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1 Introduction

We present a weak, logic-enriched type theory intended for the formalization
of predicative mathematics in the style of Weyl’s "Das Kontinuum”. We show
how the results stated and proved in ”Das Kontinuum” would be formalized in
such a system.

1. Differences between this system and Weyl:

e We allow (through Ex) the definition of functions by recursion. Weyl
must define these as predicates in quite a complicated manner.

e We start the natural numbers at 0, rather than 1. We follow the
order of progression
N—-Z-—-Q
rather than Weyl’s

N—-Q"-Q

This requires quite a lot of change in the detail in the parts dealing
with Z and Q.

e We use function types A — B rather than functions as graphs or as
predicates.

2. Differences between this system and ACA:

We consider sets besides just sets of natural numbers.

We allow the proof of large propositions by induction.

o We use Cartesian products A x B, rather than coding pairs of natural
numbers as natural numbers.

We use function spaces to talk about “all functions”, rather than
functions as graphs.

In particular, “X has at least n members” seems not to be definable in
ACA.



2 The Basic System

2.1 Predicate Logic with Equality

1 : Prop,
LE : (P:Prop,Prf[l])Prf[P],

— : (Prop,Prop)Prop,
—1 : (P,Q:Prop; (Prf[P])Prf[Q])Prf[— [P, Q]],
— FE : (P,Q:Prop;Prf[— [P, Q]]; Prf[P])Prf[Q],

Pearse : (P,Q : Prop,((Prf[P])Prf[Q])Prf[P])Prf[P],

Vv : (A:Type, (A)Prop)Prop,
VI : (A:Type, P : (A)Prop, (z: A)Prf[P[z]])Prf[V[A, P]],
VE : (A:Type,P:(A)Prop,Prf[V[A, P]],a : A)Prf[P[a]],

= : (A:Type, A, A)Prop,
=1 : (A:Type,a: A)Prf[=[4,a,d]],
=F : (A:Type;P:(A)Prop;a,b: A;Prf[= [A,a,b]]; Prf[P[a]])Prf[P[b]]

We write

P—Q for P—Q,
Va : A.P[x] for V[A,[z]Px]],
a=4b for =][A a,b]



2.2 The Universe of Small Types

U Type,
T (U)Type
U,
0 : TIN],
s o (TN)TIN,
Ex ¢ (C:(TIN)U,TICLO],
(n: N, T[C[n]]) TIC[s[n]l],
n : N)T[C|n]]
Ex[C,a,b,0] = a,
En[C,a,b,s[n]] = bln, Ex[C,a,b,n]],
x = (U,0)U,
pair : (A,B:U;T[A);T[B]))T[x[A, B]]
m  : (A,B:U;T[x[A, B]))T[A]
m : (A,B:U;T[x[A, B]))T|B]
(A,B:U;a:T[A],b: T[B])(m][A, B,pair[4, B,a,b]] = a:T[4)]),
(A,B:U;a:T[A],b: T|B])(m[A, B,pair[4, B,a,b]] = b:T[B]),
We write
A for TI[A],

Ax B for x[A, B,
(a,b) for pair[A, B,a,b] (where A and B are clear from the context)



2.3 The Universe of Small Propositions

prop : 7
V. : (prop)Prop,
AJA_ :  prop,
OV[L] = Ll:Prop),

D> : (prop,prop)prop,
(P,Q:Prop)(V[D [P,Q]] = — [V[P,V[Q]: Prop),

Voo (A : U, (T[A])prop)prop,

(A:U,P: (T[A])prop)(V[V[A, P]] = VI[T[A],[z: T[A]]V[P[z]]] : Prop),

= : (A:U,T[A],T[A])prop,

(A:U;a,b:T[A])(V[=[A,a,b]] = =][T[4],a,b]: Prop),
Ind : (P :(T[N])prop, Prf[V[P[0]]], (n : T[N], Prf[V[P[n]]])Prf[V[P[s[n]]]
We write
P for VI[P],

P>@Q for D[PQ,
forallz : AP for forall[A,[z]P],
a=4b for =[A,a,b)

2.4 Sets and Functions

Set : (Type)Type,
set : (A:Type, (A)prop)Type,

€ : (A:Type,A,Set[A])prop,

(A: Type, P: (A)prop,a: A)(€ [4,a,set[A,P]] = Pla]: prop),

— (Type, Type)Type,

A : (A B:Type;(A)B) — [A, B],
app : (A,B:Type;— [A, B|,A)B,

(A,B: Type;b: (A)B,a: A)(app|4, B, A[4, B,bl,a] = bla]: B)



We write
{z:A| P[z]}
a€y S
A— B
Az Abx]
f(a)

for
for
for
for

for

set[A, [z] P[z]],
€[4,a,95]
— [A4, B],
AlA, B, [z]b]z]]
a‘pp[A7 B7 f7 a}

2.5 Optional Extras

e Large elimination over N:

(A may be tacet)

(where B is clear from the context),

(where A and B are clear from the context)

C: (TN])Type,a : C[0],b: (n: T[N],C[n])C[s[n]])(LEN]C,

(
(C: (TIN]))Type,a: C[0],b: (n: T|N],C[n])C[s[n]],n : N)(LEN[C, a, b, s|n]] = bln, LEN[C,a,b,n]] : C

e Huge elimination over N:

HEy : (Type,(n:T[N], Type)Type
(A:Type, B : (n: T|N], Type)Type)(HEn[A, B,0] = A:Type),
(A: Type,B: (n:T|N],Type)Type,n : T|N])(HEN[A, B,s[n]] = B[n, HEN[A, B,n]]: Type)
e Definition of small propositions by recursion:
E§mp : (prop, (n : TN], prop)prop,n : T/l
(P :prop, Q : (n : TN], prop)prop) (ER" [P, Q,0] = P : prop),
(P : prop, Q : (n : T[N], prop)prop, n.: TIN))(ER™P[P,Q,s[n]] = Q[n, EF"[P,Q,n]] : prop)
e Definition of large propositions by recursion:
Egmp : (Prop, (n: T|N], Prop)Prop
(P :Prop,Q: (n: T[N},Prop)Prop)(Elng[P, Q,0] = P :Prop),
(P : Prop,Q : (n: T|N], Prop)Prop, n : T[N))(ES™P[P,Q, s[n]] = Qn, EL P[P, Q,n]] : Prop)

e Proof of large propositions by induction:

LInd

3 Sets

(P : (TN]))Prop, Prf[P[0]], (n : T[N], Prf[P[n]])Prf[P[s[n]]], n : T[N])Prf[P[n]]

Definition 3.1 (Equality of Sets) For A, B : Set[r], we define A~ B to be

the proposition

Vo : 1.2

cA—zxzeB

and A % B to be its negation. These are small propositions iff 7 : U. In this
case, we may write them as A~B and A#%B.



Definition 3.2 (Subset Relation) For A, B : Set[r], we define A C B to be
the proposition
Ve:tTa € A—-z€B

and A C B to be
ACBANA#B .

These are small propositions iff T : U, in which case we write them as ACB
and ACB.

Definition 3.3 (Disjoint) For A, B : Set[r], the proposition “A and B are
disjoint” is the proposition

Ve:Tx € A—-zrzeB— 1 .
This is a small proposition iff T : U.

Definition 3.4 (Empty Set) For any type T : Type, the empty set of s, 0.,
1s defined to be R
{z:7]L}:Set[r] .

Lemma 3.5 For A : Set[r],
0, C A

Proof This is the proposition
Ve:7.L -2 €A
which is easily proven using LFE. QED

Definition 3.6 (Universal Set) For any type 7 : Type, the universal set of
7s, U,, is defined to be R
{z:7]|T}:Set[r] .

Lemma 3.7 For A : Set[7],
ACU,; .

Proof This is the proposition

Ve:Tx€e A—T

which is easily proven using T1. QED
Definition 3.8 Let 7 : U. Given ay,...,an : 7, we write {a1,...,a,} for the
set

{x:7|2=ra1V - -Vz=r0a,} : Set[r] .
Definition 3.9 (Complement) For A: Set[r], the complement A° is the set

{z:7|x¢ A} : Set[r] .



Definition 3.10 (Union) For A, B : Set[r], the union AU B is the set
{z:7 |2z € AVz € B} : Set[r] .

Definition 3.11 (Intersection) For A, B : Set[r], the intersection AN B is
the set
{z:7 |2z € AAz € B} : Set[r] .

Definition 3.12 (Relative Complement) For A, B : Set[7], the relative com-
plement A\ B is the set
AN B°: Set[7] .

4 Natural Numbers and Cardinalities

4.1 Natural Numbers
Theorem 4.1 (Peano’s Third Axiom) If s[m] = s[n], then m = n.

Proof Define the predecessor of n : N, pred[n], to be
En[[n]N,0, [z, y : N]z]
Now, if s[m] = s[n], then pred[s[m]] = pred[s[n]], i.e. m = n. QED
Theorem 4.2 (Peano’s Fourth Axiom) Forn:N,

s[n] #0
Proof This needs one of the following:
e HE with an empty type
e LE with an empty type in U
o EXP
o ENProp
QED

Theorem 4.3 Forn: N, either n =0 or there exists k : N such that n = s[k].

Proof We prove .
n=n0V 3k : Non=ps[k]

by induction on n.
The base case: 0 = 0.
The induction step: s[n] = s[n]. QED



4.2 Addition
Definition 4.4 (Addition) For m,n : N, we define m +n: N to be

En[[z]N, m, [z, y]s[y], n]
Note that

m:TIN] F m+0=m:T[N],
m,n:TIN] F m+s[n] =sm+n]:TN]

Theorem 4.5 (Associative Law) For m,n,p: N,

(p+m)+n=p+(m+n)

Proof Let m,p:N. We prove
(p+m)+n=xp+ (m+n)

by induction on n.
By =1 wehave p+m=p+m,ie. (p+m)+0=p+ (m+0).
If (p+m)+n=p+ (m+n), then s[(p +m) +n] = s[p+ (m + n)], ie.

(p+m)+s[n] =p+ (m+s[n]). QED
Lemma 4.6 Forn:N,

n=0+n
Proof We prove

n=n0-+n

by induction on n.
0=0+40by =1I. If m =0+ m, then s[m] = s[0+ m], i.e. s[m] =0+ s[m].
QED

Lemma 4.7 For m,n : N, the following is a theorem:

m+ s[n] = s[m] +n

Proof Let m:N. We prove
m+ s[n] = sm]+n
by induction on n.
s[m] = s[m], i.e. m + s[0] = s[m] + 0, by = 1.
If m + s[n] = s[m] 4+ n, then s[m + s[n]] = s[s[m] + n], i.e. m + s[s[n]] =
s[m] + s[n]. QED

Theorem 4.8 (Commutative Law) Form,n : N, the following is a theorem:

m4+n=n+m



Proof Let m:N. We prove
m+ n=nn-+m

by induction on n.

m + 0 =0+ m by Lemma 4.6.

If m +n = n+m, then s[m + n] = s[n + m| = s[n] + m by Lemma 4.7; i.e.
m + s[n] = s[n] +m. QED

Theorem 4.9 (Cancellation) For m,n,p:N, if m+p=n+p, then m =n.

Proof Let m,n:N. We prove
m+p=§n+pDm=mn

by induction on p.

If m+4+0=n+0, then m = n immediately.

Suppose the result holds for p. If m + s[p] = n+s[p], i.e. sfm+p] = s[n+p),
then m + p = n + p by Peano’s Third Axiom; hence m = n by induction
hypothesis. QED

Lemma 4.10 (Peano 4) Form,n:N, ifm+n=0 then m =0 and n = 0.

Proof Suppose m +n = 0. If n # 0, then n = s[k] for some k : N by

Theorem 4.3. Hence m +n = s[m + k] = 0, contradicting Peano’s Fourth
Axiom.
Hence, n = 0. Therefore, m=m+0=m+n=20. QED

4.3 Ordering Relations
Definition 4.11 (Ordering Relation) For m,n : N, we define

m<n ép : N.p + m=nn : prop

m<n = Ip:N.s[p|+m=yn : prop

Lemma 4.12 Forn:N, 0 <n.

Proof n=n+0by=1. QED
Lemma 4.13 For m,n: N, if m <n then s[m| < s[n].
Proof If n=k+ m then s[n] =k + s[m]. QED

Theorem 4.14 Forn :N, n <n.

Proof 0+ n =n by Lemma 4.6. QED

Theorem 4.15 For m,n,p: N, if m <n and n <p then m < p.



Proof Let k,l: N be such that n =k +m and p =1+ n. Then

p = l+(k+m)
= (I+k)+k (Associativity)
QED

Theorem 4.16 (Peano 4) For m,n: N, if m <n and n < m then m = n.

Proof Let k,l: N be such that n =k +m and m =1 4+ n. Then

0+n = n (Lemma 4.6)
= k+({+n)
= (k+1)+n (Associativity)

Therefore, 0 = k+1 by the Cancellation Theorem. Hence I = 0 by Lemma 4.10.
Therefore, m = 0+ n = n (Lemma 4.6). QED

Theorem 4.17 For m,n : N, either m < n or s[n] < m.

Proof Let n:N. We prove
m < nVs[n] <m

by induction on m.
0 < n by Lemma 4.12.
Suppose that m < nV s[n] < m. We must show s[m] < nV s[n] < s[m].

Case One — m <n Let n = k +m. By Theorem 4.3, k = 0 or k = s[l] for
some [. If k = 0, then n = m (Lemma 4.6), so sjm] = 0 + s[n] (Lemma
4.6 again), and hence s[n] < s[m]. If k = s[l], then n = s[l] +m =l + s[m)
(Lemma 4.7) and so s[m] < n.

Case Two — s[n] < m Let m = k + s[n]. Then s[m] = s[k] + s[n] (Lemma
4.7), and so s[n] < s[m).
QED

Theorem 4.18 For m,n : N, either m < n orn <m.

Proof From the previous theorem, if m € n then s[n] < m. Let m = k+s[n| =
slk] + n (Lemma 4.7). Then n < m. QED

Lemma 4.19 (Peano 4) Forn:N, -n <0.

Proof If 0 = s[k] + n, then s[k] = 0 by Lemma ??, contradicting Peano’s
Fourth Axiom. QED

Lemma 4.20 Forn:N, n < s[n].
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Proof s[n| = s[0] + n by Lemmas 4.6 and 4.7. QED

Lemma 4.21 For m,n:N, m < n iff sim] < s[n].

Proof n = s[k]+ m if and only if s[n] = s[k] + s[m]. QED

Theorem 4.22 (Peano 4) Forn:N, -n < n.

Proof Suppose n < n. Let k : N be such that n = s[k] + n. Then 0 +n =
s[k] + n by Lemma 4.6, hence 0 = s[k] by Cancellation, contradicting Peano’s
Fourth Axiom. QED

Theorem 4.23 For m,n,p: N, if m <n and n < p then m < p.

Proof Let k,l: N be such that

Then
p = sll]+(s[k] +m)
= (s[l] +slk]) +m (Associativity)
= s[s[l]+k]+m
QED

Theorem 4.24 (Trichotomy) For m,n : N, either m <n, m =n orn <m.

Proof Let m: N. We prove, by induction on n,
m < nVmZ=nVn <m .

For the case n = 0: By Theorem 4.3, m is either 0 or s[k] for some k. If
m = 0, then m = n. I m = s[k], then m = s[k] + n, so n < m.
Now, suppose the result holds for n. We must show

m < s[n]Vm=sn|Vsn<m

Case One — m <n or m =n If m < n, then n = s[k] + m for some k. If
n =m, then n = 0 +m by Lemma 4.6. In either case n =1+ m for some
I. Therefore, s[n] = s[l] + m by Lemma 4.7, and so m < s[n].

Case Two — n < m Let m = s[k] +n. By Theorem 4.3, k = 0 or k = s[] for
some .

If £ = 0, then m = s[0] + n = s[n] (Lemmas 4.6 and 4.7). If k = s[l], then
m = s[s[l]] + n = s[l] + s[n] (Lemma 4.7), so s[n] < m.

QED

Theorem 4.25 For m,n : N, m <n if and only if m <n or m =n.
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Proof

m<n = dk:Nn=k+4+m
< n=0+mVIk:Nn=skl+m (Theorem 4.3)
& m=nVvm<n (Lemma 4.6)
QED

Theorem 4.26 (Peano 4) For m,n : N, m < n if and only if m < n and

Proof If m < n, then n = s[k] + m for some k, so m < n. Also, m # n by
Theorem 4.22.

Conversely, suppose m < n and m # n. Then n = k + m for some k; and
k # 0 lest m = n (Lemma 4.6). Therefore, k = s[l] for some [ (Theorem ?7).
Hence n = s[l] + m, so m < n. QED

Lemma 4.27 For m,n: N, m <n iff m < s[n].

Proof n = k+m iff sin] = s[k]+m, by Lemma 4.7 and Peano’s Third Axiom.
QED

Lemma 4.28 For m,n: N, m < n iff s[m] < n.
Proof n = s[k]+ m if and only if n = m + s[k] by Lemma 4.7. QED

Lemma 4.29 For m,n,p: N, if m <n and n < p then m < p.

Proof Ifn=s[k]+mand p=1+mn, then p =1+ (s[k] +m) = s[l+ k] +m
by the Associative Law. QED

Lemma 4.30 For m,n : N, either m <n orn < m.

Proof From Lemmas 7?7 and 4.27. QED
Theorem 4.31 For m,n,p: N, ifm <n then m+p <n-+p.
Proof Let k be such that n =k + m. Then

n+p = (k+m)+p
= k+(m+p) (Associativity)

Thus, m +p <n+p. QED
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4.4 Multiplication
Definition 4.32 (Multiplication) For m,n : N, define mn : N to be

En[[z]N, 0, [z, y]y + m, n]
Thus,

m:N F m0=0:N

m,n:N F msnl=mn+m:N
Theorem 4.33 (Distributive Law) For m,n,p: N,
m(n—+p)=mn+mp .
Proof Let m,n:N. We prove, by induction on p,
m(n + p)=ymn +mp .

The base case, m(n + 0) = mn + m0, i.e. mn = mn, follows from = I.
Suppose m(n + p) = mn + mp. We must show m(n + s[p]) = mn + ms[p),
ie. m(n+p)+m=mn+ (mp+m).

m(n+p)+m = (mn+mp)+m (i.h.)

= mn+ (mp+m) (Associative Law)
QED
Theorem 4.34 (Associative Law) For m,n,p: N,
(mn)p = m(np)
Proof Let m,n:N. We prove, by induction on p,
(mn)p=nm(np) .
The base case, (mn)0 = m(n0), i.e. 0 = 0, follows from = TI.
Suppose (mn)p = m(np). We must show (mn)s[p] = m(ns[p]), i.e. (mn)p+
mn = m(np + n).

(mn)p+mn = m(np) +mn (i.h.)
= m(np+n) (Distributive Law)

QED

Lemma 4.35 Forn:N,
On=20 .
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Proof We prove
OnﬁNO

by induction on n.

The base case, 0 x 0 =0, i.e. 0 = 0, follows from = I.

Suppose On = 0. We must show 0s[n] = 0,i.e. On = 0. This is simply the
induction hypothesis. QED

Lemma 4.36 For m,n : N,

simln=mn+n .

Proof Let m:N. We prove, by induction on n,
sfmln=ymn +n .

The base case, sim]0 =m0+ 0, i.e. 0 = 0, follows from = I.
Suppose s[mln = mn + n. We must show s[m|s[n] = ms[n] + s[n], i.e.
s[s[m]n + m] = s[(mn + m) + n].

slsfmln+m] = s[(mn+n)+m] (i.h.)

= s[(mn+m)+n] (Associative and Distributive Laws)
QED
Theorem 4.37 (Commutative Law) For m,n : N,

mn=mnm .

Proof Let m:N. We prove, by induction on n,
mn=nnm .

The base case, m0 = Om, i.e. 0 = Om, follows from Lemma 4.35.
Suppose mn = nm. We must show ms[n] = s[n|m, i.e. mn +m = s[n|m.

mn+m = nm+m (i.h.)
= s[n]m (Lemma 4.36)

QED

Theorem 4.38 For m,n,p: N, if m < n then pm < pn.

Proof Let n =k -+ m. Then

pn = plk+m)
= pk+pm (Distributive Law)

QED

Theorem 4.39 For m,n,p: N, if m <n and p # 0 then mp < np.
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Proof Let n = s[k] + m. Let p = s[g|, using Theorem 4.3. Then, making free
use of previous results,

slklp + mp

kp+p+mp

slkp +q] +mp

np

QED
Theorem 4.40 (Cancellation Law) For m,n,p : N, if mp = np and p # 0

then m = n.

Proof By trichotomy, either m < n, m = norn < m. If m < n, then
mp < np, by the previous theorem. Similarly, if n < m, then np < mp. Either
of these would contradict the irreflexivity of <. Therefore, m = n. QED

4.5 Cardinality

This section requires very little change from Weyl’s work, but seems to be
impossible to formalise in ACA.
Throughout this section, let 7: U.

Definition 4.41 (LE) Define the set K, : Set[Set[r]] of sets with at least n
elements as follows:

Ko = Uset[r
Ky = {A:Set[r]|Ja:7.a € ANA\ {a} € K,.}
We then define “A has at least n elements” to be the proposition
Ae K, .
Lemma 4.42 (LE, LI) If A has at least n elements and A ~ B, then B has
at least n elements.
Proof We prove, by induction on n:
VA, B.A has at least n elements — A ~ B — B has at least n elements .
For n = 0, the proposition is
VA, BT —-A~B—T.

Suppose the result holds for n. Suppose A has at least s[n] elements. Then
there exists a € A such that A\ {a} has at least n elements. As A ~ B, we
have a € B and A\ {a} ~ B\ {a}. Therefore, by i.h., B\ {a} has at least n
elements. Thus, B has at least s[n] elements. QED

Lemma 4.43 (LE) For A : Set[r], A has at least s[0] elements iff

dr:rxe A .

15



Proof “A has at least s[0] elements” is the proposition
Jac AT
which is equivalent to the condition given. QED

Theorem 4.44 (LE, LI) For 7 : U and X : Set[r], if X has at least s[n]
elements, then X has at least n elements.

Proof We prove
VX Set[T]X S Ks[n] — X € Kn

by induction on n.
For n =0, let X € K,[g. We must show X € Ko; but this is the proposition
-

Now, suppose the result holds for n. Let X € K[, ,. Then there exists
x € X such that X' € K}, where

X' ={y:t|lye XAz #y} .
By the induction hypothesis, X’ € K,, and so X € K. QED

Theorem 4.45 (LE, LI) For m,n: N and X : Set[r], if m <n and X has at
least n elements, then X has at least m elements.

Proof We shall prove
X e Kk+m —- X e K,

by induction on k.

If X € Koym, then X € K, by Lemma 4.6.

Assume the result holds for k. Suppose X € Kgj4m- Then X € K jjqm
by Lemma 4.7. Therefore, by the previous theorem, X € Kgi,,. The result
follows by the induction hypothesis. QED

Theorem 4.46 (LE, LI) For A, B : Set[r] and n: N, if AC B and A has at
least n elements, then B has at least n elements.

Proof We prove

VA, B : Set[r].A C B — A has at least n elements — A has at least n elements

by induction on n.
For n = 0, the proposition is

T—T

which is a tautology.

Suppose the result holds for n. Suppose A has at least s[n] elements. Then
there exists a € A such that A\ {a} has at least n elements. Now, a € B and
A\{a} C B\ {a}. By the induction hypothesis, B\ {a} has at least n elements;
therefore, B has at least s[n] elements. QED
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Theorem 4.47 (LE) For A : Set[r], n : N and a : 7, if A has at least n
elements and a ¢ A, then AU {a} has at least s[n] members.

Proof a € AU{a} and (AU{a})\{a} = A has at least n members. QED

Lemma 4.48 (Substitution of Elements (LE, LI)) Let X : Set[r]; a,b :
7; andn : N. If X has at least n elements, a € X, andb ¢ X, then (X \{a})U{b}
has at least n elements.

Proof Let a,b: 7. We shall prove by induction on n:
VX : Set[r].X has at least n elements — a € X — b ¢ X — (X\{a})U{b} has at least n elements.
For n = 0, the proposition is
VX.T—-aeX —-bg¢g X —T

which is a tautology.
Suppose the result holds for n. Suppose X has at least s[n] elements, a € X,
and b ¢ X. Then there exists ¢ € X such that X \ {c} has at least n elements.

Case One — a = ¢ In this case, we are given that X \ {a} has at least n
elements. It follows from the previous theorem that (X \ {a}) U {b} has
at least s[n] elements.

Case Two — a # ¢ Then ¢ € X \{a}. Therefore, by the induction hypothesis,
X' = (X \{a}) \{c}) U{t}
has at least n elements. Therefore, by the previous theorem
(X \{a}) U{b} = X"U{c}
has at least s[n| elements.
QED

Theorem 4.49 (Theorem R (LE, LI)) Let X : Set[r], x : 7, n: N. If X
has at least s[n] elements and x € X, then X \ {«} has at least n elements.

Proof We are given that there exists xg € X such that Xy = X \ {x¢} has at
least n elements. If x = xq, there is nothing to prove. Otherwise, by Substitution

of Elements,
X\ {z} = (X \{zo}) \ {z}) U {zo}
has at least n elements. QED
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Definition 4.50 (Cardinal Numbers) For n : N, the cardinal number n, 7,
18
{z:N|z <n}:Set[N] .

The cardinal number oo is Uy.
For A : Set|N], the proposition “A is a cardinal number” is the proposition

ARUNV3n : N. AT : prop .
Definition 4.51 (Cut) “A: Set|N] is a cut” is the following proposition:
Vm,n:NneA>m<n>meA:prop .

Lemma 4.52 (y and Uy are cuts.

Proof The proposition “fy is a cut” is
VYm,n:N.1L ->m<n— L

which is a tautology.
Likewise, the proposition “Uy is a cut” is

Ym,n:NT—-m<n—>T
which is a tautology. QED

Theorem 4.53 For A : Set|N], if A is a cut, A # Dy, and A # Uy, then there
exists n @ N such that
A~{z:N|xz<n} .

Proof We shall show that there exists n such that n € A and s[n] ¢ A. The
result then follows, for:
r<n=>z€cA

since A is a cut, and

r€A = snjLx (A is a cut)
= z<n (Theorem 4.17)

Thus, A~ {z:N|z <n}.
So, suppose there is no n such that n € A and s[n] ¢ A; i.e. that

Vn:NneA—snled (1)

There exists x such that x € A (lest A ~ @), so 0 € A (because 0 < x by
Lemma 4.12). From this and (1), it follows by induction that

vn:NneA .
Hence, A ~ Uy, which is a contradiction. QED

Theorem 4.54 For A :Set|N], A is a cut iff A is a cardinal number.
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Proof Suppose A is a cut. By the previous theorem, either A ~ (y, A ~ Uy,
or A~ {x:N|z <n} for some n:N.
If A~ (y, then A ~ 0 (Lemma ??). If A ~ Uy, A is a cardinal number

immediately. If A~ {z: N |z <n}, then A ~ s[n] (Lemma 4.27).

Conversely, suppose A is a cardinal number, i.e. A~ UyxyVdn: N.A~7.

If A~ Uy, then Vz : N.xz € A, and it follows easily that A is a cut.

Suppose A >~ 7n. Suppose y € A and x < y. Then y < n, so z < n, and
hence z € A. Thus, A is a cut. QED

Theorem 4.55 For cuts A and B, AC B or B C A.

Proof Let A and B be cuts. Suppose A ¢ B. Then there is some m € A such
that m ¢ B. Now, let € B. Then m £ z lest m € B, so x < m (Theorem
4.18). Therefore, z € A. Thus, B C A. QED

Theorem 4.56 For m,n : N, if m <n then m C 7.

Proof This is immediate from Theorem 77. QED
Theorem 4.57 (LE,LI) For 7:U and A : Set[r],
{z : N | A has at least s[x] elements}

s a cut.

Proof If A has at least s[n] elements, and m < n, then s[m] < s[n| by Lemma
4.13, hence A has at least s[m] elements by Theorem 4.45. QED

Definition 4.58 (Cardinality (LE)) For 7:U and A : Set[r], the cardinal-
ity of A, |A|, is

{n :N| A has at least s[n] elements} : Set[N] .

Lemma 4.59 If A~ B then |A| ~ |B].

Proof By Lemma 4.42, A has at least s[n| elements iff B has at least s[n]
elements. QED

Definition 4.60 (LE) For A : Set[r] and n : N, A has exactly n elements iff
Al ~7 .

Lemma 4.61 If A ~ B and A has ezxactly n elements, then B has exactly n
elements.
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Proof By Lemma 4.59, |A| ~ |B|. Therefore, if |A| ~ 7 then |B| ~ 7.
QED

Lemma 4.62 (LE) For A : Set[r], n: N, A has exactly n elements iff

Vm : N.A has at least m elements — m <n .

Proof A has at least 0 elements trivially, and 0 < n by Lemma 4.12.
Therefore, the following conditions are equivalent:

e VYm : N.A has at least m elements < m <n
o Vz : N.A has at least s[z] elements < s[z] < n (using Theorem 4.3).
o Vz : N.A has at least s[z] elements < = < n (Lemma ?7)

and this last condition is |A| ~ 7. QED

Theorem 4.63 (LE, LI) A set A : Set[r] has exactly n elements if and only
if A has at least n elements, and A does not have at least s[n] elements.

Proof By the lemma, the proposition “A has at exactly n elements” is equiv-
alent to
Vx : N.A has at least n elements «» x <n (2)

We must show that this is equivalent to “A has at least n elements, and A does
not have at least s[n| elements”.

Suppose (2) holds. Then as n < n (Theorem ?7?), A has at least n elements.
And, as s[n] £ n (lest, by Lemma ??, n < n, which is impossible by Theorem
4.22), A does not have at least s[n] elements.

Conversely, suppose A has at least n elements, but not at least s[n]. If A
has at least x elements, then s[n] £ x by Theorem 4.45, so x < n by Lemma
?7?. Conversely, if z < n, then A has at least = elements by Theorem 4.45.
QED

Corollary 4.64 For A : Set[r], A has exactly 0 elements iff

Vex ¢ A .

Proof Every set has at least 0 elements. Therefore, by the theorem, A has
exactly 0 elements iff A does not have at least s[0] elements; which, by Lemma
4.43, is equivalent to

—Jr.x e A

which in turn is equivalent to the condition given. QED

Theorem 4.65 (LE, LI) For A : Set[r], a : 7 and n : N, if A has ezactly n
elements and a ¢ A, then AU {a} has exactly s[n| elements.
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Proof Suppose A has exactly n elements, so (by Lemma 4.62)
Vz.A has at least z elements <~z <n .
We must show that

Vz.AU {a} has at least s[z] elements < = < s[n] .

We have
AU {a} has at least s[z] elements < A has at least = elements (Theorems R and 4.47)
S z<n
&z < sn) (Lemma 4.27)
QED

Theorem 4.66 (LE, LI) For A :Set[r], a: 7 and n: N, if A has exactly s[n]
elements and a € A, then A\ {a} has exactly n elements.

Proof Suppose A has exactly s[n] elements, so

Vz.A has at least s[x] elements < z < s[n] .
By Lemma 4.62, we must show

Va.A\ {a} has at least  elements < z <n .
We have

A\ {a} has at least = elements < A has at least s[z] elements (Theorems R and 4.47)
& x < sn]
< z<n (Lemma 4.27)
QED

Theorem 4.67 (LE, LI) For A : Set[r]; a,b: 7; and n : N; if A has exactly
n elements, a € A and b ¢ A, then (A\ {a}) U {b} has exactly n elements.

Proof Suppose A has exactly n elements, so (by Lemma 4.62)
Vz.A has at least z elements < z <n .
By Lemma 4.62, we must show

Vz.(A\ {a}) U {b} has at least x elements < z <n .

We have
(A\ {a}) U {b} has at least = elements < A has at least = elements (Substitution of Elements)
S z<n
QED

Theorem 4.68 (LE, LI) For A, B : Set[r] and m,n : N, if A has exactly m
elements, B has exactly n elements, and A and B are disjoint, then AU B has
exactly m + n elements.
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Proof Let A : Set[r], m : N, and suppose A has exactly m elements. We
prove, by induction on n,

VB.B has exactly n elements — A and B are disjoint — AUB has exactly m+n elements

For the case n = 0, suppose B has exactly 0 elements. Then, by Corollary
4.64, there is no = such that x € B. It follows that A ~ AU B, and so AU B
has exactly m (that is, m + 0) elements by Lemma 4.61.

Suppose the result holds for n. Suppose B has exactly s[n] elements, and
A and B are disjoint. Then there exists b € B such that B\ {b} has exactly n
elements, and A and B\ {b} are disjoint. By i.h.,

AU (B\ {b})

has exactly m+n elements. Hence, AU B has exactly sjm+n] (that is, m+s[n])
elements by Theorem 4.65. QED

Theorem 4.69 (LE, LI) Forn:N, . has exactly n elements.

Proof We prove
7 has exactly n elements

by induction on n.

There is no x : N such that x < 0 by Lemma 4.19; hence, by Corollary 4.64,
0 has exactly 0 elements.

Suppose 7 has exactly n elements. x < s[n] iff < n (Lemma 4.27), iff
z <norz=mn (Theorem 4.25). Thus,

s[n] ~mu{n} .

By Theorem 4.65, @ U {n} has exactly s[n] elements. By Lemma ??, it follows

that s[n] has exactly s[n] elements. QED

5 Integers
Definition 5.1 (Integer) For m,n : N, the integer m — n is
{{z,y) | m + y=nn + z} : Set[N x N]
For A: Set[N x N], “A is an integer” is the proposition
élm,n:N.A:m—n .
Lemma 5.2 For m,n: N, and A : Set|[N x N], if A is an integer, then

A~m—n« (mn) €A .
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Proof Suppose A~ m —n. As (m,n) € m —n (since m +n = n+m), we
have
(m,n) € A .

Conversely, suppose (m,n) € A. We are given that there exist m’,n’ : N
such that A ~m’ —n’/, and hence m +n’ = n + m/. Therefore, for z,y : N,

r+n' =y+m

(r,y) e A <
— x+m+n':y+m+m'
= xz+n+m =y+m+m
< r+n=y+m
- (r,yyem—n
Thus, A>~m —n. QED

Theorem 5.3 For m,m’,n,n’ : N,

! / / !
m-n>~m —n <<m-+n =m +n .

Proof

m-—n~m'—-n" < (m',n')em—-n  (previous lemma)

— m' +n=n"+m
QED
Definition 5.4 (Set of Integers) Z, the set of integers, is defined to be
{A:Set|N x N] | A is an integer} : Set[Set[N x NJ] .
Definition 5.5 (Coercion of N into Z) For n : N, define n* : Set[N x N] by
n*=n-0.
Lemma 5.6 Forn:N, n* is an integer.
Lemma 5.7 For m,n:N, m =n iff m* ~n*.

Definition 5.8 (Addition of Integers) For A, B : Set|[NxN], we define A+
B to be

{(z,y) | Im,m,n,n’ : N.{m,n) € Awedge(m’,n') € Bwedgem+m'+y=yn+n'+x}
Lemma 5.9 If A~ A" and B~ B', then A+ B~ A"+ B'.

Proof Trivial. QED

Lemma 5.10 For A, B : Set|N x N], if A and B are integers then A+ B is an
integer. In fact, if A~m —mn and B ~m' —n/, then

A+B~(m+m')—(n+n') .

23

: Set[NxN] .



Proof Let (z,y) € A+ B. Then there exist a,b, ¢, d : N such that

m+b = n+a
m+d = n'+c
a+c+y = b+d+x

n+n+y+aitc
n+n +b+d+z
mA4m+y = ndn 4z

sm+m +y+b+d

Conversely, suppose m +m’ +y = n+ n’ + x. Then, as (m,n) € A and
(m/,n') € B, we have
(z,y) e A+ B .

QED
Lemma 5.11 For m,n: N, m* +n* ~ (m +n)*.

Theorem 5.12 (Associative Law) For A, B,C : Set|[N x N]|, if A, B and C
are integers, then
A+(B+C)~(A+B)+C .

Proof Let A~m—n, B~p—gq, and C ~ r —s. By the previous lemma, we
must show that

(m+@+r)—(+(g+s) ~((m+p +r)—(n+q+s) .
By Theorem 5.3, we must show
(m+@+r)+((n+q)+s)=(m+p +r)+n+(+s) .
This follows from the Associative Law for addition of natural numbers. QED

Theorem 5.13 (Commutative Law) For A, B : Set|[N x N, if A and B are
integers, then
A+B~B+A.

Proof Let A~m —mn, B~ p—q. By Lemma 5.10, we must show that
(m+p) = (n+qg)~@+m)—(qg+n) .

By Theorem 5.3, we must show
(m+p)+(g+n)={+m)+(n+q) .

This follows from the Associative and Commutative Laws for addition of natural
numbers. QED
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Theorem 5.14 For A : Set|N x N], if A is an integer then
A+0"~A .
Definition 5.15 For A : Set|N x NJ, define —A to be
{{m,n) | (n,m) € A} : Set[N x N] .
Lemma 5.16 For A : Set[N x NJ, if A is an integer then —A is an integer.
Lemma 5.17 For A, A’ : Set[N x N|, if A~ A’ then —A~ —A'.
Theorem 5.18 For A : Set|N x NJ, if A is an integer then
A+ (—A)~0" .

Definition 5.19 (Multiplication of Integers) For A, B : Set[Nx N], define
AB : Set[N x N] to be

{{m,n) | Ip,q,7,8 : N(p,q) € AN{(r,s) € BAm =pr+qsAn=ps+qr}

Lemma 5.20 For A, B : Set|N x N|, if A and B are integers then AB is an
integer. In fact, if A~m—n and B ~p—gq, then AB ~ (mp+nq) — (mq+np).

Lemma 5.21 For AA',B,B" : Set[N x N|, if A ~ A’ and B ~ B’ then
AB ~ A'B'.

Lemma 5.22 For m,n: N, m*n* ~ (mn)*.
Theorem 5.23 For A, B,C : Set[N x N], if A, B and C are integers, then
A(BC) ~ (AB)C .
Theorem 5.24 For A, B : Set[N x N], if A and B are integers, then
AB ~ BA .
Theorem 5.25 For A : Set|N x N], if A is an integer, then
A"~ A .

Definition 5.26 (Ordering on Integers) For A, B : Set[N], “A < B” is the
proposition

Im,m/,n,n’ : N.(m,n) € AN(m/,n'y € NAm+n' <m' +n .
“A < B” is the proposition

Im,m/,n,n’ : N.(m,n) € AA(m/,n') e NAm+n' <m' +n .
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Lemma 5.27 For A, A’, B, B’ : Set[NxN], if A~ A’ and B ~ B’, then A < B
iff A’ < B

Lemma 5.28 For m,n : N, m* <n* iff m <n.

Theorem 5.29 For A,B,C : Set[N x N], if A, B and C are integers, A < B
and B < C then A < C.

Theorem 5.30 For A, B : Set|N x N|, if A and B are inlegers then exactly
one of
A<B,A~B,B< A

holds.

Theorem 5.31 For A, B,C : Set[N?], if A, B and C are integers and A < B
then
A+C<B+C .

Theorem 5.32 For A, B,C : Set|N?], if A, B and C are integers, A < B and
0* < C then
AC < BC .

Definition 5.33 (Domain of integers) For M : Set|N x N], the proposition
“M is a domain of integers” is the proposition

vm,m',n,n :N(m,n) e M - m+n"=n+m' — (m',n') e M .
For A, M : Set|N x NJ], “A belongs to M7 is the proposition
Im,n :N(m,n) € AN (m,n) e M .

Lemma 5.34 For M, M’ : Set]N x N, if M ~ M’', then M is a domain of
integers iff M' is a domain of integers.

Lemma 5.35 For A, A", M, M’ : Set|N x N|, if A~ A" and M ~ M’, then A
belongs to M iff A’ belongs to M'.

Lemma 5.36 For M,N : Set|N x N], if M and N are domains of integers,
then M ~ N if and only if, for every integer A, A belongs to M iff A belongs
to N.

Definition 5.37 (Binary Domain of Integers) For M : Set[N*], the propo-
sition "M is a binary domain of integers” is the proposition

Vm,m',n,n',p,p',q,q' : N(m,n,p,q) € M — m+n" = m/+n — p+¢' = p'+q —

For A, B : Set[N?] and M : Set[N*], the proposition "(A, B) is in M ” is the
proposition

Im,n,p,q:N(m,n) € AN(p,q) € BA(m,n,p,q) € M .
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Lemma 5.38 For M, M’ : Set[N*], if M ~ M’, then M is a binary domain of
integers iff M’ is a binary domain of integers.

Lemma 5.39 For A, A", B,B’ : Set|N?] and M,M' : Set[N%], if A ~ A’,
B~ B’ and M ~ M’, then (A, B) is in M if and only if (A’, B') is in M’.

Lemma 5.40 For M, M’ : Set[N*], if M and M’ are binary domains of inte-
gers, then M ~ M’ if and only if, for any integers A and B, (A, B) is in M iff
(A,B) isin M'.
6 Rationals
Definition 6.1 For A, B : Set|N x N|, we define % to be

{{m,n,p,q) | A(p —q) ~ B(m —n)} : Set[N x N x N x N} .
Lemma 6.2 For A, A’, B, B’ : Set|N?], if A~ A’ and B ~ B’ then % ~ %i.

Lemma 6.3 For A, A’, B, B’ : Set[N?], if A, A’, B and B’ are integers, then

A A
E ~ ﬁ — AB/ ~ A/B .
Lemma 6.4 For integers A, B : Set[N?], % is a binary domain of integers,

and, for integers C, D, (C, D) is in % iff AD ~ BC.

Definition 6.5 (Rational) For Q : Set[N%], “Q is a rational” is the proposi-
tion
m-—n
Im,n,p,q: Np#qgNQ =~ P

Lemma 6.6 For Q,Q’ : Set[N%], if Q ~ Q', then Q is a rational iff Q' is a
rational.

Lemma 6.7 Every rational is a binary domain of integers.
Definition 6.8 (Set of Rationals) Q is
{Q : Set[N] | Q is a rational} : Set[Set[N*]] .
Definition 6.9 (Coercion from Z into Q) For A : Set[N?], define AT to be

A
T

Lemma 6.10 For A, A’ : Set[N?], if A~ A’ then AT ~ A’

Lemma 6.11 For A : Set[N?], if A is an integer then Al is a rational.
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Definition 6.12 (Addition of Rationals) For A, B : Set[N*], define A+ B
to be

{<m7n7p7 Q> | p 7& q/\Ela7b7 c, dvxvyvsz N ‘ <a7b» C, d> € A/\(:v,y7z,w> S B/\(m—n)(c—d)(z—w) =~ (a‘_b)(p

Lemma 6.13 For A, A', B, B' : Set[N*], if A~ A’ and B ~ B’ then A+ B ~
A"+ B'.

Lemma 6.14 For A, B : Set|N%|, if A and B are rationals then A + B is a
rational.

Lemma 6.15 For A,B,C,D : Set|N?], if A, B, C and D are integers and
B £ 0% % D then
A N c - AD + BC .
B D BD
Lemma 6.16 For A, B : Set[N?], if A and B are integers then
(A+B)f ~ AT+ Bt |
Theorem 6.17 For A, B : Set[N], if A and B are rationals then
A+B~B+A.
Theorem 6.18 For A, B,C : Set[N%], if A, B and C are rationals then
A+(B+C)~(A+B)+C .
Theorem 6.19 For A : Set[N*], if A is a rational then
A+0 T~ 4 .
Definition 6.20 For A : Set[N*], we define —A to be
{{m,n,p,q) | (n,m,p,q) € A} : Set[N*] .
Lemma 6.21 For A, A" : Set[N%], if A~ A’ then —A~ —A'.
Lemma 6.22 For Q : Set[N*], if Q is a rational then —Q is a rational.

Lemma 6.23 For A, B : Set|N?], if A and B are integers and B # 0, then
A -A

"B B
Lemma 6.24 For A : Set[N?|, if A is an integer then
—(AD) = (=) .
Theorem 6.25 For Q : Set[N*], if Q is a rational then

Q+(-Q)~0T .
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Definition 6.26 (Multiplication of Rationals) For A, B : Set[N%], we de-
fine AB : Set[N] to be

{<m7n7p7 Q> | p 7é q/\aaab7 c, d>$7y727w : N.<(l,b7 c, d> € A/\(m,y7z,w> S B/\(m—n)(c—d)(z—w) =~ (p_q)(a_

Lemma 6.27 For A, A, B,B’ : Set|N%|, if A ~ A’ and B ~ B’ then AB ~
A'B'.

Lemma 6.28 For A, B : Set[N?*], if A and B are rationals then AB is a ratio-
nal.

Lemma 6.29 For A,B,C,D : Set|N?], if A, B, C and D are integers and
B #£0* %2 D then

Ac  AC

BD  BD
Lemma 6.30 For A, B : Set|N?|, if A and B are integers then

(AB)" ~ ATBT .

Theorem 6.31 For A, B : Set[N*], if A and B are rationals then

AB ~ BA .
Theorem 6.32 For A, B,C : Set|N*], if A, B and C are rationals then

A(BC) ~ (AB)C .

Theorem 6.33 For A : Set[N*], if A is a rational then

AT~ A .
Definition 6.34 (Reciprocal) For Q : Set[N?*], we define Q! to be

{(m,n,p,q) | (p,q;m,n) € Q} .

Lemma 6.35 For Q,Q’ : Set|NY], if Q ~ Q' then Q! ~ Q' 1.
Lemma 6.36 For Q : Set[N%], if Q is a rational then Q= is a rational.

Lemma 6.37 For A, B : Set[N?], if A and B are integers and A # 0* # B,

then
(é)*l ~ B
B T A

Theorem 6.38 For Q : Set[N*], if Q is a rational and Q % 0*T, then
QR L~ 1rt .

Definition 6.39 (Ordering on the Rationals) For Q,Q’ : Set[N*], the propo-
sition Q < Q' is the proposition

Elav bv ¢, d» m,n,p,q: N'<a7 bv ¢, d> € Q/\<m7 n,p, q> € QI/\d <eNg < p/\(a_b)(p_q) < (C_d)(m_n) .
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Lemma 6.40 For Q,Q',R, R’ : Set[N*], if Q ~ Q" and R ~ R', then Q < R
iff Q < R.

Theorem 6.41 For Q, R, S : Set[N*], if @, R and S are rationals, Q < R and
R < S then @ < S.

Theorem 6.42 For Q, R : Set[N*], if Q and R are rationals, then exactly one
of
Q<R Q~R,R<Q

holds.
Theorem 6.43 For Q, R, S : Set[N*], if Q, R and S are rationals and Q < R,

then
Q+S<R+S .

Theorem 6.44 For Q, R, S : Set[N*], if Q, R and S are rationals, Q < R and
0*t < S, then
QS < RS .

Definition 6.45 (Domain of Rationals) For M : Set[N*], "M is a domain
of rationals” is the proposition

m-n m —n
~

Vm,m',n,n’',p,p',q,¢ :Np#q—p' #¢ — (m,n,p,q) € M — P

For A, M : Set|N%], A belongs to M ” is the proposition
Im,n,p,q: N.(m,n,p,q) € AN {m,n,p,q) € M .

Lemma 6.46 For M, M’ : Set[N*], if M ~ M’ then M is a domain of rationals
iff M' is a domain of rationals.

Lemma 6.47 For A, A', M, M’ : Set[N*], if A ~ A’ and M ~ M’', then A
belongs to M if and only if A’ belongs to M'.

Lemma 6.48 Form,n,p,q: N and M : Set[N*], if M is a domain of rationals,

then =2 belongs to M iff (m,n,p,q) € M.

Definition 6.49 For M, M’ : Set[N*], the proposition M ~ M (M and M’
are equal as domains of rationals) is the proposition

Vm,n,p,q:N.p#q— ((m,n,p,q) € M < (m,n,p,q) € M') .
Lemma 6.50 If M, N and P are domains of rationals:
1. M~M
2. M~N—->N=M
S M~N-—->N=x=P—->M=~P
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7 Real Numbers
Definition 7.1 (Cut) For M : Set[N%], "M is a cut” is the proposition

-} _
M is a domain of rationalsAVa,b,c,d,m,n,p,q:N.c#d—p+#q— Ld < m-n
¢ — pP—q

- <m7n7p7q> S M_

Lemma 7.2 For M, M’ : Set[N*], if M ~ M’ then M is a cut iff M’ is a cut.

Lemma 7.3 For M : Set[N*], if M is a domain of rationals, then M is a cut
iff, for all rationals Q, R, if Q < R and R belongs to M then Q belongs to M.

Definition 7.4 (Open Cut) For M : Set[N*], “M is an open cut” is the
proposition

—-b
M is a cutA\Va,b,c,d: N.c £ d — {a,b,c,d) EMHHm,n,p,q:N.p#qui—d < TZﬁ:Mm,n,p,q) eM

Lemma 7.5 For M, M’ : Set[N*], if M ~ M’, then M is an open cut iff M’
18 an open cut.

Lemma 7.6 For M : Set[N*], if M is a domain of rationals, then M is an
open cut iff M is a cut and, for every rational @ that belongs to M, there is a
rational R that belongs to M such that Q < R.

Definition 7.7 (Real Number) For R : Set[N?], the proposition “R is a real
number” is the proposition

R is an open cutA(Im,n,p,q: N.p # gA(m,n,p,q) € R)AIm,n,p,q : N.p # gA{m,n,p,q) ¢ R .

Lemma 7.8 For R : Set[N*], if R is a domain of rationals, then R is a real
number iff R is an open cut, there exists a rational QQ such that Q) is a member
of R, and there exists a rational QQ such that Q is not a member of R.

Lemma 7.9 For R, R’ : Set|N*] domains of rationals, if R ~ R’ then R is a
real number iff R' is a real number.

Definition 7.10 (Set of Real Numbers) The set of real numbers R is
{R : Set[N] | R is a real number} : Set[Set[N]] .
Definition 7.11 (Coercion from Q to R) For Q : Set[N*], define Q* to be

m—n a

{{m,n,p,q) | p # qA\3a,b,c,d : N.c # d\{(a,b,c,d) € QA < _Z} : Set[N?] .

Lemma 7.12 For Q,Q’ : Set[N%], if Q ~ Q' then Q* =~ Q'F.

Lemma 7.13 For Q : Set[N*], if Q is a rational then Q* is a real number.
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7.1 Addition

Definition 7.14 (Addition of Real Numbers) For R,S : Set[N%], define
R®S to be
m—n a-—b

{{m,n,p,q) | p # gA\Ta,b,c,d,z,y, z,w : N.c # dAz # wA(a,b,c,d) € RA(z,y, z,w) € S/\p—q > ——

Lemma 7.15 For R, S : Set[N%], if R and S are real numbers then R® S is a
real number.

Lemma 7.16 For R, R',S,S" : Set[N*] real numbers, if R ~ R and S ~ S’
then RS ~R &5’

Lemma 7.17 For Q, R : Set|NY], if Q and R are rationals then
(Q+ R} ~Q'a R} .
Theorem 7.18 For R, S : Set[N*], if R and S are real numbers, then
ReS~S®R .
Theorem 7.19 For R, S,T : Set|N*], if R, S and T are real numbers, then
Re(SeT)~(ReS)aT .
Theorem 7.20 For R : Set|N'], if R is a real number then
Re0T~R .
Definition 7.21 For R : Set[N%], we define ©R to be

a—b m-n _ 4
c—d < m/\(a,b,c,cﬁ ¢R}Set[N] .

{{m,n,p,q) | p # g/\Ja,b,c,d : N.c # dA

In Weyl, this is just ” This form of addition admits a unique inverse operation,
i.e., subtraction.”

Lemma 7.22 For R : Set|N*], if R is a real number then ©R is a real number.
Lemma 7.23 For R, R : Set[N*] real numbers, if R ~ R’ then OR ~ OR'.
Theorem 7.24 For R: Set[N%], if R is a real number then

R® (6R) =~ 0*1F |
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7.2 Ordering

Definition 7.25 (Ordering on Reals) For R,S : Set|N%|, the proposition
R < S is the proposition
RCSAR#S .

Lemma 7.26 For R,R',S,S" : Set[N*] real numbers, if R ~ R and S ~ S’
then R< S iff Rf <« 5.

Theorem 7.27 For R,S,T : Set|N*], if R, S and T are real numbers, R < S
and S < T, then R T.

Theorem 7.28 For R, S : Set[N*], if R and S are real numbers, then exactly
one of
R< S R~SS<R

holds.

Definition 7.29 (Positive) For R : Set[N%], the proposition "R is positive”
s the proposition
"< R .

For R : Set[N%], the proposition "R is negative” is the proposition
R<0*TF .
Lemma 7.30 For R, R’ : Set|N*] real numbers, if R ~ R’, then R is positive
iff R’ is positive, and R is negative iff R’ is negative.
7.3 Open Remainders

Definition 7.31 (Open Remainder) For M : Set|N%], the proposition "M
is an open remainder” is the proposition

a—b m-—-n

M is a domain of rationalsA\(Va,b, c,d,m,n,p,q : N.(a,b,c,d) € M —

c—d p—gq

Definition 7.32 (Complement) For M : Set[N*], the upper complement
MF¢ is defined to be

Qb MM b d) ¢ MY : Seb[NY] |

{<manap7Q>|Ea”b7c’d:N'C,d p—q

The lower complement M, is defined to be
m—n _a—>b
M} 4 .

P <C_d/\<a,b,c,d>§é } : Set[N?]

Lemma 7.33 1. If M is an open cut, then M€ is an open remainder.

{(m,n,p, q> | Ea,b, C,d . N.

2. If M is an open remainder, then M, is an open cut.
3. If M is an open cut, then (M°). = M.
4. If M is an open remainder, then (M.)¢ =~ M.
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7.4 Multiplication

Definition 7.34 (Multiplication of a Real by a Positive Rational) ForQ, R :
Set[N*], define Q - R to be

- b
{{m,n,p,q) | p # qA\3Ja,b,c,d : N.c # dA\{a,b,c,d) € RA T o Qa d} : Set[N?] .
p—q c—

Lemma 7.35 IfQ ~ Q' and R~ R’ then Q- R~Q'-R'.

Lemma 7.36 If Q is a rational, R a real number, and 0*1 < Q, then Q - R is
a real number.

Lemma 7.37 If Q and Q' are rationals and 0*T < Q, then Q - Q"F ~ (QQ")*.

Definition 7.38 (Multiplication of a Real by a Rational) ForQ, R : Set[N*],
define @Q X R to be

{(m,n,p.q) | (Q=~0"TA(m,n,p,q) €0
\/(O*T < Q A <m,n,p7 q> € Q : R)
V(Q < 0*T A (m,n,p,q) € 5(—Q - R))} : Set[N?] .

Lemma 7.39 IfQ ~ Q' and R~ R’ then Q x R~ Q' x R’.

Lemma 7.40 If Q is a rational and R a real number, then Q X R is a real
number.

Definition 7.41 (Multiplication of Reals) For R, S : Set[N%], define R® S
to be

{(m,n,p, q> | (S = O*Ti A <ma n,p, Q> € O*Ti)

—-b
V(0" < S A3Ja,b,e,d:N.c#dA(a,bc,d) € RA (m,n,p,q) € h@S)
, —b
V(S < 01 Ada,bye,d: Nue £ d A (a, b, c,d) € RE A (m,n,p,q) € a—d@S)}:set[N‘*] .
P

Lemma 7.42 If R and S are real numbers, then R® S is a real number.

Lemma 7.43 If R, R', S and S’ are real numbers, R ~ R’ and S ~ S’, then
ReS~=R ®JS.

Definition 7.44 (Reciprocal) For R : Set[N%], define R’ to be

{{m,n,p,q) | p#Fan

(01 <« RA 2T

OR< 1)y

2T oR)y .

(R< 0T AT «
pP—q
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7.5 Miscellany

Definition 7.45 (Natural Number Exponentiation (LE)) For R : Set[N|
and n : N, we define R™ to be

Exn|[z]Set[N%], 1*T¥, [n, X]R @ X, n]
Thus
R = 1*f%
R = ReR"
Definition 7.46 (Algebraic Numbers (LE)) For n : N and R : Set[N?],
define the proposition "R is algebraic of degree at most n” to be

(R, 1*1%) € Ex|[z]Set[Set[N*]?], {(A, B) | A is a real numberAB ~ 0*™}, [m, X]{(A, B) | 3a,b,¢,d : N.(A, 4

For R : Set|N*], define "R is algebraic” to be
dn : N.R is algebraic of degree at mostn .
Explanation: Let us write A™(L) for

a—bt

En|[[z]Set[Set[N*]?], L, [m, X]{(A, B) | 3a,b,c,d : 1\1.<A,A®Bem ye X} .
We have thus defined ” R is algebraic of degree at most n” to be
(R,1) € A™(R x {0}) .
We have
ALy = L
A"HL) = {(A,B)| (B¢ € QA AB —q) € A"(L)}
and hence that
AML) = {{A,B)|3a1,...,an € Q)(A, A"B — a1 A" ' —au A" ? — ... —a,) € L}

L A"R x {0}) = {(A,B)| Ais areal number A (Jai,...,a, € QQA"B — a1 A" —ap A" —

SR 1) € A"(R x {0}) « Ais areal number A (3ay,...,a, € QA" —a1 4, 1 —a A" 2~ —a, =

8 Complex Numbers

Weyl defines complex numbers as sets of octuples of natural numbers: roughly,
a complex number is a set of the form A x B, where A and B are real numbers.
(x here denotes Cartesian product, not the preliminary form of multiplication
defined above.) As we have product types in our system, we can simply define:

Definition 8.1 (Complex Number) For Z : Set|N*]2, the proposition ”Z is
a complex number” is the proposition

m1(Z) is a real number A mo(Z) is a real number .
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9 Sequences and the Convergence Principle

Definition 9.1 (Positive and Negative Infinity) We define 400 to be

{{m,n,p,q) | p # q}

and —oo to be

O .

Lemma 9.2 For M : Set[N*] a domain of rationals, M is an open cut iff M
is either a real number, +00 or —oo.

Definition 9.3 (Limit Inferior) For t[n] a term of type Set[N*] involving a
free variable n : N, the limit inferior liminf, _ . ¢[n] is defined to be

m—-n a—>b

{{m,n,p,q) | p # qA\Ja,b,c,d, k : N.c £ dA < jAVl Nk <l — (a,b,ed) et]l]} .

Lemma 9.4 If
Vn : N.t[n] is a real number

then liminf,_, o t[n] is an open cut.

Definition 9.5 (Convergent sequence) For f : N — Set|[N%], the proposi-
tion ”f is a convergent sequence of real numbers” is the proposition

(Vn : N.f[n] is a real number)A\

a — a

b —-b —
d—>§|n:N.Vp,q:N.n<p—>n<q—>—a—d belongs to f[p] © flg] A —
c— c—

Va,b,c,d:N.c#d— 0T <

Definition 9.6 (Convergence) For f : N — Set[N*] and C : Set[N%], the
proposition ”f is a sequence of real numbers that converges to C” is the propo-
sition

(Vn : N.f[n] is a real number) A C' is a real numberA

-b —b -b
Va,b,c,d: N.c #d — 0" < a—daﬂn:N.Vp:N.n<p—>—a—d belongs to f[p]@C/\a—d does not |
c— c— c—

Theorem 9.7 (Cauchy’s Convergence Principle) For f : N — Set[N*], f
is a convergent sequence of real numbers if and only if there exists C' : Set[N4]
such that f is a sequence of real numbers that converges to C'.

The C required in this theorem is liminf,, .. f(n).

Theorem 9.8 ”Ezactly one number belongs to the intersection of a sequence
of nested intervals whose lengths pass below every positive number.”
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For f,g: N — Set[N*], if

Vn : N.f(n) is a real number,
Vn : N.g(n) is a real number,
Vn:N.f(n) < f(s[n]),
v N.g(sln]) < g(n),
a—>bt

Yn :N.f(n) < g(n),Va,b,c,d:N.c #2d — In:N.g(n)© f(n) < p—

then there exists a unique C : Set[N*] such that C is a real number and
Vn:N.f(n) < C < g(n) .

Theorem 9.9 ”Given a monotone increasing sequence of real numbers whose
members remain below a definite bound, there is a number to which the sequence

converges.”
For f : N — Set[N*] and U : Set[N4], if

Vn : N.f(n) is a real number,

U is a real number,
vn : N.f(n) < f(s[n]),
Vn:N.f(n) < U

then there exists L : Set[N*] such that L is a real number and f is a sequence
of real numbers that converges to L.

Theorem 9.10 (Dedekind’s Cut Principle) If A and B are two domains
of rationals such that every rational that belongs to A is smaller than every one
belonging to B, and if, for every positive rational a, there exists a rational x
belonging to A and a rational y belonging to B such that y — x < a, then there
exists a unique real number C such that

(VQ belonging to A)—~(C < Q%)

and

(VQ belonging to B)~(Q* < C) .

Classically, the principle holds for sets of real numbers:
"For A, B : Set[Set[N]], if

VX,Y : Set[N*].X is a real number — Y is a real number - X € A =Y € B - X <Y

and if

—b
Va,b,c,d:N.c#d— 0T < g—id — 3X,Y : Set[N*].X is a real numberAX € AAY is a real numberAY €
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then there exists a unique real number C' such that
VX : Set[N*].X is a real number — X € A — —(C < X)

and
VY : Set[N*].Y is a real number - Y € B — ~(Y < O) .V

However (Weyl claims) this cannot be proven predicatively.

Theorem 9.11 ”FEvery bounded set of rationals has a unique least upper bound
and a unique greatest lower bound.”

For A a domain of rationals and Q, Q' rationals, if Q' < R < Q for every
rational R that belongs to A, then there exists unique real numbers S, I such
that

YQ belonging to A.(Q* < SV Q= 9)
YQ belonging to A.(I < Q* Vv I ~ Q%)

and, for any real numbers U, L:

o If
YQ belonging to A.(Q* < UV Q= U)

then S < U or S~ U.

o If
YQ belonging to A.(I < Q* Vv I~ Q%)

then L < I or L =~ 1.

Classically, this result holds for bounded sets of real numbers:

”Every bounded set of real numbers has a unique least upper bound and a
unique greatest lower bound.”

However, this result is not provable predicatively.

Theorem 9.12 ”FEvery bounded infinite set of rational numbers has an accu-
mulation point.”
For M a domain of rationals and Q, Q' rationals, if

VR belonging to M.Q < M < Q'
and, for every f : N — Set[N], if
Vn : N.f(n) is a rational belonging to M

then
Im,n:Nm#nA f(m) ~ f(n) ,

then there exists a unique real number C such that

Y rationals €.0*T < € — (3R belonging to M).C & f <« R* < C @ € .
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Classically, the result holds for sets of real numbers:
”Every bounded infinite set of real numbers has an accumulation point.”
However, this result cannot be proven predicatively.

Definition 9.13 (The Unit Interval) For X : Set[N?], the proposition "X
18 in the unit interval” is the proposition

X is a real number A (07 < X VO~ X)A (X < 1TV 1T~ X))

Theorem 9.14 (Heine-Borel Theorem) ”Consider a sequence of intervals
A,,. Let every real number in the unit interval 0 < x < 1 lie in the interior of
one of the intervals of this sequence. Then there is a natural number n such
that every one of these real numbers already lies in the interior of one of the
finitely many intervals Ay, Do, ..., A7

Let f,g: N — Set[N*]. Suppose

Vn : N.f(n) is a real number
V¥n : N.g(n) is a real number
Vn :N.f(n) < g(n)VX : Set[N*].X is in the unit interval — In : N.f(n) < X < g(n)

Then there exists n : N such that

VX : Set[N*].X is in the unit interval — 3k : Nk < n A f(k) < X < g(k)

Proof Suppose the conclusion were false. Let R be the domain of rationals
such that

le R (V' <" <0 TvIn:N.f(n) <"t < g(n))

(This can be written out formally as a term in Set[N*]. Then R is an open cut
to which all negative rational numbers, but not 1*, belong. Therefore, R is a
real number in the unit interval. Hence, by hypothesis, there exists n such that
f(n) < R < g(n). From this, a contradiction can be generated. QED

Classically, the Heine-Borel Theorem holds in the following form:

"Let A be a set of intervals such that every real number of the unit interval
belongs to the interior of some member of A. Then there exist finitely many
members Ajp,..., A, € A such that every real number in the unit interval
belongs to the interior of one of Ay, ..., A,.”

However, this cannot be proven predicatively.

9.1 Inifinite Series

Definition 9.15 (Sequence of Partial Sums (LE)) Lett[i] be a term of type
Set[N*] involving a free variable i : N. For n: N, we define Y i, t[i] to be

En[[z]Set[N*], £[0], [n, X]X & t[s[n]]] : Set[N] .
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Definition 9.16 For t[i] a term of type Set[N*] involving a free variable i : N,
define 32 t[i] to be

lim inf > #[i] .
=0

10 Continuous Functions

Definition 10.1 For X,Q : Set[N?*], the proposition | X| < Q is defined to be

X is a real numberN\Q is a rational\Q does not belong to XA\Vm,n,p,q: N.p #q— m-n <Q — {m,n,
Definition 10.2 (Real Function) For f : Set[N*] — Set[N%], the large propo-
sition ”f is a real function” is defined to be

VX : Set[N*].X is a real number — f(X) is a real number .

Definition 10.3 (Continuous) For f : Set[N*] — Set[N*], and A : Set[N*],
the large proposition ”f is a function on the unit interval continuous at A” is
defined to be

For every positive rational Q, there exists a positive rational R such
that, whenever X s in the unit interval and | X & A| < R, then

f(X)e fAl<e.

For f: Set|N*], the large proposition ”f is continuous on the unit interval”
18 defined to be

For every real A, if A is in the unit interval then f is continuous at

A.

For f : Set[N?], the large proposition ”f is uniformly continuous on the unit
interval” is defined to be

For every positive rational Q, there exists a positive rational R such
that, whenever X and Y are in the unit interval and | X © Y| < R,
then

f(X)efy)<a .

Theorem 10.4 (Intermediate Value Theorem) Let f : Set[N*] — Set[N%]
and A, B,V : Set|N*]. Suppose f is continuous on the unit interval, A, B and
V' are real numbers,

0" <« A, B < 1*1%

and
f(A) <V < f(B)

Then there exists a real number C' such that A << C < B and f(C) = V.
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Proof Let C be the domain of rationals such that L belongs to C' if and only
if

There exists a rational L’ such that L < L’ and f(L'*) < V.

Then C' is a real number and in the unit interval. From the fact that f is
continuous at C, we can rule out the possibilities f(C) < V and V < f(C);
hence f(C) = V. QED

This theorem can be extended to functions of more than one argument.

Theorem 10.5 "A continuous function on a closed interval is bounded, and
attains its bounds.”

Let f : Set[N*] — Set[N*]. If f is continuous on the unit interval, then
there exist real numbers A and B in the unit interval such that, for all X in the
unit interval,

(f(A) < f(X) vV f(A) = (X)) A (FX) < F(B)A F(X) = f(B)) -

Proof Define M, the least upper bound of the range of f, to be the domain of
rationals to which m belongs if and only if there exists a rational [ in the unit
interval such that m < f(I*).

For X : Set[N%], let M(X) be the domain of rationals to which m belongs
if and only if there exists a non-negative rational [ that belongs to X such that
m < f(I*). Then, for X € (0,1], M(X) is the least upper bound of f[(0,1]].

There are two cases:

Case One For every positive rational [ < 1*T, we have
M}~ M
In this case, we may take B to be 0*f%.

Case Two There exists a positive rational ! < 1*t such that
M}~ M

In this case, define B to be the domain of rationals to which [ belongs iff
there exists a rational I’ such that [ < I’ <1 and M(I*) < M. Then B is
a real number.

In either case, from the continuity of f at B, it cannot be that f(B) < M, so
it must be that f(B) ~ M. This also shows that M is a real number (and not
+00).

A can be found similarly. QED

Theorem 10.6 For f : Set|N%] — Set[N%], if f is continuous on the unit
interval, then f is uniformly continuous on the unit interval.
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Proof See Weyl, pp. 83-85. No details need changing. QED
Weyl also mentions the following:

e The Fundamental Theorem of Algebra can be proven predicatively.

e We cannot prove predicatively that every injective function has an inverse.
However, it still holds that every continuous, monotone function f has an
inverse. The value of f~1(Y) is defined to be the domain of rationals ¢
such that

q<0V(g<1Af(q)<Y)

(This is the case where f is a function on the unit interval.)
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