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Abstract

We consider Martin-Löf’s well-ordering type constructor in the context of an
impredicative type theory. We show that the well-ordering types can represent
various inductive types faithfully in the presence of the filling-up equality rules or
η-rules. We also discuss various properties of the filling-up rules.
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1.1 Motivations and related work
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1We note that although the impredicative representation of data types (see [BB85]) is available in
an impredicative type system like ECC, the representations are too weak.
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2The type systems considered in this paper are subsystems of that in [Luo91c], where the second
author discusses how subtyping between universes as in ECC may be introduced.
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formation
Γ � A type Γ, x:A � B type

Γ � Wx:A.B type

Γ � A = A′ Γ, x:A � B = B′

Γ � Wx:A.B = Wx:A′.B′

introduction

Γ � a : A
Γ � b : [a/x]B → Wx:A.B

Γ � sup[Wx:A.B](a, b) : Wx:A.B

Γ � a = a′ : A
Γ � b = b′ : [a/x]B → Wx:A.B

Γ � sup(a, b) = sup(a′, b′) : Wx:A.B

elimination
Γ � f : Πx:AΠy:(B → Wx:A.B). (Πv:B.[yv/z]C) → [sup(x, y)/z]C

Γ � EW [Πz:(Wx:A.B).C](f) : Πz:(Wx:A.B).C

Γ � f = f ′ : Πx:AΠy:(B → Wx:A.B). (Πv:B.[yv/z]C) → [sup(x, y)/z]C

Γ � EW (f) = EW (f ′) : Πz:(Wx:A.B).C

computation

Γ � a : A Γ � b : [a/x]B → Wx:A.B Γ, z:Wx:A.B � C type
Γ � f : Πx:AΠy:(B → Wx:A.B). (Πv:B.[yv/z]C) → [sup(x, y)/z]C

Γ � EW (f)(sup(a, b)) = f(a, b,EW (f) ◦ b) : [sup(a, b)/z]C
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2.1 Martin-Löf’s well-ordering types
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2.2 A problem of faithful representation
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3For readability, we shall write B(a) for [a/x]B, where x : A � B type.
4Formally, BN (x) ≡ T0(E+(E1(∅), E1(1))(x)), where ∅ is the name of the empty type and 1 is the

name of the unit type.
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2.3 Filling-up equality rules
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(F∅) Γ � f = E∅ : Πz:∅.C

(F1) Γ � f = E1(f(∗)) : Πz:1.C

(F+)
inl =df λx.i(x), inr =df λy.j(y)

Γ � f = E+(f ◦ inl, f ◦ inr) : Πz:A + B.C

(FΣ)
pair =df λxλy.p(x, y)

Γ � f = EΣ(f ◦ pair) : Πz:(Σx:A.B).C

(η)
x �∈ FV (f)

Γ � f = λx.fx : Πx:A.B
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5This is because, in our presentation, Π-types are also used as a meta-level mechanism playing a role
similar to that of a logical framework. If we used a meta-language instead, there is a filling-up rule for
Π of the above form.
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2.4 More examples of inductive data types
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6Subject to the above footnote, if Π is formulated by a meta-language with a strong elimination rule,
the logical proposition corresponding to η is also provable.
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4.1 A problem with the empty type
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7This is Martin-Löf’s example showing that his extensional type theory is not strongly normalizing.
In fact, as we show here, the key reason is that the filling-up rule for the empty type is derivable from
the strong equality type.
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4.3 Data types vs. logical propositions
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A.1 General rules
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A.2 The impredicative universe

Γ � Prop type
Γ � A type Γ, x:A � P : Prop

Γ � ∀x:A.P : Prop

Γ � A = A′ Γ, x:A � P = P ′ : Prop

Γ � ∀x:A.P = ∀x:A′.P ′ : Prop

formation
Γ � P : Prop

Γ � Prf(P ) type

Γ � P = P ′ : Prop

Γ � Prf(P ) = Prf(P ′)

introduction
Γ, x:A � p : Prf(P )

Γ � Λ[∀x:A.P ]x.p : Prf(∀x:A.P )

Γ, x:A � p = p′ : Prf(P )

Γ � Λx.p = Λx.p′ : Prf(∀x:A.P )

elimination
Γ � p : Prf(∀x:A.P ) Γ � a : A

Γ � App[∀x:A.P ](p,a) : Prf([a/x]P )

Γ � p = p′ : Prf(∀x:A.P ) Γ � a = a′ : A

Γ � App(p, a) = App(p′, a′) : Prf([a/x]P )

computation
Γ, x:A � p : Prf(P ) Γ � a : A

Γ � App(Λx.p, a) = [a/x]p : Prf([a/x]P )

A.3 Type constructors

!���� 
����"� ��
�	

formation
Γ � A type Γ, x:A � B type

Γ � Πx:A.B type

Γ � A = A′ Γ, x:A � B = B′

Γ � Πx:A.B = Πx:A′.B′

introduction
Γ, x:A � b : B

Γ � λ[Πx:A.B]x.b : Πx:A.B

Γ, x:A � b = b′ : B

Γ � λx.b = λx.b′ : Πx:A.B

elimination
Γ � f : Πx:A.B Γ � a : A

Γ � app[Πx:A.B](f, a) : [a/x]B

Γ � f = f ′ : Πx:A.B Γ � a = a′ : A

Γ � app(f, a) = app(f ′, a′) : [a/x]B

computation
Γ, x:A � b : B Γ � a : A

Γ � app(λx.b, a) = [a/x]b : [a/x]B

!���� 	����% 	��

formation
Γ � A type Γ, x:A � B type

Γ � Σx:A.B type

Γ � A = A′ Γ, x:A � B = B′

Γ � Σx:A.B = Σx:A′.B′

introduction
Γ � a : A Γ � b : [a/x]B

Γ � p[Σx:A.B](a, b) : Σx:A.B

Γ � a = a′ : A Γ � b = b′ : [a/x]B

Γ � p(a, b) = p(a′, b′) : Σx:A.B

elimination
Γ � f : Πx:AΠy:B.[p(x, y)/z]C

Γ � EΣ[Πz:(Σx:A.B).C](f) : Πz:(Σx:A.B).C

Γ � f = f ′ : Πx:AΠy:B.[p(x, y)/z]C

Γ � EΣ(f) = EΣ(f ′) : Πz:(Σx:A.B).C

computation
Γ � a : A Γ � b : [a/x]B Γ, z:Σx:A.B � C type Γ � f : Πx:AΠy:B.[p(x, y)/z]C

Γ � EΣ(f)(p(a, b)) = f(a, b) : [p(a, b)/z]C

-2
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formation elimination

Γ � ∅ type Γ � E∅[Πz:∅.C] : Πz:∅.C

!���( ��� ���� ��
�

formation Γ � 1 type

introduction Γ � ∗ : 1

elimination
Γ � c : [∗/z]C

Γ � E1[Πz:1.C](c) : Πz:1.C

Γ � c = c′ : [∗/z]C

Γ � E1(c) = E1(c′) : Πz:1.C

computation
Γ, z:1 � C type Γ � c : [∗/z]C

E1(c)(∗) = c : [∗/z]C

!���) ��	
���� 	��

formation
Γ � A type Γ � B type

Γ � A + B type

Γ � A = A′ Γ � B = B′

Γ � A + B = A′ + B′

introduction
Γ � a : A

Γ � i[A + B](a) : A + B

Γ � a = a′ : A

Γ � i(a) = i(a′) : A + B

Γ � b : B

Γ � j[A + B](b) : A + B

Γ � b = b′ : B

Γ � j(b) = j(b′) : A + B

elimination

Γ � f : Πx:A.[i(x)/z]C
Γ � g : Πy:B.[j(y)/z]C

Γ � E+[Πz:A + B.C](f, g) : Πz:A + B.C

Γ � f = f ′ : Πx:A.[i(x)/z]C
Γ � g = g′ : Πy:B.[j(y)/z]C

Γ � E+(f, g) = E+(f ′, g′) : Πz:A + B.C

computation
Γ � a : A Γ, z:A + B � C type Γ � f : Πx:A.[i(x)/z]C Γ � g : Πy:B.[j(y)/z]C

Γ � E+(f, g)(i(a)) = f(a) : [i(a)/z]C

Γ � b : B Γ, z:A + B � C type Γ � f : Πx:A.[i(x)/z]C Γ � g : Πy:B.[j(y)/z]C

Γ � E+(f, g)(j(b)) = g(b) : [j(b)/z]C

-'



A.4 Predicative universes

8� 	�������� ����	���	�� ��	���
�
 	���i %& � #0� ���
� ������	�� ����
 ���;

: � 	���i ��
�

: � � ; 	���i
: � �i%�0 ��
�

: � � < �′ ; 	���i
: � �i%�0 < �i%�′0

��� ������	�
 ��� ��� 	��������	�� ��� ��E���	�� ����
� ����� M�/i 
���� ��� G�"i ���
F�6i %��� ��-i� ���� ��� 
�
��� 	
 �������� �	�� � !����
0� ��
����	�����

∅ Γ � ∅ : Type0 Γ � T0(∅) = ∅

1 Γ � 1 : Type0 Γ � T0(1) = 1

+
Γ � a : Typei Γ � b : Typei

Γ � a ⊕i b : Typei

Γ � a : Typei Γ � b : Typei

Γ � Ti(a ⊕i b) = Ti(a) + Ti(b)

Φ
Γ � a : Typei Γ, x:Ti(a) � b : Typei

Γ � φix:a.b : Typei

Γ � a : Typei Γ, x:Ti(a) � b : Typei

Γ � Ti(φix:a.b) = Φx:Ti(a).Ti(b)

Typei Γ � typei : Typei+1 Γ � Ti+1(typei) = Typei

Ti

Γ � a : Typei

Γ � ti+1(a) : Typei+1

Γ � a : Typei

Γ � Ti+1(ti+1(a)) = Ti(a)

Prop Γ � prop : Type0 Γ � T0(prop) = Prop

Prf
Γ � P : Prop

Γ � t0(P ) : Type0

Γ � P : Prop

Γ � T0(t0(P )) = Prf(P )

: � � < �′ ; 	���i : � � < �′ ; 	���i
: � ��i � < �′ �i �′ ; 	���i

: � � < �′ ; 	���i :� 
;�i%�0 � � < �
′ ; 	���i

: � /i
;��� < /i
;�′��′ ; 	���i

: � � < �′ ; 	���i
: � �i+1%�0 < �i+1%�′0 ; 	���i+1

: � 3 < 3 ′ ; 3�)�
: � �0%3 0 < �0%3 ′0 ; 	���0
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