷             ︸

step counters

. (10)

Here, 𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ will act as “complement counters” to 𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ (they carry com-

plementary values). Furthermore, the 𝑥𝑖 , 𝑥𝑖 , 𝑦𝑖 , 𝑦𝑖 for 𝑖 = 1, . . . , ℎ are “high precision counters”, since

they will carry numbers of non-elementary precision. Finally, the “step counters” step
1
, . . . , stepℎ

will reflect the length of the run, from which we impose lower bounds on the run length.

The initial and final configurations, 𝒙𝑛 and𝒚𝑛 , are defined as follows. Let 𝒙𝑛 be the configuration

where 𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ all carry
1

𝑛
, and all other counters carry 0. Furthermore, let 𝒚𝑛 be the

configuration where each step𝑖 carries 4 and all other counters carry 0.

Shape of Maxed Out Runs. Initially, in 𝒙𝑛 , the counters 𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ will all be
1

𝑛
. In the

maxed out run, the𝑤∗
1
𝑟1 portion will (overall) not change 𝑥1, 𝑦1, but it will turn 𝑥2, . . . , 𝑥ℎ, 𝑦2, . . . , 𝑦ℎ

into
1

𝑛2
𝑛 , with ℓ1 = 𝑛 iterations of 𝑤1. Similarly, the 𝑤∗

2
𝑟2 portion of this run will not change

𝑥1, 𝑥2, 𝑦1, 𝑦2, but it will change
1

𝑛2
𝑛 into

1

𝑛2
𝑛 ·2𝑛 ·2𝑛 in the counters 𝑥3, . . . , 𝑥ℎ, 𝑦3, . . . , 𝑦ℎ . This will be

done in𝑤
ℓ2
2
𝑟2 with ℓ2 = 𝑛 · 2

𝑛
. Then, this pattern continues for 𝑖 = 3, . . . , ℎ.

More generally, we will show that from a configuration where 𝑥𝑖 , . . . , 𝑥ℎ, 𝑦𝑖 , . . . , 𝑦ℎ all have value

1

𝑘
, there is a unique run 𝑤 ℓ

𝑖 𝑟𝑖 with ℓ ≤ 𝑘 that arrives in a configuration where step𝑖 is 4. More

precisely, an (𝑖, 𝑘)-short run is one with

(1) a transition sequence𝑤 ℓ
𝑖 𝑟𝑖 with ℓ ≤ 𝑘

(2) it starts in a configuration where 𝑥𝑖 , . . . , 𝑥ℎ, 𝑦𝑖 , . . . , 𝑦ℎ all carry
1

𝑘
, and 𝑥𝑖 , . . . , 𝑥ℎ, 𝑦𝑖 , . . . , 𝑦ℎ all

carry 0, and step𝑖 , . . . , stepℎ all carry 0,

(3) it ends in a configuration where step𝑖 is 4 and 𝑥𝑖 , 𝑦𝑖 carry 0.

We say that an (𝑖, 𝑘)-short run is (𝑖, 𝑘)-maxed out if

(1) ℓ = 𝑘

(2) at the end of the run, the counters 𝑥𝑖 , . . . , 𝑥ℎ, 𝑦𝑖 , . . . , 𝑦ℎ carry
1

𝑘2
𝑘 , the counters 𝑥𝑖 , . . . , 𝑥ℎ ,

𝑦𝑖 , . . . , 𝑦ℎ , and step𝑖+1
, . . . , stepℎ all carry 0.

Once we define all the transitions, we will prove:

Lemma 8.5. For every 𝑖 ∈ [1, ℎ] and 𝑘 ≥ 0, there is an (𝑖, 𝑘)-maxed out run. Moreover, every
(𝑖, 𝑘)-short run is (𝑖, 𝑘)-maxed out.
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Transition Notation. To make the effects of the transitions easily visible, we introduce some

notation. Recall that our CVAS has 5ℎ counters (see (10)). We use the names of a counter to indicate

the effect of incrementing this counter. For example, 𝑥𝑖 is the vector in Z5ℎ
that has 1 in the

coordinate for counter 𝑥𝑖 . This also means, e.g., that 𝑥𝑖 + step𝑖 would be a transition that adds 1 to

the counters 𝑥𝑖 and step𝑖 , but leaves all others unchanged. For example, the transition sequence 𝑢 is

𝑢 = 𝑓1𝑔1 · · · 𝑓ℎ𝑔ℎ, 𝑓𝑗 = −𝑥 𝑗 , 𝑔 𝑗 = −𝑦 𝑗 ,

for every 𝑗 = 1, . . . , ℎ. Thus, if the counters 𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ carry values ≤ 1, the sequence 𝑢

allows us to reset them to zero.

The sequences𝑤1, 𝑟1, . . . ,𝑤ℎ, 𝑟ℎ will satisfy Property 8.6 below. We next show how Lemma 8.5

implies Lemma 8.3. Then, we set up𝑤1, . . . ,𝑤ℎ, 𝑟1, . . . , 𝑟ℎ to satisfy Lemma 8.5 and Property 8.6.

Property 8.6. The sequences𝑤𝑖 and 𝑟𝑖 have no effect on 𝑥 𝑗 , 𝑥 𝑗 , 𝑦 𝑗 , 𝑦 𝑗 , step𝑗 for 𝑗 < 𝑖 .

Proof of Lemma 8.3. First, by initially firing a (1, 𝑛)-maxed out run, then a (2, 𝑛2
𝑛)-maxed out

run, etc., and then resetting all 𝑥 𝑗 , 𝑦 𝑗 (for 𝑗 = 1, . . . , ℎ) using 𝑢, we obtain a maxed out run from 𝒙𝑛
to 𝒚𝑛 . Note that here, 𝑢 is able to reset all 𝑥 𝑗 , 𝑦 𝑗 since their values are ≤ 1.

For the second statement, take a short run along the transition sequence𝑤
ℓ1
1
𝑟1 · · ·𝑤 ℓℎ

ℎ
𝑟ℎ𝑢. Then

the configuration reached after the prefix 𝑤
ℓ1
1
𝑟1 must agree with 𝒚𝑛 in the counters step

1
, 𝑥1, 𝑦1,

because the latter are not touched during 𝑤
ℓ2
2
𝑟2 · · ·𝑤 ℓℎ

ℎ
𝑟ℎ𝑢. Hence, the run along 𝑤

ℓ1
1
𝑟1 is a short

(1, 𝑛)-run. By Lemma 8.5, the run along 𝑤
ℓ1
1
𝑟1 is a (1, 𝑛)-maxed out run. Thus, after 𝑤

ℓ1
1
𝑟1, our

run reaches a configuration where 𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ carry
1

𝑛2
𝑛 , the counters 𝑥1, . . . , 𝑥ℎ, 𝑦1, . . . , 𝑦ℎ

carry 0, and ℓ1 = 𝑛. By repeating this argument, we get that𝑤
ℓ𝑖
𝑖
𝑟𝑖 is a (𝑖, 𝑀𝑖 )-short run, and hence

a (𝑖, 𝑀𝑖 )-maxed out run, for 𝑀1 = 𝑛 and 𝑀𝑖+1 = 𝑀𝑖2
𝑀𝑖

for 𝑖 ∈ [1, ℎ − 1]. In particular, we obtain

ℓ𝑖 =𝑀𝑖 for all 𝑖 . Overall, this implies that our run along𝑤
ℓ1
1
𝑟1 · · ·𝑤 ℓℎ

ℎ
𝑟ℎ𝑢 is a maxed out run. □

The Three Gadgets. When describing the transition sequences𝑤1, . . . ,𝑤ℎ and 𝑟1, . . . , 𝑟ℎ , some

more notation will be useful: Since 𝑥𝑖 is meant as a complement counter to 𝑥𝑖 , most transitions

will have opposite effect on these two counters (and likewise with 𝑦𝑖 and 𝑦𝑖 ). Therefore, we define

𝑥𝑖 := 𝑥𝑖 − 𝑥𝑖 and 𝑦𝑖 := 𝑦𝑖 − 𝑦𝑖 . Thus, a transition with effect 𝑥𝑖 adds 1 to 𝑥𝑖 and subtracts 1 from 𝑥𝑖 .

Let us now describe the words𝑤1, . . . ,𝑤ℎ, 𝑟1, . . . , 𝑟ℎ , together with the (𝑖, 𝑘)-maxed out runs. We

will show afterwards that the described (𝑖, 𝑘)-maxed out run is indeed the only (𝑖, 𝑘)-short run.
First, we have𝑤𝑖 = 𝑡𝑖,1 · · · 𝑡𝑖,6, where the first three transitions are:

𝑡𝑖,1 = −2𝑥𝑖 − 𝑦𝑖 − 2

ℎ∑︁
𝑗=𝑖+1

(𝑥 𝑗 + 𝑦 𝑗 ), 𝑡𝑖,2 = 𝑥𝑖 + step𝑖 , 𝑡𝑖,3 = −𝑥𝑖 + step𝑖 .

Thus, 𝑡𝑖,1 subtracts some value 𝛼 ∈ (0, 1] from 𝑦𝑖 , and subtracts 2𝛼 from 𝑥𝑖 and all counters

𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ . In our (𝑖, 𝑘)-maxed out run, this is applied with 𝛼 = 1

2𝑘
: This depletes the

counters 𝑥𝑖 and 𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ , but sets𝑦𝑖 to
1

2𝑘
. Because of opposite effects on the complement

counters, this sets 𝑥𝑖 and 𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ to
1

𝑘
. Moreover, 𝑦𝑖 becomes

1

2𝑘
.

In 𝑡𝑖,2𝑡𝑖,3, we move mass back and forth between 𝑥𝑖 and 𝑥𝑖 , while adding the mass (twice) to step𝑖 .
In our (𝑖, 𝑘)-maxed out run, 𝑡𝑖,2𝑡𝑖,3 moves all the mass (

1

𝑘
) from 𝑥𝑖 to 𝑥𝑖 (in 𝑡𝑖,2), and then back (in

𝑡𝑖,3); and we add
2

𝑘
to step𝑖 . Thus, compared to the configuration after 𝑡𝑖,1, we only added

2

𝑘
to step𝑖 .

The second part of𝑤𝑖 , namely 𝑡𝑖,4𝑡𝑖,5𝑡𝑖,6, works as follows:

𝑡𝑖,4 =

ℎ∑︁
𝑗=𝑖

𝑥 𝑗 + 𝑦 𝑗 𝑡𝑖,5 = −𝑦𝑖 + step𝑖 𝑡𝑖,6 = 𝑦𝑖 + step𝑖
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In 𝑡𝑖,4, we fill the counters 𝑥𝑖 , 𝑦𝑖 , . . . , 𝑥ℎ, 𝑦ℎ back up, but only as far as the capacity of𝑦𝑖 (as guaranteed

using the complement counter 𝑦𝑖 ) allows: In our (𝑖, 𝑘)-maxed out run, before 𝑡𝑖,4, we have 𝑦𝑖 at
1

2𝑘
, and the counters 𝑥𝑖 and 𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ at 0. Thus, with 𝑡𝑖,4, we can increase all counters

𝑥𝑖 , 𝑦𝑖 , . . . , 𝑥ℎ, 𝑦ℎ by
1

2𝑘
. This means, we get

1

2𝑘
in 𝑥𝑖 and in 𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ . And we get

1

𝑘
in 𝑦𝑖 .

Along 𝑡𝑖,5𝑡𝑖,6, we then have a “back and forth” again, but now between 𝑦𝑖 and 𝑦𝑖 . In our (𝑖, 𝑘)-
maxed out run, we move the entire

1

𝑘
back and forth. We thus have the same configuration as after

𝑡𝑖,4, but step𝑖 now carries
2

𝑘
+ 2

𝑘
= 4

𝑘
.

We have now described our (𝑖, 𝑘)-maxed out run along the first copy of 𝑤𝑖 . Note that overall,

it had the same effect on 𝑥𝑖 and on 𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ : It replaced the value
1

𝑘
with the value

1

2𝑘
.

Moreover, the run did not change 𝑦𝑖 . And it added
4

𝑘
to step𝑖 . To describe the later iterations of𝑤𝑖 ,

we use a simpler notation for configurations: The abovementioned configuration is written as

〈
1

2𝑘
;

1

𝑘
;

4

𝑘

〉
(11)

content of 𝑥𝑖 and of 𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ content of 𝑦𝑖

content of step𝑖

(Here, we use semicolons instead of commas to distinguish this representation from a three-

dimensional configuration.) In the 𝑗-th iterations of 𝑤𝑖 for 𝑗 ≥ 1, our (𝑖, 𝑘)-maxed out run will

perform the following transformation:〈
1

2
𝑗𝑘

;

1

𝑘
;

4 𝑗

𝑘

〉
𝑡𝑖,1−−→

〈
0;

1

𝑘
− 1

2
𝑗+1𝑘

;

4 𝑗

𝑘

〉
𝑡𝑖,2𝑡𝑖,3−−−−→

〈
0;

1

𝑘
− 1

2
𝑗+1𝑘

;

4 𝑗 + 2

𝑘

〉
𝑡𝑖,4𝑡𝑖,5𝑡𝑖,6−−−−−−→

〈
1

2
𝑗+1𝑘

;

1

𝑘
;

4( 𝑗 + 1)
𝑘

〉
(12)

and overall we went from ⟨ 1

2
𝑗𝑘

;
1

𝑘
;

4𝑗

𝑘
⟩ to ⟨ 1

2
𝑗+1𝑘

;
1

𝑘
;

4( 𝑗+1)
𝑘

⟩. Thus, after𝑤𝑘
𝑖 , our (𝑖, 𝑘)-maxed out run

arrives in ⟨ 1

2
𝑘𝑘

;
1

𝑘
; 4⟩. After executing𝑤𝑘

𝑖 , our (𝑖, 𝑘)-maxed out run has the reset transition 𝑟𝑖 :

𝑟𝑖 = −𝑥𝑖 −
ℎ∑︁

𝑗=𝑖+1

(𝑥 𝑗 + 𝑦 𝑗 ).

This allows us to reset all the complement counters to 0, ready for the next stage of𝑤𝑖+1. This com-

pletes our description of𝑤1, 𝑟1, . . . ,𝑤ℎ, 𝑟ℎ and of our (𝑖, 𝑘)-maxed out run. Moreover, Property 8.6

is clearly satisfied. For Lemma 8.5, it remains to show that this run is the only (𝑖, 𝑘)-short run.

Proof of Lemma 8.5. Consider an (𝑖, 𝑘)-short run along𝑤 ℓ
𝑖 𝑟𝑖 . The transitions in𝑤𝑖 keep constant

both (i) the sum of 𝑥𝑖 and 𝑥𝑖 and (ii) the sum of 𝑦𝑖 and 𝑦𝑖 . These two sums remain
1

𝑘
throughout the

execution of𝑤 ℓ
𝑖 . This means, the transitions 𝑡𝑖,2, 𝑡𝑖,3, 𝑡𝑖,5, and 𝑡𝑖,6 can use a firing fraction of at most

1

𝑘
. We call these the “step𝑖-transitions”, because they modify step𝑖 . Hence, if we denote by 𝑠 the

sum of all firing fractions of step𝑖 -transitions, then 𝑠 ≤ ℓ · 4 · 1

𝑘
.

Moreover, 𝑠 is the final value in step𝑖 , which is 4. Hence 4 = 𝑠 ≤ ℓ · 4 · 1

𝑘
. Since ℓ ≤ 𝑘 , this is only

possible if ℓ = 𝑘 and all fractions of step𝑖-transitions are
1

𝑘
. But, to fire 𝑡𝑖,2 with fraction

1

𝑘
, the 𝑡𝑖,1

directly before must leave 𝑥𝑖 empty. Likewise, to fire 𝑡𝑖,5 with fraction
1

𝑘
, the 𝑡𝑖,4 directly before

must leave 𝑦𝑖 at full capacity, i.e.
1

𝑘
. In short, each 𝑡𝑖,1 must empty 𝑥𝑖 and each 𝑡𝑖,4 must fill 𝑦𝑖 to 1

𝑘
.

By induction on 𝑗 , this implies that the 𝑗-th iteration of𝑤𝑖 must have exactly the effect described

in (12). That is, after ℓ = 𝑘 iterations, we reach ⟨ 1

2
𝑘𝑘
, 1

𝑘
, 4⟩. This implies that the counters 𝑥𝑖 and

𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ all carry
1

𝑘
− 1

2
𝑘𝑘
. After𝑤 ℓ

𝑖 =𝑤𝑘
𝑖 , the transition 𝑟𝑖 must be firedwith some fraction
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𝛼 ∈ (0, 1]. After this, the counter 𝑥𝑖 will carry 1

𝑘
− 1

2
𝑘𝑘

− 𝛼 . Since 𝑥𝑖 is 0 in the final configuration

of our (𝑖, 𝑘)-short run, we must have 𝛼 = 1

𝑘
− 1

2
𝑘𝑘
. In particular, all 𝑥𝑖 and 𝑥𝑖+1, 𝑦𝑖+1, . . . , 𝑥ℎ, 𝑦ℎ are

reset to 0 by 𝑟𝑖 . This means, our (𝑖, 𝑘)-short run was in fact an (𝑖, 𝑘)-maxed out run. □

Remark 8.7. The requirement of being short (by our definition of “short”) is crucial to force the
non-elementary length of the run 𝑤

ℓ1
1
𝑟1 · · ·𝑤 ℓℎ

ℎ
𝑟ℎ𝑢. Indeed, the proof of [13, Thm. 4.9] implies that

in every CVAS with states, if there is a run between two configurations, then there is one of at most
exponential length. In particular, there must be such a run from 𝒙𝑛 to 𝒚𝑛 of the form (9). Indeed, one
can choose ℓ𝑖 = 2

𝑖𝑛 for each 𝑖 = 1, . . . , ℎ (and since 2𝑛 > 𝑛, this is not short by our definition). A
detailed argument can be found in the full version of this paper.

9 Conclusion
We have shown that the language of every CVAS is effectively regular (Theorem 2.2). This clarifies

the decidability landscape of reachability in systems with continuous counters (Corollary 2.3).

While the decidability aspects are now understood, we view these results as the starting point for

investigating the complexity of reachability in a wide range of systems with continuous counters.

Complexity. There are many complexity aspects that remain unclear. For example, what is the

exact complexity of computing NFAs for 𝐿
𝒙,𝒚
Σ ? We have a non-elementary lower bound, and our

construction yields an Ackermannian upper bound. It would be interesting to investigate whether

there is a primitive-recursive construction.

We already know situations where computing an NFA for 𝐿
𝒙,𝒚
Σ (which has non-elementary size)

does not yield optimal complexity for reachability in systemswith continuous counters. For example,

in finite-state systems equipped with continuous counters, reachability is NP-complete [13, Theo-

rem 4.14], and for pushdown systems with continuous counters, reachability is NEXP-complete [10,

Theorem 1.1]. This suggests that for order-𝑘 pushdown systems with continuous counters, reacha-

bility should be 𝑘-NEXP-complete, but our results only yield an Ackermannian upper bound.

Demystification. It would also be interesting to provide a simple, abstract description of how the

path-scheme decomposition in our construction relates to the CVAS. For the KLM decomposition,

such a description was obtained by Leroux and Schmitz [47]. Their description—the so-called

“demystification”—casts the decomposition as a computation of ideals. However, this was 30 years

after the KLM decomposition was first described. Hence, this might require deep conceptual insights.

For example, we can ask if there is a counterpart to the run embedding of Jančar [38] and

Leroux [45] that would make our construction an ideal decomposition. Also, since our regular

language is a finite union of sets that look similar to upward closures: Is there a well-quasi ordering

such that 𝐿
𝒙,𝒚
Σ is upward closed? A candidate for these two questions might be the DFA-defined

well-quasi orderings from [60, p. 3], where the DFA is induced by a suitable pre-perfect path-scheme.

On the one hand, such a demystification would conceptually clarify our proof. On the other hand,

it might also deepen our understanding of VAS: Because of the alternation of decomposition steps,

our construction yields a precise description of firing sequences, whereas the KLM decomposition

for VAS only provides an overapproximation (i.e. an ideal decomposition over the set of pre-runs).

Perhaps the two approaches can be merged into a more general construction for VAS that lets

us understand the set of runs of a VAS as a regular set, once runs are equipped with appropriate

structure — just as context-free languages are yields of regular sets of trees.
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A Complexity
Let us briefly observe that our construction runs in at most Ackermannian time [? ]. To be precise,

by this we mean that an NFA can be computed in a time bound used for the definition of the class

F𝜔 of Ackermannian problems. (Strictly speaking, F𝜔 is a class of decision problems, so we can

technically not say that we can compute the NFA in F𝜔 .)

A.1 An Ordinal Ranking Function
To begin with, note that on every path of our tree, the weight vectors strictly decrease when

comparing an odd level with the next odd level. Moreover, each decomposition of a path-scheme 𝜌

clearly produces new path-schemes whose size is elementary
8
in the size of 𝜌 and the size of the

vectors 𝒙 and𝒚.9 This means, there is an elementary function 𝑓 : N → N such that for the sequence

𝜌1, 𝜌2, . . . of path-schemes occurring on odd levels of a tree branch, we have |𝜌𝑖+1 | ≤ 𝑓 ( |𝜌𝑖 |+|𝒙 |+|𝒚 |).
This implies that for some elementary 𝑔 : N → N, we have |𝜌𝑖 | ≤ 𝑔𝑖 (𝑛), where 𝑛 is an upper bound

for both the size of our input VAS and the size of 𝒙 and 𝒚. Here, 𝑔𝑖 : N → N is the 𝑖-fold iteration of

𝑔. Similarly, we may assume that the NFA constructed for the perfect path-scheme 𝜌𝑖 has at most

𝑔𝑖 (𝑛)-many states. Therefore, we have |𝑊 (𝜌𝑖 ) | ≤ 𝑔𝑖 (𝑛) for every 𝑖 ≥ 1.

A.2 Bounding Path Lengths
The discussion from the previous paragraph implies that the weight function𝑊 (·) is what is called
a (𝑔, 𝑛)-controlled ranking function, and by a length function theorems for ordinals [55, Theorem

3.5] this implies that any branch of the tree has at most 𝑔𝜔 |Σ| (𝑛) odd-level nodes. Here, for an ordinal

𝛼 , the function 𝑔𝛼 : N → N is the 𝛼-th Cichoń function based on 𝑔 [55, Section 3.2.2].

A.3 Bounding The Run Time
We have thus bounded the length of the longest path in our tree. Let us now use this to estimate the

running time of our construction. We expand our tree level-by-level. Suppose it takes time 𝑡 (𝑖) to
construct levels 1, . . . , 2𝑖 of our tree, including anNFA for the union of all subsets of 𝐿

𝒙,𝒚
Σ encountered

so far. Then similar to the observation above, there is an elementary function ℎ : N → N such that

𝑡 (𝑖) ≤ ℎ𝑖 (𝑛). Without loss of generality, we can pick the elementary function 𝑔 above so that it also

provides the time upper bound. Thus, we have 𝑡 (𝑖) ≤ 𝑔𝑖 (𝑛).
Since the longest path in our tree has at most 𝑔𝜔 |Σ| (𝑛)-many odd-level nodes, the full construction

of our finite tree (including the final NFA) takes time

𝑡 (𝑔𝜔 |Σ| (𝑛)) ≤ 𝑔𝑔𝜔Σ (𝑛) (𝑛).

By [55, Eq. 3.14], the latter expression is exactly

𝑔𝜔
|Σ| (𝑛),

where for an ordinal 𝛼 , the function 𝑔𝛼 : N → N is the 𝛼-th Hardy function based on 𝑔 [55, Section

3.2.2]. Thus, our construction can be performed in time 𝑔𝜔
|Σ| (𝑛). Hence, if ℎ = |Σ| is fixed, then

we obtain a run-time bound of 𝑔𝜔
ℎ (𝑛). And if the size of Σ is not fixed, then we obtain a run-time

bound of 𝑔𝜔
𝜔 (𝑛).

8
This is obvious from the descriptions in this paper, except perhaps when we use enumeration (in the proof of Theorem 6.1)

to find a tuple of vectors that can sustain a run. However, the vectors in this tuple can also be bounded, even exponentially:

This is because finding these vectors can be phrased as reachability in a CVAS with states (CVASS), and the reachability

algorithm of Blondin and Haase [13, Theorem 4.9] for CVASS yields an exponentially long path with fractions that require

polynomially many bits, if there is one.

9
By size, we mean the number of bits needed to write down a path-scheme or rational vector, respectively.
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A decision problem that runs in time𝑔𝜔
ℎ (𝑛) (resp.𝑔𝜔𝜔 (𝑛)) on input size𝑛 belongs to the relativized

class F𝑔,ℎ (resp. F𝑔,𝜔 ). Since 𝑔 belongs to the class ℱ3 of elementary functions, the class F𝑔, |Σ | (resp.
F𝑔,𝜔 ) is included in Fℎ+4 (resp. F𝜔+4 = F𝜔 ) by [55, Theorem 4.6]. Here, we are not considering a

decision problem, but one of computing a function. However, the proof of [55, Theorem 4.6], i.e.

that F𝑔,𝛼 is included in F𝛼+4 for elementary functions 𝑔, applies verbatim to complexity classes

for computing functions, since the proof (which can be found in [? , Theorem 4.2]) is only about

estimating time bounds. This implies that for fixed ℎ = |Σ|, we can compute the NFA in the time

bound for the class Fℎ+4 (i.e. in primitive-recursive time), and when |Σ| is not fixed, then we can

compute the NFA in the time bound for F𝜔 (i.e. Ackermannian time).

B Completion of Proof of Lemma 5.1
In this section, we complete the proof of Lemma 5.1 by completing the proof of the induction step

for 𝑋𝐴 when |𝐴| > 0. Recall that we have shown that, in this case, 𝐴∗
can be decomposed as

𝐴∗ =
⋃
𝐺

𝐿(𝐺) ∪
⋃
𝐵⊊𝐴
𝐶⊊𝐴

𝐵∗𝐶∗ ∪
⋃
𝑎∈𝐴,

𝐵⊆𝐴\{𝑎},
𝐶⊆𝐴\{𝑎}

𝐵∗𝑎𝐶∗, (13)

where 𝐺 ranges over all gatherings 𝑋
𝑏1,...,𝑏𝑛
𝑎1,...,𝑎𝑛 with 𝐴 = {𝑎1, . . . , 𝑎𝑛} = {𝑏1, . . . , 𝑏𝑛}. With Eq. (13)

at our disposal, we now prove the following claim, which suffices to complete the proof of the

induction step for 𝑋𝐴: For each term 𝑆 that appears in the RHS of Eq. (13), we can decompose 𝑆 as

a finite set of pre-perfect path-schemes 𝜎1, . . . , 𝜎𝑘 such that each𝑊 (𝜎𝑖 ) ≤lex 𝑊 (𝑋𝐴). We do this by

a case analysis on 𝑆 .

• Suppose 𝑆 = 𝐿(𝐺) for some gathering 𝐺 = 𝑋
𝑏1,...,𝑏𝑛
𝑎1,...,𝑎𝑛 with 𝐴 = {𝑎1, . . . , 𝑎𝑛} = {𝑏1, . . . , 𝑏𝑛}. By

definition each gathering is a pre-perfect path-scheme itself. Furthermore, by definition, we

have that𝑊 (𝐺) =𝑊 (𝐴) and so we are done.

• Suppose 𝑆 = 𝐵∗𝐶∗
for some 𝐵 ⊊ 𝐴,𝐶 ⊊ 𝐴. In this case, we use the induction hypothesis on

𝑋𝐵 to get a finite set of pre-perfect path-schemes 𝜌𝐵
1
, . . . , 𝜌𝐵𝑚 such that 𝐿(𝑋𝐵) = 𝐵∗ =

⋃
𝑖 𝜌

𝐵
𝑖

and for each 𝑖 ,𝑊 (𝜌𝐵𝑖 ) ≤lex 𝑊 (𝑋𝐵). Similarly, we get a finite set of pre-perfect path-schemes

𝜌𝐶
1
, . . . , 𝜌𝐶𝑛 for𝑋𝐶 . It is then clear that 𝑆 =

⋃
1≤𝑖≤𝑚,
1≤ 𝑗≤𝑛

𝜌𝐵𝑖 𝜌
𝐶
𝑗 . Furthermore𝑊 (𝜌𝐵𝑖 𝜌𝐶𝑗 ) =𝑊 (𝜌𝐵𝑖 ) +

𝑊 (𝜌𝐶𝑗 ) ≤lex 𝑊 (𝑋𝐵) +𝑊 (𝑋𝐶 ) = |𝐵 | + |𝐶 | <lex |𝐴| =𝑊 (𝑋𝐴). Here all the equalities follow by

definition of the weight function, the first inequality follows from induction hypothesis and

the second inequality follows from the fact |𝐵 | + |𝐶 | comprises only 0’s in any component

bigger than or equal to |𝐴|. This completes the proof for this case.

• Suppose 𝑆 = 𝐵∗𝑎𝐶∗
for some 𝑎 ∈ 𝐴, 𝐵 ⊊ 𝐴,𝐶 ⊊ 𝐴. Similar to the previous case, we use the

induction hypothesis on 𝑋𝐵 and 𝑋𝐶 to get a finite set of pre-perfect path-schemes 𝜌𝐵
1
, . . . , 𝜌𝐵𝑚

and 𝜌𝐶
1
, . . . , 𝜌𝐶𝑛 . It is then clear that 𝑆 =

⋃
1≤𝑖≤𝑚,
1≤ 𝑗≤𝑛

𝜌𝐵𝑖 𝑎𝜌
𝐶
𝑗 . Also, the fact that𝑊 (𝜌𝐵𝑖 𝑎𝜌𝐶𝑗 ) ≤lex

𝑊 (𝑋𝐴) follows by the same reasoning as the previous case. This completes the proof for this

case.

This establishes that 𝑋𝐴 can be decomposed as a finite union of pre-perfect path schemes such

that the weight of each such path-scheme is at most the weight of 𝑋𝐴. Hence, this completes the

proof of the induction step and also allows us to conclude the proof of the lemma.

C Completion of Proof of Theorem 6.4
In this section, we complete the proof of Theorem 6.4, by constructing firing sequences 𝛼 ′, 𝛽 ′

and 𝛾 ′ such that 𝒙
𝛼 ′𝑢′
−−−→ 𝒙′ 𝛽 ′center(𝑤′ )

−−−−−−−−−−→ 𝒚′ 𝛾 ′𝑣′

−−−→ 𝒚. To this end, recall that we already have runs
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𝑟1 = 𝒙
𝛼𝑢−−→ 𝒙 ′

, 𝑟2 = 𝒙′ 𝛽center(𝑤 )
−−−−−−−−→ 𝒚′

and 𝑟3 = 𝒚′ 𝛾𝑣
−−→ 𝒚 over the words 𝑢, center(𝑤) and 𝑣 such that

𝑢 ⪯ 𝑢′
, center(𝑤) ⪯ center(𝑤 ′), 𝑣 ⪯ 𝑣 ′ and the following properties are satisfied:

• If a counter is non-zero at any point in the run 𝑟1, then it stays non-zero from that point

onwards in 𝑟1.

• If a counter is zero at any point in the run 𝑟3, then it stays zero from that point onwards in 𝑟3.

• If a counter was non-zero at any point in either 𝑟1 or 𝑟3, then it stays non-zero along the run

𝑟2.

We now use these runs 𝑟1, 𝑟2 and 𝑟3 to construct the required firing sequences 𝛼 ′𝑢′, 𝛽 ′center(𝑤 ′)
and 𝛾 ′𝑣 ′. We begin by first constructing 𝛼 ′𝑢′

.

Constructing 𝛼 ′𝑢′

We now describe how we can redistribute the firing fractions in 𝛼𝑢 to accommodate for the

additional occurrences of each transition in 𝑢′
.

First, note that 𝑢 = 𝑎1𝑎2 . . . 𝑎𝑛 and 𝑢′
is some word which is in the language defined by

𝑎1{𝑎1}∗𝑎2{𝑎1, 𝑎2}∗ . . . 𝑎𝑛−1{𝑎1, . . . , 𝑎𝑛−1}∗𝑎𝑛 .

Hence, we can split 𝑢′
as 𝑢′ = 𝑎1𝑢2𝑎2𝑢3 . . . 𝑎𝑛−1𝑢𝑛𝑎𝑛 where each 𝑢𝑖 ∈ {𝑎1, . . . , 𝑎𝑖−1}∗. For each letter

𝑎𝑖 , let extra𝑖 be the number of times 𝑎𝑖 appears in the word 𝑢2𝑢3 . . . 𝑢𝑛 , i.e., extra𝑖 is the number of

times 𝑎𝑖 appears in 𝑢
′
minus 1.

Let us denote the run 𝑟1 = 𝒙
𝛼𝑢−−→ 𝒙′

by 𝒙 = 𝒙0

𝛼1𝑎1−−−→ 𝒙1

𝛼2𝑎2−−−→ 𝒙2 . . . 𝒙𝑛−1

𝛼𝑛𝑎𝑛−−−−→ 𝒙𝑛 = 𝒙′
. By

assumption on 𝑟1, we are guaranteed that for any 1 ≤ 𝑖 ≤ 𝑛 and any counter 𝑐 , if 𝒙𝑖 (𝑐) > 0 then

𝒙 𝑗 (𝑐) > 0 for all 𝑗 ≥ 𝑖 . Since we can only decrement a counter if it is non-zero, this means that

Fact 1: For any counter 𝑐 that is decremented by the transition 𝑎𝑖 , we have 𝒙𝑖 (𝑐) =
𝒙 (𝑐) + ∑𝑖

𝑗=1
𝛼 𝑗𝑎 𝑗 (𝑐) > 0. Hence, it also then follows that 𝒙 𝑗 (𝑐) > 0 for any 𝑗 ≥ 𝑖 .

Let 𝜖 be a very small non-zero fraction such that for every 1 ≤ 𝑖 ≤ 𝑛, extra𝑖 · 𝜖 < 𝛼𝑖 and

(∑𝑛
𝑘=1

extra𝑘 ) · 𝜖 |𝑎 𝑗 (𝑐) | < 𝒙𝑖 (𝑐) for every 𝒙𝑖 (𝑐) > 0 and every 𝑎 𝑗 . For each 𝑖 , we now let 𝛼 ′′
𝑖 =

𝛼𝑖 − 𝜖 · extra𝑖 . Now, in the word 𝑢′
, for each 𝑎𝑖 , we are going to fire the first appearance of 𝑎𝑖 with

fraction 𝛼 ′′
𝑖 and every other occurrence by 𝜖 . Let 𝛼 ′𝑢′

be the firing sequence obtained by firing

each transition in 𝑢′
as specified in the previous line.

If we now prove that while firing 𝛼 ′𝑢′
from 𝒙 , we never go below zero on any counter, then for

each counter 𝑐 , the final value is 𝒙 (𝑐) + ∑𝑛
𝑖=1

(𝛼 ′′
𝑖 + extra𝑖 · 𝜖)𝑎𝑖 (𝑐) = 𝒙 (𝑐) + ∑𝑛

𝑖=1
𝛼𝑖𝑎𝑖 (𝑐) = 𝒙′ (𝑐).

So, if we never go below zero on any counter, this is a valid run from 𝒙 to 𝒙′
.

So the only thing left to prove is that while firing 𝛼 ′𝑢′
from 𝒙 , no counter goes below zero.

Towards a contradiction, suppose the value of some counter 𝑐 becomes negative at some point. Pick

the first such point. Let 𝑎1𝑢2 . . . 𝑎𝑖−1𝑢𝑖𝑢
′′
be the run till that point such that 𝑢′′

is a prefix of 𝑎𝑖𝑢𝑖+1.

Case 1: Suppose𝑢′′ = 𝑎𝑖 . Note that till the last point of𝑢𝑖 , for each 𝑗 ≤ 𝑖−1, we have fired 𝑎 𝑗 with

fraction 𝛼 ′′
𝑗 once and then again for some number of times (say ℎ 𝑗 ≤ extra 𝑗 ) with fraction 𝜖 . Hence,

the value of the component 𝑐 till the last point of 𝑢𝑖 is𝑉 = 𝒙 (𝑐) +∑𝑖−1

𝑗=1
(𝛼 ′′

𝑗 +ℎ 𝑗 · 𝜖)𝑎 𝑗 (𝑐) ≥ 0. Since

𝑢′′
is the first point at which 𝑎𝑖 occurs, 𝑎𝑖 is fired with fraction 𝛼 ′′

𝑖 . Now since 𝑐 becomes negative

after firing 𝑎𝑖 with fraction 𝛼 ′′
𝑖 , it must be the case that 𝑎𝑖 decrements 𝑐 and 𝑉 + 𝛼 ′′

𝑖 𝑎𝑖 (𝑐) < 0.
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By Fact 1, it follows that 𝒙𝑖 (𝑐) = 𝒙 (𝑐) + ∑𝑖
𝑗=1

𝛼 𝑗𝑎 𝑗 (𝑐) > 0. Hence, we then have

𝑉 + 𝛼 ′′
𝑖 𝑎𝑖 (𝑐)

= 𝒙 (𝑐) +
𝑖−1∑︁
𝑗=1

(𝛼 ′′
𝑗 + ℎ 𝑗 · 𝜖)𝑎 𝑗 (𝑐) + 𝛼 ′′

𝑖 𝑎𝑖 (𝑐) Substitute value for 𝑉

= 𝒙𝑖 (𝑐) −
𝑖∑︁
𝑗=1

𝛼 𝑗𝑎 𝑗 (𝑐) +
𝑖−1∑︁
𝑗=1

(𝛼 ′′
𝑗 + ℎ 𝑗 · 𝜖)𝑎 𝑗 (𝑐) + 𝛼 ′′

𝑖 𝑎𝑖 (𝑐) Substitute value for 𝒙 (𝑐)

= 𝒙𝑖 (𝑐) −
𝑖−1∑︁
𝑗=1

(extra 𝑗 − ℎ 𝑗 ) · 𝜖𝑎 𝑗 (𝑐) − extra𝑖 · 𝜖𝑎𝑖 (𝑐) Substitute value for 𝛼 ′′
𝑗

≥ 𝒙𝑖 (𝑐) −
(

𝑖∑︁
𝑗=1

extra 𝑗

)
· 𝜖 (max{|𝑎1 (𝑐) |, |𝑎2 (𝑐) |, . . . , |𝑎𝑖 (𝑐) |})

Now since 𝒙𝑖 (𝑐) > 0, by definition of 𝜖 , it follows that the last value is > 0 and so we have that

𝑉 + 𝛼 ′′
𝑖 𝑎𝑖 (𝑐) > 0, which leads to a contradiction.

Case 2: Suppose 𝑢′′ ≠ 𝑎𝑖 , but is a prefix of 𝑎𝑖𝑢𝑖+1. Hence, till the penultimate point of 𝑢′′
, for

each 𝑗 ≤ 𝑖 , we have fired 𝑎 𝑗 with fraction 𝛼 ′′
𝑗 once and then again for some number of times (say

ℎ 𝑗 ≤ extra 𝑗 ) with fraction 𝜖 . Hence, the value of the component 𝑐 till the penultimate point of 𝑢′′

is 𝑉 = 𝒙 (𝑐) + ∑𝑖
𝑗=1

(𝛼 ′′
𝑗 + ℎ 𝑗 · 𝜖)𝑎 𝑗 (𝑐) ≥ 0. Let 𝑎𝑘 be the transition appearing at the end of 𝑢′′

for

some 𝑘 ≤ 𝑖 . Note that at this point 𝑎𝑘 is fired with fraction 𝜖 and so by definition ℎ𝑘 < extra𝑘 . Now
since 𝑐 becomes negative after firing 𝑎𝑘 with fraction 𝜖 , it must be the case that 𝑎𝑘 decrements 𝑐

and 𝑉 + 𝜖𝑎𝑘 (𝑐) < 0.

Since 𝑘 ≤ 𝑖 , by Fact 1, it follows that 𝒙𝑖 (𝑐) = 𝒙 (𝑐) + ∑𝑖
𝑗=1

𝛼 𝑗𝑎 𝑗 (𝑐) > 0. Hence, we then have

𝑉 + 𝜖𝑎𝑘 (𝑐)

= 𝒙 (𝑐) +
𝑖∑︁
𝑗=1

(𝛼 ′′
𝑗 + ℎ 𝑗 · 𝜖)𝑎 𝑗 (𝑐) + 𝜖𝑎𝑘 (𝑐) Substitute value for 𝑉

= 𝒙𝑖 (𝑐) −
𝑖∑︁
𝑗=1

𝛼 𝑗𝑎 𝑗 (𝑐) +
𝑗∑︁

𝑗=1

(𝛼 ′′
𝑗 + ℎ 𝑗 · 𝜖)𝑎 𝑗 (𝑐) + 𝜖𝑎𝑘 (𝑐) Substitute value for 𝒙 (𝑐)

= 𝒙𝑖 (𝑐) −
(

𝑖∑︁
𝑗=1

(extra 𝑗 − ℎ 𝑗 ) · 𝜖𝑎 𝑗 (𝑐) − 𝜖𝑎𝑘 (𝑐)
)

Substitute value for 𝛼 ′′
𝑗

≥ 𝒙𝑖 (𝑐) −
(

𝑖∑︁
𝑗=1

extra 𝑗

)
· 𝜖 (max{|𝑎1 (𝑐) |, |𝑎2 (𝑐) |, . . . , |𝑎𝑖 (𝑐) |})

Now since 𝒙𝑖 (𝑐) > 0, by definition of 𝜖 , it follows that the last value is > 0 and so we have that

𝑉 + 𝜖𝑎𝑘 (𝑐) > 0, which leads to a contradiction. This completes the proof of construction of 𝛼 ′𝑢′
.

Constructing 𝛾 ′𝑣 ′. We now describe how we can redistribute the firing fractions in 𝛾𝑣 to accommo-

date for the additional occurrences of each transition in 𝑣 ′. The proof of this part is the same as the

proof of the previous part, except we apply everything in reverse.

Let 𝐴 = {𝑎1, . . . , 𝑎𝑛}. Note that 𝑣 ′ is some word which is contained in 𝑏1 (𝐴 \ {𝑏1})∗𝑏2 (𝐴 \
{𝑏1, 𝑏2})∗ . . . 𝑏𝑛−1 (𝐴 \ {𝑏1, . . . , 𝑏𝑛−1})∗𝑏𝑛 . Now, we consider the transitions 𝑏†

1
, 𝑏

†
2
, . . . 𝑏

†
𝑛 where each
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𝑏
†
𝑖
= −𝑏𝑖 . Let 𝑣 ′† be the word obtained by first reversing 𝑣 ′ and then replacing each 𝑏𝑖 with 𝑏

†
𝑖
. Note

that 𝑣 ′† is some word which is contained in 𝑏
†
𝑛{𝑏†𝑛}∗𝑏†𝑛−1

{𝑏†𝑛, 𝑏†𝑛−1
}∗ . . . 𝑏†

2
{𝑏†𝑛, . . . , 𝑏†2}∗𝑏

†
1
.

Let us denote the run 𝑟3 = 𝒚′ 𝛾𝑣
−−→ 𝒚 by 𝒚′ = 𝒚0

𝛾1𝑏1−−−→ 𝒚1

𝛾2𝑏2−−−→ 𝒚2 . . .𝒚𝑛−1

𝛾𝑛𝑏𝑛−−−→ 𝒚𝑛 = 𝒚. By
assumption on 𝑟2, we are guaranteed that for any 1 ≤ 𝑖 ≤ 𝑛 and any counter 𝑐 , if 𝒙𝑖 (𝑐) = 0 then

𝒙 𝑗 (𝑐) = 0 for all 𝑗 ≥ 𝑖 . Now, by definition of a run, it follows that

𝒚𝑛 = 𝒚
𝛾𝑛𝑏

†
𝑛−−−→ 𝒚𝑛−1

𝛾𝑛−1𝑏
†
𝑛−1−−−−−−−→ 𝒚𝑛−2 . . .𝒚1

𝛾1𝑏
†
1−−−→ 𝒚0 = 𝒚′

is also a run such that if at some configuration along this new run the value in some counter is

non-zero, then the value in that counter stays non-zero till the end of this new run.

This means that by the previous construction, we now have a sequence of fractions 𝛾 ′† such that

𝒚
𝛾 ′†𝑣′†

−−−−→ 𝒚′
. If we let 𝛾 ′ be the sequence obtained by reversing 𝛾 ′†, it follows that 𝒚′ 𝛾 ′𝑣′

−−−→ 𝒚. This
completes the proof of construction of 𝛾 ′𝑣 ′.

Constructing 𝛽 ′center(𝑤 ′). We now describe how we can redistribute the firing fractions in

𝛽center(𝑤) to accommodate for the additional occurrences of each transition in center(𝑤 ′).
Recall that the set of transitions appearing in center(𝑤) is exactly 𝐴 = {𝑎1, . . . , 𝑎𝑛}. Since

center(𝑤) ⪯ center(𝑤 ′) and since center(𝑤) ∈ 𝐴∗
, it follows that the set of transitions appearing

in center(𝑤 ′) is also exactly 𝐴.

Let us denote the run 𝑟2 = 𝒙′ 𝛽center(𝑤 )
−−−−−−−−→ 𝒚′

by 𝒙′ = 𝒙0

𝛽1𝑑1−−−→ 𝒙1

𝛽2𝑑2−−−→ 𝒙2 . . . 𝒙𝑚−1

𝛽𝑚𝑑𝑚−−−−→ 𝒙𝑚 = 𝒚′
.

By assumption on 𝑟2, we are guaranteed the following fact

Fact 2: For any counter 𝑐 , if 𝒙 ′ (𝑐) > 0 or 𝒚′ (𝑐) > 0 then 𝒙 𝑗 (𝑐) > 0 for all 𝑗 .

Now, note that since center(𝑤) ⪯ center(𝑤 ′), it follows that center(𝑤) is obtained from

center(𝑤 ′) by deleting some letters. This is the same as saying that center(𝑤 ′) is obtained from

center(𝑤) by inserting some letters. With this observation in mind, we now construct the desired

firing sequence 𝛽 ′center(𝑤 ′) by a case distinction on center(𝑤 ′).

Inserting one letter: First, we consider the case when center(𝑤 ′) is obtained by just inserting a

single letter into center(𝑤), i.e., center(𝑤 ′) = 𝑑1𝑑2 . . . 𝑑𝑖𝑑𝑑𝑖+1 . . . 𝑑𝑚 where center(𝑤) = 𝑑1𝑑2 . . . 𝑑𝑚 .

Since the set of letters in center(𝑤) and center(𝑤 ′) are the same, it follows that 𝑑 appears either in

𝑑1 . . . 𝑑𝑖 or in 𝑑𝑖+1 . . . 𝑑𝑚 . Let 𝑑 𝑗 be either the last appearance of 𝑑 in 𝑑1 . . . 𝑑𝑖 or the first appearance

of 𝑑 in 𝑑𝑖+1 . . . 𝑑𝑚 . We now show that it is possible to find a sequence of fractions 𝛽 ′ such that

𝒙′ 𝛽 ′center(𝑤′ )
−−−−−−−−−−→ 𝒚′

and the following property is satisfied: If the value of some counter is non-zero

either at 𝒙′
or 𝒚′

, then it stays non-zero along all the configurations along this run.

To this end, we let 𝜖 be a non-zero fraction that is smaller than all the fractions 𝛽1, . . . , 𝛽𝑚 and also

all the numbers 𝒙ℓ (𝑐) for any counter 𝑐 and any 1 ≤ ℓ ≤𝑚 satisfying 𝒙ℓ (𝑐) > 0. Furthermore, we

also require that 𝜖 · |𝑎ℓ (𝑐) | < 𝒙ℓ ′ (𝑐), for any 1 ≤ ℓ ≤ 𝑛 and any 1 ≤ ℓ ′ ≤𝑚 and any counter 𝑐 such that

𝒙ℓ ′ (𝑐) > 0. Note that such an 𝜖 can always be chosen.We then let 𝛽 ′ = 𝛽 ′
1
, 𝛽 ′

2
, . . . , 𝛽 ′𝑖 , 𝛽

′
𝑠𝑝 , 𝛽

′
𝑖+1

, . . . , 𝛽 ′𝑚
as follows: 𝛽 ′ℓ = 𝛽ℓ for every ℓ ≠ 𝑗 , 𝛽 ′𝑗 = 𝛽 𝑗 − 𝜖 and 𝛽 ′𝑠𝑝 = 𝜖 .

Notice that the net effect of firing center(𝑤 ′) with the sequence of fractions 𝛽 ′ is the same as

firing center(𝑤) with the sequence of fractions 𝛽 . So the only thing left to prove is that while firing

the transitions in the manner specified above no counter goes below zero.

Let us denote the run obtained by firing center(𝑤 ′) with the sequence of fractions 𝛽 ′ from 𝒙′
as

𝒙′ = 𝒙′
0

𝛽 ′
1
𝑑1−−−→ 𝒙′

1

𝛽 ′
2
𝑑2−−−→ 𝒙′

2
. . . 𝒙′

𝑖

𝛽 ′
𝑠𝑝𝑑−−−→ 𝒙′

𝑠𝑝

𝛽 ′
𝑖+1

𝑑𝑖+1−−−−−−→ 𝒙′
𝑖+1

. . . 𝒙′
𝑚−1

𝛽 ′
𝑚𝑑𝑚−−−−→ 𝒙′

𝑚 = 𝒚′

We need to prove that for any counter 𝑐 , 𝒙′
𝑘
(𝑐) is never negative for any 𝑘 ∈ {0, 1, . . . ,𝑚} ∪ {𝑠𝑝}

as well as that if 𝒙′ (𝑐) > 0 or if 𝒚′ (𝑐) > 0 then 𝒙′
𝑘
(𝑐) > 0 for any 𝑘 ∈ {0, 1, . . . ,𝑚} ∪ {𝑠𝑝}. Let us
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prove this by induction on 𝑘 . Clearly this is true for the base case of 𝑘 = 0. Suppose we have proved

it for all numbers till some 𝑘 − 1 and we want to prove it for some 𝑘 .

Case 1: Suppose 𝑗 comes before 𝑠𝑝 . Then,

• Suppose 𝑘 comes before 𝑗 . Then, notice that 𝛽 ′ℓ = 𝛽ℓ for all ℓ < 𝑘 . Hence, 𝒙′
𝑘
= 𝒙𝑘 and so the

claim follows by Fact 2.

• Suppose 𝑘 = 𝑗 . Then, 𝛽 ′𝑗 = 𝛽 𝑗 − 𝜖 . By the previous case it follows that 𝒙′
𝑗−1

= 𝒙 𝑗−1 and so

𝒙′
𝑗 = 𝒙 𝑗 − 𝜖𝑑 𝑗 . By construction, 𝜖 was picked so that 𝒙 𝑗 (𝑐) − 𝜖𝑑 𝑗 (𝑐) > 0 for any 𝑐 such that

𝒙 𝑗 (𝑐) > 0. It follows that the claim is true for the configuration 𝒙′
𝑗 .

• Suppose 𝑘 comes between 𝑗 and 𝑠𝑝 . Then, 𝛽 ′
𝑘
= 𝛽𝑘 . It follows by the above two cases that

𝒙′
𝑘−1

= 𝒙𝑘−1−𝜖𝑑 𝑗 and so 𝒙′
𝑘
= 𝒙𝑘−𝜖𝑑 𝑗 . By construction, 𝜖 was picked so that 𝒙𝑘 (𝑐)−𝜖𝑑 𝑗 (𝑐) > 0

for any 𝑐 such that 𝒙𝑘 (𝑐) > 0. It follows that the claim is true for the configuration 𝒙′
𝑘
.

• Suppose 𝑘 = 𝑠𝑝 . Then, 𝛽 ′𝑠𝑝 = 𝜖 . The position before 𝑠𝑝 is 𝑖 . By the previous case we have that

𝒙′
𝑖 = 𝒙𝑖 − 𝜖𝑑 𝑗 . Since 𝑑 𝑗 = 𝑑 and 𝑑 is the transition that appears at position 𝑠𝑝 , it follows that

𝒙′
𝑠𝑝 = 𝒙′

𝑖 + 𝜖𝑑 𝑗 = 𝒙𝑖 . The claim then follows by Fact 2.

• Suppose 𝑘 comes after 𝑠𝑝 . Then, notice that 𝛽 ′
𝑘
= 𝛽𝑘 . By the previous case we have that

𝒙′
𝑘−1

= 𝒙𝑘−1 and so 𝒙′
𝑘
= 𝒙𝑘 . Hence the claim follows by Fact 2.

Case 2: Suppose 𝑠𝑝 comes before 𝑗 . The proof here is similar to the case above, except the −𝜖𝑑 𝑗

trailing term in each of the configurations will be replaced by 𝜖𝑑 𝑗 .

This finishes the proof for the case in which center(𝑤 ′) is obtained from center(𝑤) by inserting

one letter.

Inserting multiple letters: Suppose center(𝑤 ′) is obtained from center(𝑤) by inserting multi-

ple letters, i.e., center(𝑤 ′) = 𝑈1𝑒1𝑈2𝑒2 . . .𝑈𝑚𝑒𝑚𝑈𝑚+1 where center(𝑤) = 𝑈1𝑈2 . . .𝑈𝑚𝑈𝑚+1. Then,

consider the sequence of words𝑤0 = center(𝑤) and

𝑤𝑖+1 =𝑈1𝑒1𝑈2𝑒2 . . .𝑈𝑖+1𝑒𝑖+1𝑈𝑖+2𝑈𝑖+3 . . .𝑈𝑚𝑈𝑚+1

Note that each 𝑤𝑖+1 is obtained from 𝑤𝑖 by inserting one letter. Starting from 𝑤0, by repeatedly

applying the previous case, it follows that for each𝑤𝑖+1, we can find a sequence of fractions 𝛽 ′𝑖+1

such that 𝒙′ 𝛽 ′
𝑖+1

𝑤𝑖+1−−−−−−→ 𝒚′
with the property that if at 𝒙′

or 𝒚′
the value of a counter is non-zero,

then it stays non-zero along all the configurations of the run. Since 𝑤𝑚 = center(𝑤 ′), we have
constructed the required sequence of fractions 𝛽 ′ = 𝛽 ′𝑚 .

This completes the proof of construction of 𝛽 ′center(𝑤 ′) and hence also the proof of Theorem 6.4.

D Completion of Proof of Theorem 6.7

In this section, we complete the proof of Theorem 6.7 by proving that

⋃
𝑖∈[1,𝑚] 𝐿(𝜌𝑖 ) = 𝐿(𝑋 ) \ (𝑤)↑

𝑋
.

To this end, for each 𝑖 , by the definition of flat(𝑋 ) and 𝜎𝑖 , it follows that 𝜌𝑖 is precisely the path-

scheme given by

𝑎1𝑋{𝑎1 }𝑎2𝑋{𝑎1,𝑎2 } . . . 𝑎𝑛𝑋𝑐1
𝑐1𝑋𝑐2

𝑐2 . . . 𝑋𝑐𝑖𝑏1𝑋𝐴\{𝑏1 }𝑏2𝑋𝐴\{𝑏1,𝑏2 } . . . 𝑋𝐴\{𝑏1,...,𝑏𝑛−1 }𝑏𝑛

It follows that any word𝑤 ′
belongs to 𝐿(𝜌𝑖 ) iff𝑤 ′

can be written as

𝑤 ′ = 𝑎1𝑤
′
1
𝑎2𝑤

′
2
. . . 𝑎𝑛𝑤

′′𝑏1𝑤
′
𝑛 . . .𝑤

′
2𝑛−2

𝑏𝑛

where

• For each 𝑖 ∈ [1, 𝑛 − 1],𝑤 ′
𝑖 ∈ 𝐿(𝑋{𝑎1,...,𝑎𝑖 }) = {𝑎1, . . . , 𝑎𝑖 }∗,

• 𝑤 ′′ ∈ 𝐿(𝑋𝑐1
𝑐1𝑋𝑐2

𝑐2 . . . 𝑋𝑐𝑖 ) = 𝐿(𝜎𝑖 ) ⊆ 𝐿(𝑋𝐴),
• And for each 𝑖 ∈ [𝑛, 2𝑛 − 2],𝑤 ′

𝑖 ∈ 𝐿(𝑋𝐴\{𝑏1,...,𝑏𝑖−𝑛+1 }) = (𝐴 \ {𝑏1, . . . , 𝑏𝑖−𝑛+1})∗.
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Hence, this means that 𝑤 ′ ∈ 𝐿(𝜌𝑖 ) iff 𝑤 ′ ∈ 𝐿(𝑋 ) and center(𝑤 ′) ∈ 𝐿(𝜎𝑖 ). Since
⋃

𝑖∈[1,𝑚] 𝐿(𝜎𝑖 )
precisely captures the set of all words that are not larger than or equal to center(𝑤) with respect to

the subword ordering, it follows that𝑤 ′ ∈ ⋃
𝑖∈[1,𝑚] 𝐿(𝜌𝑖 ) iff𝑤 ′ ∈ 𝐿(𝑋 ) and center(𝑤) ⪯̸ center(𝑤 ′).

The latter is precisely the definition of 𝐿(𝑋 ) \ (𝑤)↑
𝑋
and so the proof is complete.

E Comments on the lower bound
Here is an exponential run from 𝒙𝑛 to 𝒚𝑛 that is of the form in (9): Take the run

𝑤2𝑛
1
𝑟1𝑤

4𝑛
2
𝑟2 · · ·𝑤2

ℎ𝑛
ℎ

𝑟𝑛𝑢 ,

hence we choose ℓ𝑖 = 2
𝑖𝑛 for 𝑖 = 1, . . . , ℎ. This is clearly not a short run (by our definition of short

run), but it is of at most exponential length.

Intuition. Before we explain in detail how this can be done, let us give some intuition. The reason

our lower bound construction enforces short runs to be maxed out is that during the firing of𝑤𝑖 ,

the only way to put 4 into step𝑖 is to always use the maximal possible firable fractions: 𝑡𝑖,1 needs to

empty 𝑥1 completely, and then 𝑡𝑖,4 needs to fill up 𝑦1 completely. This is because in an (𝑖, 𝑘)-short
run, we need the full

1

𝑘
fraction during 𝑡𝑖,2𝑡𝑖,3 and during 𝑡𝑖,5𝑡𝑖,6 in order to get step𝑖 up to 4 in only

𝑘 iterations of𝑤𝑖 .

However, if we allow ourselves to iterate 𝑤𝑖 a whole 2𝑘 number of times (starting from a

configuration that is consistent with (𝑖, 𝑘)-short runs, i.e. ⟨ 1

𝑘
;

1

𝑘
; 0⟩) and still make sure that 𝑡𝑖,5 and

𝑡𝑖,6 can fire with fraction at least
1

𝑘
, then it is not necessary for 𝑡𝑖,2 and 𝑡𝑖,3 to fire will the full

1

𝑘

fraction: The 2𝑘 occurrences of 𝑡𝑖,5𝑡𝑖,6 can compensate for whatever 𝑡𝑖,2𝑡𝑖,3 were not able to add to

step𝑖 . Therefore, we can fire 𝑡𝑖,1 and 𝑡𝑖,4 so as to only subtract a very small value (we will choose

1

2𝑘 ·𝑘 ) from 𝑥𝑖 . This allows us to fire all copies of𝑤𝑖 and instead of turning 𝑥𝑖 from
1

𝑘
into

1

𝑘 ·2𝑘 (as

we must in a (𝑖, 𝑘)-short run), we turn 𝑥𝑖 into
1

2
· 1

𝑘
. This way, each factor𝑤

ℓ𝑖
𝑖
=𝑤2

𝑖𝑛
𝑖 only halves

the values in the high-precision counters, instead of applying an exponential function to their

denominator.

Detailed run description. To show that the above sequence can be fired from 𝒙𝑛 to 𝒚𝑛 , we prove
the following claim:

Lemma E.1. For every 𝑘 ≥ 0, we can fire〈
1

𝑘
;

1

𝑘
; 0

〉
𝑤2𝑘
𝑖−−−→

〈
1

2𝑘
;

1

𝑘
; 4

〉
(14)

with appropriate firing fractions.

Proof. We construct the run one copy of 𝑤𝑖 at a time. Specifically, we show by induction on

𝑗 = 1, . . . , 2𝑘 that we can fire〈
1

𝑘
;

1

𝑘
; 0

〉
𝑤

𝑗

𝑖−−→
〈

1

𝑘
− 𝑗

4𝑘 · 𝑘 ;

1

𝑘
; 𝑗 · 2𝛾

(
1

2𝑘 · 𝑘 + 1

𝑘

)〉
(15)

for every rational choice of 𝛾 ∈ [0, 1). Here, we use the notation for configurations as described in

(11).

Indeed, we can fire the 𝑗-th copy of𝑤𝑖 by using the following fractions:

(1) 𝑡𝑖,1 with fraction
1

2
· 1

2𝑘 ·𝑘 .

(2) both 𝑡𝑖,2 and 𝑡𝑖,3 with fraction 𝛾 · 1

2𝑘 ·𝑘
(3) 𝑡𝑖,4 with

1

2
· 1

2𝑘 ·𝑘
(4) both 𝑡𝑖,5 and 𝑡𝑖,6 with fraction 𝛾 · 1

𝑘
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This is because then 𝑡𝑖,1 and 𝑡𝑖,4 together first subtract
1

2𝑘 ·𝑘 from 𝑥𝑖 and then add
1

2
· 1

2𝑘 ·𝑘 to 𝑥𝑖 ,

meaning overall we subtract
1

2
· 1

2𝑘 ·𝑘 = 1

4𝑘 ·𝑘 . The effect on 𝑦𝑖 is to first subtract
1

2
· 1

2𝑘 ·𝑘 and then

add the same value, hence 𝑦𝑖 returns to
1

𝑘
. Moreover, the effect on step𝑖 is that we add

2 · 𝛾 · 1

2𝑘 · 𝑘 + 2 · 𝛾 · 1

𝑘
= 2𝛾

(
1

2𝑘 · 𝑘 + 1

𝑘

)
Thus, we have established (15).

Applying (15) to 𝑗 = 2𝑘 yields:〈
1

𝑘
;

1

𝑘
; 0

〉
𝑤2𝑘
𝑖−−−→

〈
1

2𝑘
;

1

𝑘
; 2𝑘 · 2𝛾

(
1

2𝑘 · 𝑘 + 1

𝑘

)〉
=

〈
1

2𝑘
;

1

𝑘
;𝛾 · 4( 1

2𝑘
+ 1)

〉
.

Therefore, for an appropriate rational choice of 𝛾 ∈ (0, 1], we can achieve 𝛾 ( 1

2𝑘
+ 4) = 4 and thus

Eq. (14). □

Now that Lemma E.1 is established, we can see that for each 𝑖 , applying𝑤2
𝑖𝑛

𝑖 can be used to put

4 into step𝑖 while (i) halving the values in all precision counters 𝑥𝑖 and 𝑥𝑖+1, . . . , 𝑥ℎ and 𝑦𝑖+1, . . . , 𝑦ℎ
and (ii) not changing 𝑦𝑖 . With 𝑟𝑖 , we can then reset the complement counters to zero. Finally, using

𝑢, we can reset all high-precision counters.
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