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An algebraic approach

Algebraiclapproach for studying: baséd on polymorphisms_

LCet R C D™ be a relation
An operation f : D* — Don D s a polymorphism of R if
for any choice of k tuples
' t1,..., 58 €R
from R, the tuple
(... 1)

alsoin R
What is f(t1,...,t)? Apply f po}’nt-wise.

Let R be relation {(1,0), (0,1),(1,1)}.
Let maj : {0,1}® — {0,1} be the majority function on
{0,1} : oA
o equal to 0 if 2 or 3 of argUments equalto O
— equal to 1 if 2 or 3 of arguments equal.to 1

niaj is a polymorphism of R

Consider £; = (1,0), 2 = (0,1), and &3 = (1, 1).

We have _ -
maj(t1, t2,t3) maj((1,0),(0,1),(1,1))

(maj(1,0,1),maj(0,1,1))

(1,1)
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e Polymorphisms of a constraint language I defined as

Pol(I") = {f | f is polymorphismof all R € "}

e We have a way to pass from

constraint language ' — set of operations Pol(I")

e Notice Pol(-) order-reversing:
‘More relations in I «— Less ops. in Pol(I")
Less relations in I «—— More ops. in Po!( r

& Mappmg Pol(-) and related map Inv(- ) gave Galois connec-
tion |

e Key fact: the complexity of QCSP(I‘ ) depends only on Pol(I")!

- Theorem: If Pol(I";) = P0|(|_2) then QCSP(Fl) QCSP(I_Q)
reduce to each other
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 Reuvisiting Schaefer’s Theorem

“ Schaefer’fs. theorem with constants — algebraic formulation!

Let I” be constraint language w/ relations over domain {0, 1 }.
The problem CSP(I ) is poly-time tractable if:

1. The operation A is a polymorphismof I".
2. The operation V is a polymorphism of I".

3. The operation f(z,y,2) = z®ydzis apolymorphism
o,r. . - e |

4. The éperation' maj is a polymorphism of I'.

Otherwise, CSP.(I") is NP-complete
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Q_CSEC_Q:)_,_tw o-elements
e Classification of QCSP (f‘) for two-elt. domalns
(e.g. [Creignou et al., 2001])

Let " be constraint language w/ relations over domain {0, 1}.

- The problem QCSP.(I") is poly-time tractable if:
1. The operation A is a polymorphism of I".
2. The operation Vv is a polymorphtsm of r

3. The operataon f(z, Y, 2 z) = z®y® z is a polymorphism
of I'.

4. The operauon maj is a polymorph:sm of I,
Otherwise, QCSP (M)is PSPACE-oomptete

e Same statement... except hard problem_s are PSPA'CE-compIete

e Easy problems stay easy, hard problems get harder!

19



Tractable cases

e Tractable cases’ of two-elt. QCSP.(IN):
-~ QUANT!FIED HORN SAT [Karpinski et al. '87]
— QUANTIFIED XOR- SAT [Creignou et al. "01]
= QUANTIFIED 2-SAT [Aspvall et al. '79]

e Originally proved tractable via disparate proof techniques!

= QUANTIFIED HORN SAT - developing andstudwng sound
& complete proof system

- QUANT!FIED XOR-SAT - innermost quantifier elimina-
non

— QUANTIFIED 2-SAT - analysis of "impl:cat:on graphs
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