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Semigroups, are you kidding?

-+ Semigroup = set + binary associative
operation.

* Monoid = semigroup + identity element.

+ Simplicity means that they cannot tell the
whole story...

» ... but they tell an interesting one and we
actually know what the story is!

March '06 P. Tesson Semigroups & CSPs



Tractable semigroups

From previous talks:

resolving the CSP-dichotomy conjecture is
equivalent to

as tractable or NP-complete.

A is tractable if CSP(Rel(A)) € P.
A is NP-complete if CSP(Rel(A)) is NPC.

— Semigroups seem like a good warm-up.
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Tractable semigroups

Theorem: [Jeavons, Cohen, Gyssens]

If Pol(I") contains a semilattice operation
then CSP(I) is tractable.
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Tractable semigroups

Theorem: [Jeavons, Cohen, Gyssens]
Any semilattice is a tractable algebra.

Theorem: [Bulatov, Jeavons, Volkov]

If S is a semigroup then S is tractable if
Sisa and is NP-complete
otherwise.

March '06 P. Tesson Semigroups & CSPs 6



Another semigroup-related island of tractability

Theorem: [Feder & Vardi]

If I' is a set of relations over a group G
such that every k-ary R in T is a coset of a
subgroup of G then CSP(T') is tractable.

Equivalently, if Pol(T") contains the
polymorphism m(x,y,z) = xy'z then CSP(I')
is tractable.
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Systems of equations over finite semigroups

Fix a semigroup S. Consider CSPs defined as a system of
equations over S.

( X -

X4 =
4 _ X1 Xs - Y1
X185 Xz = '|'X3 Y1 X2 - Y2
X3 Xq = Xy X, -ty < S L 7.

X3 X =
X3S = S X, ><3 ><4 . Y3
\ 3 X1 Y3
X3 Xs = Y4
| Xs X2 = Y4
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Systems of equations over finite semigroups

Fix a semigroup S. Consider CSPs defined as a system of
equations over S.

- EQN*.: problem of deciding if a system over S has a
solution.

- EQN*. is equivalent to CSP(E;) where E. contains the
unary relations {s} for s € S and the ternary relation

R ={(x)y,2): xy = z}.

* Obviously, the complexity of EQN*. depends on the
structure of S. Can we prove a dichotomy?
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Dichotomy for EQN* over monoids

Theorem: [Klima, T., Thérien]

If M is a finite monoid then EQN*, is
tractable if M is commutative and every
elemen ipnimvmaismctes a subgroup.

homomorphic
OtherinEes o?a is NP-complete.

subsemigroup

Alternatively, EQN*, is tractable iff M is
a of the direct product of a
semilattice with an abelian group.
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Connection with the dual algebra

Lemma: [Larose, Zadori] [Nordh, Jonsson]
Let S be a semigroup. Then f: Sk — Sisa
polymorphism of Eg iff

1. fisidempotent

f(x, ..., X) = x
2. f commutes with S
f(X1Y1, o XYi) = T(Xq, oo X)) Y1, o0 Y0

Pf: Idempotency necessary and sufficient for being
polymorphism of x = s forall s e S.

Commuting with S necessary and sufficient for being
polymorphism of xy = z.
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Connection with the dual algebra

f is a polymorphism of xy = z iff

X1 Y1

i
Uy

Xk

<
x

I

N
=

F(x1, .. %) LLCZP /% B (21, 2) =

iff f commutes with s.
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A sufficient criterion for hardness

Theorem: [Bulatov, Krokhin, Jeavons]

If Pol(T") contains no Taylor term then CSP(T') is
NP-complete.

t: Sk — Sis a Taylor term if for eachi e {1,... k} it
satisfies an identity in {x,y}

T(Cll, ey AiZq, X, Air1) ooy Clk) = T(bl, ee, b,-_l, y, b,-+1, ee, bk)
with a., b, € {x,y}.
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EQN* is hard for non-commutative monoids

Theorem: [Bulatov, Krokhin, Jeavons]

If Pol(I") contains no Taylor term then CSP(T') is
NP-complete.

Lemma: [Larose, Zadori '06]

If a monoid M commutes with an idempotent
Taylor term then M is commutative.

Corollary: [Klima, T., Thérien 05]

If M is a hon-commutative monoid then EQN*,, is
NP-complete.
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EQN* is hard for non-commutative monoids

Pf by example. Suppose f is 4-ary-suchthat
f(x,y.y.x) = f(x,x,x,y) and f(y,x,y.x) = f(x,x.,y.y),

Now, for any a,b € M:

ab f(a,a,a;a) f{b,b,b.b)
"f(a,0,0,1)f(11,1,a0) f(b-bb

f(a,a,a,1)f(1,1,1,a) f(b;1;b;1) $(1-b-1b)
f(a,a,a,1) f(b,1,b,1) f(+;1.1a)f(1,b,1,b)
f(a,a,a,1) f(b,1,b,1) f(1,1,1,0) f(b;0;1;1)
f(a,a,a,1) f(b,1,b,1) f(b,b,1,1) f(1,1,1,0)
= f(a,a,a,1) f(b,b,b,b) f(1,1,1,0)
= f(a,a,1,1) f(1,1,0,1) f(b,b,b,b) f(1,1,1,0)
= f(b,b,b,b) f(a,a,a,a) = ba

;0)

)
1
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Dichotomy for EQN* over monoids

Theorem:

If M is a finite monoid then EQN*,, is
tractable if M is commutative and every
element of M generates a subgroup.

Otherwise, EQN*,, is NP-complete.

Alternatively, EQN*, is tractable iff M is
a of the direct product of a
semilattice with an abelian group.
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Upper bounds

Let S be a semilattice. The operation of S is idempotent
and commutes with itself. So EQN*; is tractable.

FaVaN

Straightforward algorithm

1. Set every non-constant variable to
O and maintain lower bound to any
solution.

2. If some equation xy = z is
unsatisfied, set these variables to
the smallest upper bound of

{xy.z}.
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Upper bounds

* Let G be an abelian group. The operation
is a polymorphism of Eg.
~
X; X, = X3
YiYo = Y3 - e XX, (YiY2)' 2125 = X3y37'2;
Alceici

and so
m(X1,y1.21) M(X2.Y2.22) = (X1y1712;) (Xpy2712,)
= X3Y371Z3 = m(X3,Y3,23)

In fact, elementary linear algebra is sufficient to show
EQN* is tractable over abelian groups.
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...and so we are done?

+ It trivially follows that EQN* is tractable over
the direct product of a semilattice and an
abelian group.

» Intuitively, an efficient algorithm for solving
systems of equations over a semigroup S, yields
efficient algorithms for any subsemigroup or
any morphic image of S.

» Unfortunately, this is provably wrong for
semigroups in general.
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. back to the drawing board...

We can still salvage the previous ideas. Let M be a factor
of E X G for a semilattice E and an abelian group G.

Algorithm works in fwo steps.

1. Find the minimal solution of the system
projected into the semilattice. This

allows us to associate each variable x
in the system to a maximal subgroup G,
such that the system has a solution iff

it has one in which each x lies in G,.

. We end up with a in
which the constraint language is coset-
generating.
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What about semigroups?

Theorem: [KTT]

For every constraint language T, there
exists a semigroup Sr such that CSP(I') is
poly-time equivalent to EQN*g .

Seems interesting...
... but (honestly) useless.

March '06 P. Tesson Semigroups & CSPs 21



Moral of the story

Systems of equations over semigroups provide
an

* Problem seems fairly easy to reason about, yet
is rich enough to require the deployment of the
full arsenal of CSP techniques.

* Algebraic structure fits in nicely with algebraic
analysis of CSPs.

+ Develops our intuition about more general
tractability or hardness criteria.

» Can generate new ideas.
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Related work

- Larose & Zadori:

Consider the problem of solving systems over arbitrary
finite algebras = dichotomies Tor rings, lattices,
quasigroups.

- Nordh:

Problem of testing if two systems are equivalent or
isomorphic.

- Nordh & Jonsson + Klima, Larose, T.:

Counting the number of solutions to a system. A
complete dichotomy can be obtained: the ﬁ)r'oblem is
always tractable or #P-complete. Hopefully will be a
good introduction to Bulatov's #CSP-dichotomy.
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A new island of tractability

Direction for future progress on tractable CSPs:

In particular, the algorithm sketched for solving
EQN* over sufficiently simple monoids combines
a local consistency algorithm (semilattices) and a
linear algebra algorithm.
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A new island of tractability

Theorem: [Dalmau, Gavalda, T. & Thérien]

If Sis ablock-group and I" is such that Pol(T")
contains the ternary operation t defined by

t(x,y,z) = x Y9! z
then CSP(I') is tractable.

o is the smallest

intfeger such

- | that s© s = s©
The tractability of EQN™* over { s

products of semilattices and ab
be obtained as a corollary.
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A new island of tractability

Theorem:

If S is a-bteclk-group and I is such that Pol(T")
contains the ternary operation t defined by

t(x,y,z) = xyo!lz
then CSP(I') is tractable.

Specializes to the result of Feder & Vardi about
coset-generating relations.
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A new island of tractability

If Sis a block-group and T is such that Pol(T")
contains the operation of S then it must also
contain the ternary operation t defined by

t(x,y,z) = xyo!lz
and CSP(TI) is tractable.

Implies that block-groups are tractable algebras
[BJV].
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What's the algorithm?

Instance 7 of CSP(I')

Impose
arc-consistency

CfrGisdinconsistenisitx mm@fm&deﬂ(@m of
Irfi 2 is feopsistentet henfues san-gesi mm@tnl@
R;;10 g subgnalp Gy ofod |sad’m||(}fc)’rc aysaiution
thenndhas lorieowhereceach afﬁj&e@za&glue in G,.

Bingo!
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Open questions

» V. Dalmau: "CSP is not about finding the
right algorithm for your problem, it's
about finding the right problem for your
algorithm”.

— what CSPs can be solved by using an arc-
consistency algorithm to reduce the
problem to a multi-sorted Mal'cev CSP.
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Open questions

Over a domain S equipped with a
semigroup operation, consider clones in
which every operation f(x;,...,x;) is
idempotent and can be written as a
polynomial over S (such as xy®-1z).

1. Classify all clones of the above type.

2. Conjecture: every tractable clones of
polynomials over a group contains a
Mal'cev operation.
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