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Abstract In this paper, some lattice-theoretical properties of the lattice [V + ∩ PV , V +∩
PV ] are studied. It is proved that V + ∩ PV is the join of V and V + ∩ PV and
W ∩ (V ∨V + ∩ PV ) = (W ∩V )∨ (W ∩ V + ∩ PV ) for all varieties W , V of completely
regular semigroups. In particular, some conditions for the equation V + ∩ PV = V to
be true are obtained.
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� S 	�
�SM� [uα = vα, α ∈ A]: Z
� uα = vα (α ∈ A) jO	�	jf����

 S ∈ CR, ai ∈ S (i = 1, 2, · · · , n). 〈a1, a2, · · · , an〉 )'Z a1, a2, · · · , an (�	�	jf

y��� u0 )' uu−1 = u−1u.
e�	jf���	Mcs (X [1–4]), b*Y+� L(CR) )	�y ( ), ( ), ( )+, P :

V = {S ∈ CR : S/τ ∈ V ∨ SL}, V = ∩
W=V

W,

V + = {S ∈ CR : S/µ ∈ V }, PV = {S ∈ CR : eSe ∈ V, ∀ e ∈ E(S)}
� L )	�y x → x∗ ��) (�) ,�y��G x ≤ y ⇒ x∗ ≤ y∗, x ≤ x∗(x ≥ x∗), (x∗)∗ =
x∗(x, y ∈ L).

�y ( ) �� L(CR) 	),�y [1, �q 1]; T*l- ( ) � L(CR) 	�,�y�+.,
U V ∈ L(CR), 
 (V ) = V , (V ) = V ; ( )+ � L(CR) 	),�y [2, �q 3.2]; P � L(CR) 	
),�y [3, -. 4.1].

//ZY+�0	U�Xq�

12 1 [1, Xq 4] 0 W ∈ L(CR), f SL ⊆ W 1+a1 W �⊆ CS.
Y�	�VT1jO�T*l-

12 2 0 V1, V2 ∈ L(CR), f V1 ∨ V2 = {S: 2e S1 ∈ V1, S2 ∈ V2, S1 × S2 	Q��	j

fy�� R LQ�z�2 ϕ : R → S}.
12 3 0 V ∈ L(CR). 
 S ∈ CS, + S ∈ V ∨ SL, f S ∈ V .
34 1 SL ⊆ V 3�3y45�1 SL �⊆ V 3�ZXq 1 n V ⊆ CS. dZXq 2 n�2

e Y ∈ SL, T ∈ V , Y ×T 	Q��	jfy�� R, LQ�z�2 ϕ : R → S. Y ×T 
�	�

�m {α}×T , . α ∈ Y . iO R = (Z;Rα), 1s Z � Y 	y���Rα � {α}×T 	�	�y

���W4 Rα ∈ V . 0 a1, a2, · · · , an ∈ S, x bi ∈ R, ai = biϕ, ei = (bib1b2 · · · bnbi)0, ci = eibiei

(i = 1, 2, · · · , n). 52e α ∈ Z, 6 ci ∈ Rα (i = 1, 2, · · · , n). W4
 〈c1, c2, · · · , cn〉 ⊆ Rα ∈ V , �
S 〈c1, c2, · · · , cn〉 ∈ V . 7W� eiϕ = (aia1a2 · · · anai)0 = a0

i ,W4 ciϕ = (eibiei)ϕ = a0
i aia

0
i = ai,

�S 〈a1, a2, · · · , an〉 = 〈c1, c2, · · · , cn〉ϕ ∈ V .
)0l-v S 	6Q�
8(�	�	jfy��9* V , W4 S ∈ V .
12 4 [4, �q 18] L(CR) �:��
12 5 0 W,V ∈ L(CR), f

W ∩ (V ∨ SL) =




W ∩ V, SL ⊆ V,

W ∩ V, SL �⊆ V, SL �⊆ W,

(W ∩ V ) ∨ SL, SL �⊆ V, SL ⊆ W.

34 1 SL ⊆ V 3�3y45�t�1 SL �⊆ V , SL �⊆ W 3�ZXq 1 n V,W ⊆ CS.
45
 W ∩ V ⊆ W ∩ (V ∨ SL). 7Hl�
 S ∈ W ∩ (V ∨ SL), fZXq 3 n S ∈ W ∩ V , W
43y�t�1 SL �⊆ V , SL ⊆ W 3�ZXq 4 n3y�t�

12 6 [2, �q 3.9] 0 V = [uα = vα, α ∈ A], f V + =
[
u0

α = v0
α, (xuαy)0 = (xvαy)0, α ∈

A
]
.
12 7 [5, �q 2.4] 0 V = [uα = vα, α ∈ A], f V = [eαxαuαxαeα = eαxαvαxαeα, α ∈ A,

1s xα /∈ E(uα) ∪ E(vα) ⊆ E(eα), α ∈ A]. E(uα), E(vα), E(eα) �8)' uα, vα, eα sJ	9

�	SM� xα �Q�9��
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12 8 [6, �q 6.2] 0 V ∈ L(CR), f P (V ) = PV .

2 56.789:;
�q 1 0 V,W ∈ L(CR). 
 V + ∩ PV ⊆ W ⊆ V + ∩ PV , f V ∨ W = V + ∩ PV .

34 qHl V + ∩ PV ⊆ V ∨ W . 0 S ∈ V + ∩ PV , f S/τ ∈ V + ∩ PV ∨ SL ⊆ W ∨ SL,
S/µ ∈ V . Z* τ ∩ µ = ε, W4 S � S/τ > S/µ 	?oR�W4 S ∈ V ∨ W ∨ SL.

//�ut?k@y�

(i) 
 SL ⊆ V , f S ∈ V ∨ W ∨ SL = V ∨ W ;

(ii) 
 SL �⊆ V , fZXq 1 n V ⊆ CS, W4 V + ⊆ CS, PV ⊆ CS, W4 S ∈ CS, dZX
q 3 n S ∈ V ∨ W . l@�

L(CR) C��A��
� W ∩ (V1 ∨ V2) = (W ∩ V1) ∨ (W ∩ V2) QEC�t�P


<2 2 0 W,V ∈ L(CR), f
 W ∩ (V ∨ V + ∩ PV ) = (W ∩ V ) ∨ (W ∩ V + ∩ PV ).

34 qHlW ∩(V ∨V + ∩ PV ) ⊆ (W ∩V )∨(W ∩V + ∩ PV ). 
 S ∈ W ∩(V ∨V + ∩ PV ),
Z�q 1 n S ∈ V + ∩ PV , W4 S/µ ∈ V ∩ W , S/τ ∈ V + ∩ PV ∨ SL, Z* τ ∩ µ = ε, �S S

� S/τ > S/µ 	?oR�W4 S ∈ (W ∩ V ) ∨ [W ∩ (V + ∩ PV ∨ SL)].

�S�?k@y�

(i) 
 SL ⊆ V + ∩ PV , f45 S ∈ (W ∩ V ) ∨ (W ∩ V + ∩ PV );

(ii) 
 SL �⊆ V + ∩ PV , SL �⊆ W , fZXq 5 TXq 3 n S ∈ (W ∩ V ) ∨ (W ∩ V + ∩ PV );

(iii) 
 SL �⊆ V + ∩ PV , SL ⊆ W , SL ⊆ V , fZXq 5 n S ∈ (W ∩V )∨ (W ∩V + ∩ PV )∨
SL = (W ∩ V ) ∨ (W ∩ V + ∩ PV );

(iv) 
 SL �⊆ V + ∩ PV , SL ⊆ W , SL �⊆ V , fZXq 5 n S ∈ (W ∩V )∨ (W ∩V + ∩ PV )∨
SL. dZXq 1 n V ⊆ CS, W4 V + ⊆ CS, PV ⊆ CS, *� V + ∩PV ⊆ CS, W4 S ∈ CS, d
ZXq 3 n S ∈ (W ∩ V ) ∨ (W ∩ V + ∩ PV ).

C)�D�
 W ∩ (V ∨ V + ∩ PV ) = (W ∩ V ) ∨ (W ∩ V + ∩ PV ).

<2 3 0 V,W ∈ L(CR), f


(W ∩ V ) ∨ (W ∩ V + ∩ PV ) = (W ∩ V )+ ∩ (W ∩ V + ∩ PV ).

34 45
W∩V ⊆ (W∩V )+∩(W ∩ V + ∩ PV ),45
W∩V + ∩ PV ⊆ (W ∩ V + ∩ PV ),
W ∩ V + ∩ PV ⊆ W ∩ V + ∩ PV ⊆ W ∩ V + ⊆ (W ∩ V )+, W4 W ∩ V + ∩ PV ⊆ (W ∩ V )+ ∩
(W ∩ V + ∩ PV ). �S (W ∩ V ) ∨ (W ∩ V + ∩ PV ) ⊆ (W ∩ V )+ ∩ (W ∩ V + ∩ PV ).

7Hl�
 S ∈ (W ∩V )+∩ (W ∩ V + ∩ PV ) = (W ∩V )+∩W ∩V + ∩ PV , f S/µ ∈ W ∩V ,
S/τ ∈ (W ∨ SL) ∩ (V + ∩ PV ∨ SL). Z* τ ∩ µ = ε, �S S � S/τ > s/µ 	?oR�W4

S ∈ (W ∩V )∨ [(W ∨SL)∩ (V + ∩ PV ∨SL)] = (W ∩V )∨ (W ∩V + ∩ PV )∨SL (7YYXq 5).

//�S�?k@y�

(i) 1 SL ⊆ W , SL ⊆ V , W4 SL ⊆ W ∩ V , W4 S ∈ (W ∩ V ) ∨ (W ∩ V + ∩ PV );

(ii) 1 SL �⊆ W P SL �⊆ V 3�ZXq 1 n W ⊆ CS P V ⊆ CS, CyEt?k�f

W ∩V ⊆ CS, W4 (W ∩V )+ ⊆ CS, W4 S ∈ CS, dZXq 3n S ∈ (W ∩V )∨(W ∩V + ∩ PV ).

C)�D�n (W ∩ V ) ∨ (W ∩ V + ∩ PV ) = (W ∩ V )+ ∩ (W ∩ V + ∩ PV ).
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W ⊆ V +∩PV ,Z�q 1,�q 2L�q 3nW = W∩(V +∩PV ) = W∩(V ∨V + ∩ PV ) =
(W ∩ V )+ ∩ (W ∩ V + ∩ PV ) = (W ∩ V )+ ∩ (W ∩ V + ∩ PV ). dZXq 6 LXq 7, 


<2 4 
 W ⊆ V + ∩ PV , + W ∩ V = [uα = vα, α ∈ A], W ∩ V + ∩ PV = [sβ =
tβ , β ∈ B], f W =

[
u0

α = v0
α, (xuαy)0 = (xvαy)0, α ∈ A; eβxβsβxβeβ = eβxβtβxβeβ , 1s

xβ /∈ E(sβ) ∪ E(tβ) ⊆ E(eβ), β ∈ B].
TX [2] s	3yig���\	Q�Ps (x V = O).

3 =7
Y>�q 2 	l-A�	]^�i_
>? 1 0 W,V,W1 ∈ L(CR). 
 V + ∩ PV ⊆ W1 ⊆ V + ∩ PV , f W ∩ (V ∨ W1) =

(W ∩ V ) ∨ (W ∩ W1).
Z�q 1, 

>? 2 
� V = V + ∩ PV �t	`P]Y� V ⊇ V + ∩ PV .
>? 3 
 P (V ) = V , f V = V + ∩ PV .
34 Z]YLXq 8, 
 V + ∩ PV = V +∩P (V ) = V +∩V = V . W4 V ⊇ V = V + ∩ PV ,

dZ^y 2 n V = V + ∩ PV .
[2] s_+3G�
 NBG ⊆ V ⊆ PO, f V = V + ∩ PV . //wU+
 NBG ⊆ V ⊆ PO,

f V = PO, z_]Y P (V ) = PPO = PO = V , W4^y 3 ^Cv [2] s	i�3G�
e [1] s�
 T = B (B ���), CS = PO. e [3] s�
 P (BG) = BG. iCp{L^y

3 i_�0	U�^y�
>? 4 
 V ⊆ B, f V = V + ∩ PV .
>? 5 
 CS ⊆ V ⊆ PO, f V = V + ∩ PV .
^y 6 
 BG ⊆ V ⊆ BG, f V = V + ∩ PV .
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