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The notion of subtyping is better understood for type assignment systems (those in
programming languages) than for type theories with canonical objects (those in proof
assistants) and, in this work, we are studying subtyping for the latter. As pointed out in
[10, 8] among others, subsumptive subtyping, the traditional notion of subtyping with
the subsumption rule, is incompatible with the notion of canonical object for inductive
types in the sense that some key properties such as canonicity and subject reduction
would fail to hold. It may be argued that coercive subtyping provides a more adequate
alternative framework [10].

In this talk, we shall study two related constructs in coercive subtyping: coercion
contexts and local coercions. These were introduced, and proved to be useful, in the
context of employing type theories in linguistic semantics (see, for example, [9]). A
coercion context is a context whose entries may be of the form A <c B as well as the
usual form x : A:1

Γ ` A : Type Γ ` B : Type Γ ` c : (A)B

Γ, A <c B valid

Γ, A <c B, Γ′ valid

Γ, A <c B, Γ′ ` A <c B : Type

A local coercion is a subtyping assumption localised in terms (or judgements). For
instance:

Γ, A <c B ` k : K

Γ ` (coercion A <c B in k) : (coercion A <c B in K)

Note that the above constructs are the two sides of the same coin: subtyping relations
can be assumed in a coercion context and they can be moved to the right of the
`-symbol to form terms with local coercions (otherwise, without local coercions, a
subtyping entry in a context would block entries to its left from such moves2).

A formal treatment of coercion contexts and local coercions involves several tech-
nical issues. For example, validity of a coercion context is not enough anymore for it
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1This is similar to coercion declarations in the proof assistants like Coq [3].
2In order to move subtyping assumptions to the right, one might consider an alternative approach:

employing the so-called bounded quantification [1] that extends a higher-order calculus where quan-
tification over (classes of) types are possible. However, the notion of bounded quantification is not
well-understood and causes problems such as undecidability.
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to be legal: instead, one needs to make sure that the context is coherent, guarantee-
ing the uniqueness of coercions. Also, the key word coercion distributes through the
components of a judgement. For example, the conclusion judgement of the above rule
should be identified with Γ ` coercion A <c B in (k : K). We shall give a formal
presentation of coercion contexts and local coercions based on which a comparison to
the coercive subtyping extension with global coercions [10] will be made. In particular,
we shall prove that such an extension of type theory T with coercion contexts and local
coercions is conservative in the sense that, if Γ ` J is a judgement in T , then if Γ ` J
is derivable in the extension of T , it is derivable in T .

We shall also study the model-theoretic semantics of subtyping. Categorical se-
mantics of dependent type theories have been studied (see, for example, [2, 5, 4] and
more recently [7] for univalent foundations) and there has been research on models of
subtyping for non-dependent type theories (see, for instance, [6]). We shall study cat-
egorical semantics of type theories with canonical objects extended by subtyping and,
in particular, coercion contexts and local coercions.

This is work in progress.
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