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Abstract

A logic-enriched type theory (LTT) is a type theory extended with a primi-
tive mechanism for forming and proving propositions. We construct two LTTs,
named LT Ty and LTT{, which we claim correspond closely to the classical pred-
icative systems of second order arithmetic ACAg and ACA. We justify this claim
by translating each second-order system into the corresponding LTT, and prov-
ing that these translations are conservative. This is part of an ongoing research
project to investigate how LTTs may be used to formalise different approaches
to the foundations of mathematics.

The two LTTs we construct are subsystems of the logic-enriched type theory
LTTw, which is intended to formalise the classical predicative foundation pre-
sented by Herman Weyl in his monograph Das Kontinuum. The system ACA
has also been claimed to correspond to Weyl’s foundation. By casting ACA( and
ACA as LTTs, we are able to compare them with LTTw. It is a consequence
of the work in this paper that LTTyy is strictly stronger than ACA,.

The conservativity proof makes use of a novel technique for proving one LTT
conservative over another, involving defining an interpretation of the stronger
system out of the expressions of the weaker. This technique should be applicable
in a wide variety of different cases outside the present work.
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1. Introduction

A lot of research in the field of mathematical logic has been devoted to con-
structing formal theories intended to capture various schools of thought in the
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foundations of mathematics. In particular, the project of Reverse Mathematics
[1] has provided an extremely detailed analysis of many theories in the language
of second-order arithmetic Lo. It has been argued that the theories studied
correspond closely to different foundational schools; in particular, that the clas-
sical, predicative foundation presented by Hermann Weyl in his monograph Das
Kontinuum [2] is captured by the theory ACAy [3].

The systems of logic known as dependent type theories have also received a
lot of attention, and in particular have proven to offer many practical benefits
when used as the basis of the computer systems known as proof checkers or proof
assistants. Type theories divide the world of mathematical objects into types.
They offer much more expressive power than second-order arithmetic: we are
able to speak, not just of natural numbers and sets of natural numbers, but also
about (e.g.) sets of sets, lists, trees, and functions from any of these types to
any of them. However, so far, type theories have been used almost exclusively
to represent constructive mathematics.

More recently, the concept of a logic-enriched type theory has been devel-
oped. A logic-enriched type theory is a type theory augmented with a separate,
primitive mechanism for forming and proving propositions. It thus has two
components or ‘worlds’: a type-theoretic component, consisting of objects col-
lected into types, and a logical component, for reasoning about these objects.
LTTs have been used to investigate the relationships between type theories and
set theories [4, 5], and by the present authors [6, 7] to formalise the predicative
foundation for mathematics presented by Hermann Weyl in Das Kontinuum [2].

There is reason to believe that LTTs may offer some of the advantages of both
traditional logical systems, and type theories. They share with type theories the
rich type structure and inbuilt notion of computation that have proven to be
of great benefit for formalisation in practice. At the same time, they offer the
flexibility in choice of axioms that we are used to in traditional logical systems:
it is possible, for example, to add excluded middle to the logical component
without changing the type-theoretic component.

This paper is part of an ongoing research project to construct a hierarchy of
LTTs, similar to the hierarchy of second-order systems in Reverse Mathematics.
We hope thereby to investigate how LTTs may be used to represent different
schools of thought in the foundations of mathematics, and to understand the
effect that changes in the design of an LTT have on its set of definable objects
and provable theorems.

In this paper, we construct two LTTs that capture two second-order systems
that are closely related to the foundation of Das Kontinuum: ACAy and ACA.
We construct two LTTs, which we name LTTy and LTT;. These are more
expressive than a second-order system: the type-theoretic component of each
features types of natural numbers, pairs, functions of all orders, and sets of all
orders.

Our aim in this paper is to show that adding this expressive power is ‘safe’;
that is, that we have not thereby increased the proof-theoretic strength of the
system. We do this as follows. Let us say that a proposition of LTTy is second-
order iff it uses no types other than N (the type of natural numbers) and Set (N)



(the type of sets of natural numbers). We define a translation from ACAq
onto the second-order propositions of LTTy, and prove that the translation is
conservative; that is, a formula of Ly is provable in ACAq if and only if its
translation is provable in LTT.

The current authors have previously [6, 7] presented a new system intended
to capture Weyl’s foundation, which we named LTTvw. We argued there that
LTTw captures Weyl’s foundation very closely, and described how all the def-
initions and results in Das Kontinuum have been formalised in LTTyy using a
proof assistant. The two LTTs that we construct in this paper are both subsys-
tems of LTTyw. As a consequence of the work in this paper, we now know that
LTTyw is strictly stronger than ACAg, and at least as strong as ACA.

We argue that, compared with ACAy and ACA, LTTw corresponds more
closely to the system presented in Das Kontinuum. This is not a claim that can
be proven formally, as there is no formal definition of Weyl’s foundation, but we
can advance evidence for it. In our previous paper, we pointed out the extreme
similarity between the presentation in Das Kontinuum and the definition of
LTTw, and described one construction in Das Kontinuum — the construction
of K(n) = {X | X has at least n elements} — that cannot be done ‘as directly’
in any of the second order systems. Here, we strengthen the justification for
this claim: we show that K is expressed by a term in LTTyw that cannot be
formed in either LTT, or LTTj,.

The majority of this paper is taken up with proving the conservativity re-
sults. Our method for proving the conservativity of LTTy over ACAg is as
follows. We first define a subsystem Ty of LTTy which has just two types, N
and Set (N). and show that LTTy is conservative over Ts.

We then construct infinitely many subsystems of LTTy between T, and
LTTy. We prove that, for each of these subsystems S and T, whenever S is
a subsystem of T, then T is conservative over S. We do this by defining an
interpretation of the judgements of 7' in terms of the expressions of S. Infor-
mally, we can think of this as giving a way of reading the judgements of T as
statements about S. We show that this interpretation satisfies two properties:

e Every derivable judgement of T is true.
e Every judgement of S that is true is derivable in S.

It follows that, if a judgement of S is derivable in T, then it is derivable in S.

The proof thus makes use of an original technique which should be of interest
in its own right, and which we expect to be applicable in a wide variety of
contexts for proving one LTT or type theory conservative over another. In
particular, we shall show how it can be adapted to provide a direct proof that
ACA, is conservative over Peano Arithmetic.

1.1. Outline

In Section 2 of this paper, we describe the subsystems of second order arith-
metic that we shall consider, and compare them informally with Weyl’s system.
In Section 3, we give the formal definition of LTTyw and its two subsystems,



and define the translation from second order arithmetic into the LTTs. In Sec-
tion 4, we prove that this translation is conservative in the case of ACAy and
Ts. In Section 5, we prove that LTT is conservative over Ty. Finally, in Sec-
tion 6, we indicate how the proof can be modified to prove the conservativity
of LTT{, over ACA, and discuss the possibility of constructing a subsystem of
LTTw conservative over ACA{, and the conservativity of ACAg over Peano
Arithmetic.

Notation. We shall stick to the following convention throughout this paper.
Capital letters from the beginning of the Latin alphabet (A, B, C, ...) shall
denote types. Capital letters from the middle (K, L, M, N, ...) shall denote
terms. Capital letters from just after the middle (P, @) shall denote names
of small propositions. Lower-case letters (z, y, 2, ...) shall denote variables,
except ¢, which we reserve for terms of the language of second-order arithmetic.
Lower-case letters from the middle of the Greek alphabet (¢, ¥, x, ...) shall
denote propositions.

We shall be dealing with partial functions throughout this paper. We write
X ~Y to denote that the expression X is defined if and only if YV is defined,
in which case they are equal. Given a function v, we write v[z := a] for the
function v" with domain domwv U {z}, such that v'(x) = a, and v'(y) = v(y) for
y # x. We write FV (X) for the set of free variables in the expression X.

2. Background

2.1. Weyl’s Das Kontinuum

In 1918, Herman Weyl wrote the monograph Das Kontinuum [2], which
presented a semi-formal system intended to provide a predicative foundation
for mathematics. Weyl’s system consists of a set of ‘principles’ by which sets,
functions and propositions may be introduced. In particular, if we have formed
the proposition ¢, we may introduce the set {z | ¢}, provided that ¢ does not
involve any quantification over sets. Impredicative definitions are thus impos-
sible in Weyl’s system. His concern was to show how much of mathematics
— in particular, how much of analysis — could still be retained under such a
restriction.

At the time of writing Das Kontinuum in 1918, Weyl agreed with White-
head and Russell’s opinion [8] that the source of the famous paradoxes in set
theory was the presence of impredicative definitions — definitions that involved
a certain kind of vicious circle. In particular, when we introduce a set R with
the definition

R={z]|¢} (1)

then the definition is impredicative if either x or any of the bound variables in
¢ ranges over a collection that includes the set R itself.

In Weyl’s foundation, mathematical objects are divided into categories. A
category can be basic or ideal. Given any category A, there is the ideal category



Set (A)! of sets whose members are objects of category A. In a definition of
the form (1), we may only quantify over basic categories. In particular, we may
not quantify over any category of the form Set (A). It is in this manner that
impredicative definitions are excluded.

If we bar impredicative definitions, we are unable to define many objects,
such as the least upper bound of a bounded set of reals. We must thus either
find an alternative way to introduce these objects, or do without them. Russell
and Whitehead chose the former course, with their Axiom of Reducibility. The
monograph Das Kontinuum was Weyl’s attempt to follow the latter course: to
show how much of classical mathematics could be preserved while excluding
impredicative definitions.

2.2. Subsystems of Second Order Arithmetic

We are concerned in this paper with two subsystems of second order arith-
metic, ACAy and ACA. The letters ACA stand for ‘arithmetical comprehension
axiom’. The system ACAj is investigated in great detail in Simpson [1]. These
two systems are theories in the language of second order arithmetic, a language
for describing natural numbers and sets of natural numbers. We now introduce
this language formally.

Definition 2.1 (Language of Second Order Arithmetic). The language
of second order arithmetic Lo is defined as follows.

There are two countably infinite, disjoint sets of variables: the number vari-
ables x, vy, z, ..., intended to range over natural numbers; and the set variables
X, Y, Z ..., intended to range over sets of natural numbers.

The terms and propositions of second order arithmetic are given by the
following grammar:

Term t x|0|St|t+t]t-t
Proposition ¢ = t=t|[teX|L]|¢pDo|Vrep|VXep

We define -, A, V, «+» and 3 in terms of 1, D and V as usual.
A proposition is arithmetic iff no set quantifier VX occurs within it.

2.2.1. ACAy

The system ACA( has been very well studied. In particular, it has played
a major role in the project of Reverse Mathematics [1]. It has often been
argued that ACAy is closely related to Weyl’s foundation; for example, Feferman
[3] calls it ‘a modern formulation of Weyl’s system’, and Brown and Simpson
[9] write ‘ACA, isolates the same portion of mathematical practice which was
identified as ‘predicative analysis’ by Herman Weyl in his famous monograph
Das Kontinuum’.

It is known that ACAj is conservative over Peano Arithmetic (PA); a model-
theoretic proof is given in Simpson [1], and a proof-theoretic proof can be given

IThe notation here is ours, not Weyl’s.



along the lines of Shoenfield [10]. A novel proof of this result shall be given in
Section 6.2.
The axioms of ACAg are as follows:

e The Peano axioms — the axioms of Peano Arithmetic, minus the induction

axioms:
Sx #0
Sx=Sy>zx=y
r+0==x
x+Sy=S(z+vy)
z-0=0

x-Sy=z-y+uzx

e The arithmetical comprehension axiom schema: for every arithmetic
proposition ¢ in which X does not occur free, IXVa(z € X + ¢).

o The set induction axiom: 0 € X DVa(r € X DSx € X) DVa.x € X.

2.2.2. ACA
The system ACA is formed by extending ACA( with the full induction aziom
schema: for every proposition ¢,

[0/z]¢ D Va(¢ D [Sx/x]d) D Vxd .

An argument could be made for ACA being a better representation of the foun-
dation in Das Kontinuum than ACAy, because — as we shall argue in Section
2.3 — Weyl makes use of an induction principle that is stronger than that of
ACA,.

The system ACA has not been studied in the literature as much as ACAy.
A few facts about ACA are known: its proof-theoretic ordinal is €., and it can
prove the consistency of ACAgy. See [11] for the proof of these results and an
analysis of the set of models of ACA.

2.3. Das Kontinuum and Subsystems of Second Order Arithmetic Compared

There has been quite some argument over how well Weyl’s foundation is
captured by a subsystem of second order arithmetic. Feferman [12] has argued
strongly in favour of ACAy, or a system very like it, being a modern formulation
of Weyl’s system.

This argument cannot be settled formally, as Weyl did not give a formal
definition of his system. However, in the authors’ view, Weyl’s system exceeds
both ACAy and ACA, for the following reasons:

1. Weyl intended his system to be more than second order. He allowed the
category Set (B) to be formed for any category B, basic or ideal. Thus,
for example, we can form the categories Set (Set (N)), Set (Set (Set (N))),
and so forth.



2. Weyl intended the principle of induction to apply to all propositions, arith-
metic or not.

We justify this by showing a place where Weyl explicitly defines a function
of category Set (Set (A)) — Set (Set (A4)), and three places where he proves a
non-arithmetic proposition by induction.

The former occurs [13, p.39] with the definition of the cardinality of a set.
Weyl defines a function d : Set (Set (A)) — Set (Set (A)) by

d7)={X|Fr e XX\ {2z} T} .

This function is then iterated, to form the function

d"(7) = {X | n elements may be removed from X to form an element of 7}.
Weyl goes on to argue that d"(% ) denotes the set of all sets with at least n
elements (where % is the set of all subsets of A). He defines the proposition
a(n, X), ‘X has at least n elements’, by

a(n, X) = X € d"(%)
Various results about this definition are later proved [13, p.55], such as:
If X has at least n + 1 elements, then X has at least n elements.

This is not an arithmetic proposition (it involves quantification over X), but it
is proven by induction on n.

Similarly, the non-arithmetic proposition ‘If X is a subset of F and X con-
sists of at least n elements, then F also consists of at least n elements’ [13, p.56]
is proven by induction, as is the lemma concerning substitution of elements [13,
p.56]: ‘If a new object [...] is substituted for one of the elements of a set X
which consists of at least n elements [...], then the modified set X* also consists
of at least n elements.’

Thus, Weyl’s method of defining a(n, X) involves third-order sets; the appli-
cation of the Principle of Iteration to third-order sets; and proof by induction
of a proposition that quantifies over sets. These are all expressed by primitive
constructs in LT Ty, but not in LTT( or LTT} (we discuss this point further in
Section 3.2).

When we have proven the conservativity of LTTy and LTT;, over ACA( and
ACA respectively, we will have justified our claim that Weyl’s system is stronger
than ACAg; and, if our conjecture that LT Ty is stronger than LTT{ is correct,
that Weyl’s system is stronger than ACA.

3. Logic-Enriched Type Theories

In this section, we introduce the logic-enriched type theory LTTyw and the
two subsystems with which we are concerned.

Logic-enriched type theories (LTTs) were introduced by Aczel and Gambino
[4, 5] to study the relationship between type theories and set theories. An LTT is
a formal system consisting of two parts: the type-theory component, which deals
with terms and types; and the logical component, which deals with propositions.



3.1. LTTw
The system LTTw is a logic-enriched type theory designed to represent the
mathematical foundation given in Das Kontinuum. It was introduced in Adams

and Luo [7, 6].

8.1.1. Type-Theoretic Component
Its type-theoretic component has the following types.

e There is a type N of natural numbers. 0 is a natural number; and, for any
natural number N, the successor of N, s N, is a natural number.

e For any types A and B, we may form the type A x B. Its terms are pairs
(M,N)sxp consisting of a term M of A and a term N of B. For any
term M : A x B, we can construct the term 725 (M) denoting its first
component, and the term 7T§4XB (M) denoting its second component.

e For any types A and B, we may form the type A — B of functions from
A to B. Its terms have the form Az : A.M : B, denoting the function
which, given N : A, returns the term [N/z|M : B. Given M : A — B and
N : A, we may construct the term M (N)a_ g to denote the value of the
function M when applied to N.

e For any type A, we may form the type Set (A) of sets of terms of A. Its
terms have the form {z : A | P}, where P is a name of a small proposition,
denoting the set of all M : A for which the proposition named by [M/z]P
is true.

We divide the types into small and large types, reflecting Weyl’s division of
categories into basic and ideal categories. When we introduce a set {z : A | P},
the proposition P may quantify over the small types, but not over the large
types. The small types are defined inductively by:

e N is a small type.
e If A and B are small types, then A x B is a small type.

We effect this division by introducing a type universe U, whose terms are
names of the small types. There is a term N : U which is the name of N; and,
if M : U names A and N : U names B, then there is a term M xN : U that
names A x B. We write T'(M) for the type named by M.

We can also eliminate N over any family of types; that is, if A[x] is a type
depending on x : N, we can define by recursion a function f such that f(x) : A[x]
for all  : N. The term

EN([‘r]Av L’ [.’E, y]M’ N)

is intended to denote the value f(N), where f is the function defined by recursion
thus:

f(n) o [n/z]A for all n: N
£(0) = L
fin+1) = [n/z, f(n)/y]M



Remark. We choose to label the terms
(M, N) axp, T B(M), 73 B (M), \x : AM : B and M(N)xp

with the types A and B. This is for technical reasons only; it makes the inter-
pretations we introduce in Section 5 easier to define. We shall often omit these
labels when writing terms. We shall also often write M N for M(N).

3.1.2. Logical Component
The logical component of LTTy contains propositions built up as follows:

e If M and N are objects of the small type T'(L), then M =; N is a
proposition.

e | is a proposition.
e If ¢ and ) are propositions, then ¢ D 1 is a proposition.
e If Ais a type and ¢ a proposition, then Vz : A.¢ is a proposition.

We define the other logical connectives as follows:

¢ = ¢D 1

oAy = (D)
pVY = gD

poY = (6DY)A(Y D)

Jr:A¢ = —Vr:A-¢p

We call a proposition ¢ small iff, for every quantifier Vx : A that occurs in ¢,
the type A is a small type. We wish it to be the case that, when we introduce a
set of type Set (A), the proposition we use to do so must be a small proposition.

We achieve this by introducing a propositional universe ‘prop’, which will
be the collection of names of the small propositions. We shall introduce a new
judgement form I' = P prop, denoting that P is the name of a small proposition,
and rules that guarantee:

e If M and N are objects of the small type T'(L), then M=y N is the name
of M =L N.

e | is the name of L.
e If P names ¢ and @) names v, then PDQ is the name of ¢ D ).

e If M : U names the small type A and P names ¢, then Vz : M.P names
Vi : A.p.

We denote by V(P) the small proposition named by P. We shall, in the sequel,
often write just ‘small proposition’ when we should strictly write ‘name of small
proposition’.

We use ‘expression’ to mean a type, term, small proposition or proposition.
We identify expressions up to a-conversion. We denote by [M/z]X the result
of substituting the term M for the variable z in the expression X, avoiding
variable capture.



8.1.3. Judgements and Rules of Deduction
A contert in LTTw has the form z1 : Aq,...,x, : A,, where the x;s are

distinct variables and each A; is a type. There are ten judgement forms in
LTTw:

e [' I valid, denoting that I' is a valid context.

e ' A type, denoting that A is a well-formed type under the context T'.
e ' A = B, denoting that A and B are equal types.

e ' M : A, denoting that M is a term of type A.

e ' M = N : A, denoting that M and N are equal terms of type A.

I" = P prop, denoting that P is a well-formed name of a small proposition.

I'F P = Q, denoting that P and @ are equal names of small propositions.

e ' ¢ Prop, denoting that ¢ is a well-formed proposition.

I'F ¢ =, denoting that ¢ and v are equal propositions.

'k ¢1,...,¢, = 1, denoting that the propositions ¢1, ..., ¢, entail the
proposition .

The rules of deduction of LTTyw are given in full in Appendix Appendix
A.1. They consist of the introduction, elimination and computation rules for
the types of LTT\y, the rules for classical predicate logic, and the following rule
for performing induction over N:

I''z : NF ¢ Prop I'EN:N
(Indy) T'F®=1[0/2]¢p T,2:NF® ¢=[sx/z]p
'k ® = [N/z]o

3.2. LTTy and LTT;

We now construct two subsystems of LTTyy, which we shall call LTTy and
LTTy, that correspond to ACAg and ACA respectively. These subsystems are
formed by changing:

e the class of types over which N may be eliminated (that is, the class of
types A that may occur in Ex([z]A4, L, [z, y]| M, N);

e the class of propositions that may be proved by induction (that is, the
class of propositions ¢ that may occur in an instance of (Indy)).

In LTTw, we may eliminate N over any type, and any proposition may be
proved by induction. We form our three subsystems by weakening these two
classes, as shown in Table 1

This is achieved as follows.

10



Types over which Propositions provable by induction
N may be eliminated

LTTw all all
LTT, small types small propositions
LTT] small types propositions involving quantification

over small types and Set (V)

Table 1: Subsystems of LT Tw

1. We construct LTTy by modifying LTTw as follows.

e Whenever a term En([z]A, L, [z, y]M, N) is formed, then A must have
the form T(K).

e Whenever an instance of the rule (Indy) is used, the proposition ¢
must have the form V(P).

e Whenever an instance of the rule (subst), (etay) or (eta_,) is used,
the proposition ¢ must not contain a quantifier Vz : A over any type
A that contains the symbol U.

e We also add as an axiom that SM # 0 for M : N.

2. Let us say that a proposition ¢ is analytic iff, for every quantifier Va : A in
¢, A either has the form T'(M) or A = Set (N). We construct LTT{ from
LTTy by allowing (Indy) to be used whenever ¢ is an analytic proposition.

The formal definitions of both these systems are given in Appendices Appendix
A.2 and Appendix A.3.

Remarks.

1. Peano’s fourth axiom, that SM # 0 for any M : N, is provable in LTTy;
see [6] for a proof. It is not provable in LTTy or LTTS. This can be shown
by a similar method to Smith [14] by constructing a model of LTT{ in
which every small type is interpreted by a set that has exactly one element.

2. We can now justify further our claim in Section 2.3 that Weyl’s definition
of a(n, X) uses the primitive concepts of LTTyw that are not present in
either LTTy or LTT;,.

The definitions of d and a are straightforward to formalise in LT Ty . Given

M : U, we have
dy = AT :Set(Set (T(M))).
{X :Set (T(M)) | Iz : M.(z€X A X \ {z}E7)}
ay = An:NAX :Set (T(M)).

X € En([z]Set (Set (T(M))), %, [z, Y]dp (Y),n)

This is not a term in either of the subsystems of LTTyy, as it involves
applying Ey to the type Set (Set (T'(M))).

11



3. The universe U contains only the types that can be built up from N and
x. Its inclusion in LTTy or LTT|, therefore does not increase the proof-
theoretic strength of the system (this will be proven in Section 5.3). This
is a rare situation; in general, the inclusion of a universe raises the strength
of a type theory considerably (see for example [15]). We conjecture that,
if we closed U under — or Set () in LTTy or LTT(, the resulting system
would not be conservative over ACAy or ACA respectively.

4. In Aczel and Gambino’s original formulation of LTTs [4, 5], the logical
component of an LTT could depend on the type theoretic component, but
not vice versa. We have broken that restriction with the inclusion of typed
sets: a canonical object of Set (A) has the form {z : A | P} and thus
depends on a small proposition P.

3.8. Embedding Second Order Systems in Logic-Enriched Type Theories

There is a translation that can naturally be defined from the language of
second order arithmetic Lo into LTTy. We map the terms of Ly to terms of
type N, first order quantifiers to quantifiers over N, and second order quantifiers
to quantifiers over Set (N).

Definition 3.1. We define
e for every term ¢ of Lo, a term (t)) of LT Tyy;
e for every arithmetic formula ¢ of Ly, a small proposition |¢| of LT Tyy;

e for every formula ¢ of Ly, a proposition {¢]) of LT Ty .

(i) i

0

s (t)

4s) plus (7)
(s) times (t))

=

K

=
T 1

(sh =g (t)

s = = (s) =x s=t) =
|t|eXfI = ?ltgég)ﬁl’fb Qtequisg = Qtz GDNXi
o= 1650 = 1 2wl
9 2v] = 161> Wl Voo = Va:N.{(g)
Vog] = Vz:N.|g| (VXg) = VX :Set(N). (o)
where
Mplus N = En([2]T(N), M, [z,y]sy, N)
M times N = En([z]T(N),0,[x,y]y plus M,N)

It is straightforward to show that this translation is sound, in the following
sense:

12



Theorem 3.2 Let ' be the context x1 : N, ...,z : N, Xq : Set (N), ..., X, :
Set (N). Let FV (¢t) C{z1,...,2m}, and FV (¢) C{z1,..., Zm, X1,..., X0 }.

1. TF (t) : N and T+ (¢) Prop.

2. If ¢ is arithmetic, then T F |¢| prop and T'F V(|¢|) = (o).
3. If ACAq F ¢, then T F= () in LTT,.

4. IfACA & &, then T = () in LTT},.

PrOOF. Parts 1 and 2 are proven straightforwardly by induction on ¢ and ¢.
For part 3, it is sufficient to prove the case where ¢ is an axiom of ACA,.
The case of the Peano axioms is straightforward.
For the arithmetical comprehension axiom schema, let ¢ be an arithmetic
formula in which X does not occur free. We have

r +F =Ve:NWV(é]) < (o)) (using part 1)
T F =Ve:Nae{z:N||g|} + (o))
ST F = 3X:Set(N).Va: Nz e X ¢ (o))

as required.

The set induction axiom is shown to be provable using (Indy).

For part 4, it is sufficient to show that every instance of the full induction
axiom schema is provable in LTT{. This is easy to do using (Indy), as (@) is
always an analytic proposition.

Corollary 3.2.1 LTTw is strictly stronger than ACAg. In fact, LTTw can
prove the consistency of ACAg.

PRrROOF. As ACAj is conservative over Peano Arithmetic [1], its proof-theoretic
ordinal is €. The proof-theoretic ordinal of ACA is €., [11, 16]. Therefore, ACA
can prove the consistency of ACAg; hence, so can LTT(; hence, so can LTTy.

Our aim in this paper is to prove the converse to Theorem 3.2 parts 3 and
4: that, whenever I' F= (¢) in LTTy or LTT;, then ¢ is provable in the
corresponding subsystem of second order arithmetic.

4. Conservativity of To over ACAy

We shall now define the system T, which is a subsystem of LTT,. We can
think of Ts as the second order fragment of LTTy; that is, the part of LTTy
that has just the two types N and Set (N).

The translation () given in the previous section is in fact a sound transla-
tion of ACAy into T5. In this section, we shall prove that this translation is
conservative; that is, if (@) is provable in Tsq, then ¢ is a theorem of ACA,.

The syntax of T is given by the following grammar

Type A = N|Set(N)

Term M == z|0|sM|R(M,[z,z)]M,M)|{z:N| P}
Small Proposition P == M=yM | L|P>P | Vi N P| M&wM
Proposition ¢ = M=yM|L|¢pDo|Vx:Ad|V(P)

13



I'z:NF P Prop I'z:NFP=@Q
I'+Vz:N.PProp TI'F (Vz:N.P)=(V2.N.Q)
'z : NF P Prop
'+ V(Vz:N.P)=Vz:NV(P)

Figure 1: Rules of Deduction for Small Universal Quantification in Tq

I' F valid I valid '-M:N T'M=M:N
I' F N type I'0:N I'FsM:N 'sM=sM :N

I-L:N I-L=1L":N
Tz:N,y:NFM:N Ne:Ny:NFM=M:N
'-N:N '-N=N':N

'FR(L,[x,y]M,N): N I'+R(L,[z,y)M,N) = R(L, [x,y)M',N') : N

I'L:N
T'HL:N I'z:Nyy:NFM:N
Iz:Ny:NFM:N I'-N:N

FFR(L,[I,y]M,O):LN FFR(L,[LU,ZJ]M,SN)
= [N/, R(L, [z,y]M,N)/y|M : N

I'x:NF P Prop I'-N:N
(Indy) '@ = V([0/z]P) T+ ® V(P)= V([sz/z]|P)
't ®= V([N/x]P)

Figure 2: Rules of Deduction for Natural Numbers in T

The rules of deduction of T4 are:

1. the structural rules for LTTs as given in Appendix Appendix A.1.1;

2. the rules for predicate logic as given in Appendix Appendix A.1.7;

3. the rules for the propositional universe as given in Appendix Appendix
A.1.8, with the rules for universal quantification replaced with the rules
in Figure 1;

4. the rules for equality given in Appendix Appendix A.1.9, restricted to the
type N;

5. the rules for sets given in Appendix Appendix A.1.5, restricted to the type
N;

6. the rules for natural numbers given in Figure 2.

Note. T does not contain the universe U. The symbol N therefore is not a
term in Ts, and cannot occur on its own, but only as part of a small proposition

14



Ve : N.P.

In LTTy, we could define functions by recursion into any small type; in Ts,
we can only define by recursion functions from N to N. This is achieved by the
constructor R. The term R(L, [z, y|M, N) is intended to denote the value f(N),
where f: N — N is defined by recursion thus:

f(0) = L
fln+1) = [n/z, f(n)/yIM
The system T2 may be considered a subsystem of LTTy if we identify
R(L, [z,y|M,N) with Ex([z]N, L, [z,y]M,N); M =y N with M =4 N; and
M=yN with M=¢N.
The translation given in Section 3.3 is a sound translation from ACAj into
Ts.

Theorem 4.1 LetT and ¢ be as in Theorem 3.2. If ACAg + ¢, then T F= (o)
m TQ.

PROOF. Similar to the proof of Theorem 3.2(3).

‘We now wish to show that the converse holds.
We shall do this by defining the following translation ® from Ty to ACA,.
Let
F=xz;:N,...,z, : N, X7 : Set (N),..., X, : Set (N) .

We shall define:
1. whenever I' - M : N, an arithmetic formula t"= M such that

ACAgF3Azxa™ =M™ .

The intention is that M is interpreted as the unique number x for which
xT= M7 1is true.
2. whenever I' = M : Set (N), an arithmetic formula t"€ M such that

ACAF IXVa(z € X <> ae MT) |

The intention is that M is interpreted as the unique set X whose members
are the numbers = such that "€ M is true.

3. for every small proposition P such that I' = P prop, an arithmetic formula
TP

4. for every proposition ¢ such that I' - ¢ Prop, a formula "¢™.

The definition is given in Figure 3.
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Numbers.

tT=ux;" = t=uxy

tr=0" = t=0

tr=sM" = dz(z"= M 'ANt=Sz)
t"™=R(L,[u,v]M,N)? = IndscSeq(n"=NTA(nt)Es

AVI((0,1) € 5 5 17= L7
AVuVz((Su,z) € s D Fv((u,v) EsAz"=MT)))

Sets.
the Xi—l = te Xz
tre{z:N| P} = [t/z] P
Small Propositions.
TM=yNT7 = ZJaz(z"=MT'Az"=N")
rl = 1
TPHQ" = TpP1o Q"
Wz :N.P7 = VYgrpP’
TMEyNT = Fz(z"=M'Axz"e N7
Propositions.
"M =y N™ = Jx(z"=M'Axz"=N")
r17 = 1
I—QS D) ¢‘I = I—(b—l D) ’_'ll)—l
"Vz : N.¢" = VaT¢?
VX :Set(N).¢7 = VX"
FV(P)—l = rP—I

Figure 3: Interpretation of Ty in ACAg
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Remark. To interpret a term of the form R(L,[u,v]M,N), we make use of
a standard technique for defining functions by recursion in ACAy. We are
assuming we have defined in ACA( a pairing function (m,n) on the natural
numbers, and a coding of finite sequences of numbers as numbers, with Seq
the set of all codes of sequences, and the formula n € s expressing that n is a
member of the sequence coded by s. (For more details, see [1, I1.3].)

Speaking informally, the formula ¢t "= R(L, [u,v]M, N)™ expresses that (N, t)
is a member of a sequence s, and that the members of this sequence s must be

(0,R(L, [u,v]M,0)), (1,R(L,[u,v]M, 1)), -+, (k,R(L,[u,v]M,k))

up to some k, in some order. It follows that ¢t = R(L, [u, v]M, N).
The following theorem shows that the translation in Figure 3 is sound.

Theorem 4.2 (Soundness) 1. If T+ M : N then ACAg - Jlza™= M.
2. IfTEFM=M:N then ACAg F Jz(z"=M ' ANx"=M').

IfT'F M : Set (N) then ACAg -3 XVa(z € X < 2" M7).

IfT'F M = N : Set (N) then ACAg FVa(z"e M+ 2" N7).

IfTHP=Q then ACAg - TP ¢ TQ™.

IFTF ¢ =1 then ACAg F "7 < o,

ITF 61, 0= then ACAF T¢17 D =D 7D M,

NS otk w

PrOOF. We need the following two results first.
1. For any term M such that z,y ¢ FV (M),

ACAyFz™=M"Dy"'=M"'Dzx=y .

This is proven by induction on M.
2. Given a term N such that = ¢ FV (N), the following are all theorems of
ACA,:

xT=NT1D(y"=[N/z|]M < y"=M") (2
xT=N'D(y e [N/z|M < y"e M) (3

Va(z € X ¢ 27e N7) D (yre [N/X]M < yre M) (4
2= N> (T[N/z]P7 < 7P7) 5
Ve(r € X < 2"e N) D (T[N/X]P"«+ "P7) (6
al=NTD (T[N/z]¢" & T¢7) (7

Va(z € X ¢ 27e N7) o (T[N/a]¢™ ¢ T¢7) (8

T — D D D &

These are proven by induction on M, P or ¢. Formulas (3)—(6) must be
proven simultaneously.

The seven parts of the theorem are now proven simultaneously by induction on
derivations. We deal with one case here: the rule

'rL:N Thu:Nyjo:NFM:N
'EN:N

'k R(L, [u,v]M,sN) = [N/u,R(L, [u,v]M,N)/v]M : N

17



We reason in ACAy. By the induction hypothesis, there exist [ and n such that
"= L7, n"= N. Further,

YuVvdmm ™= M7 .
The following formula can be proven by induction on z:

Vz3w3Is € Seq((z,w) € s
AVI((0,1) € s D 1T= L")
AVuVz((Su,z) € s D Fv((u,v) € sAz"=M")))

Now, let n be the unique number such that n"= N. There exist m, p such
that (n,m) and (Sn,p) are members of such a sequence s. It follows that

p"=R(L, [u,v]M,sn)7, m™=R(L, [u,v]M,n)7, [n/u,m/v](p"=M") .
Hence, by (2), we have
p = R(L, [u,v]M,s N)7, p"= [N/u,R(L, [u,v]M,N)/v]M"
as required.

Conservativity shall follow from the following theorem, which states that the
mapping " 7is a left-inverse to the mapping { ) from ACAg to T, up to logical
equivalence.

Theorem 4.3

1. For every term t of ACAgy, we have ACAg Ft"= (t)™.
2. For every arithmetic proposition ¢ of ACAg, we have ACAg F ¢ < T|¢|.
3. For every proposition ¢ of ACAg, we have ACAg F ¢ < "{o)™.

PRrRoOOF. The proof of each of these statements is a straightforward induction.
We deal with one case here: the case t = t; + t2. We reason in ACAy. The
induction hypothesis gives

t17=(ta)7, ta "= (t2)
and we must show t; + ¢ "= (1)) plus (t2)7, i.e.

In.3r € Seq(n"= (t2) A (n,t1 +t2) €7
AVL((0,1) e r DIT= (t1)7)
AVzVz((Sz,z) € r D Jy((x,y) € 7 Az = Sy)))

We prove the following by induction on b:

Va,b.3r € Seq((b,a+b) €r
AYI((0,))erDl=a)
AVz, z((Sz,z) € r D Jy((z,y) € r Az =Sy)))

The desired proposition follows by instantiating a with ¢; and b with to.
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Corollary 4.3.1 (Conservativity of Ty over ACAy) For any formula ¢ of
ACAQ, sz F= <|¢|> i To, then ACAp - ¢

PRrOOF. By the Soundness Theorem, we have that ACAg F (¢} 7. By Theorem
4.3, we have ACAg F ¢ < "(¢) 7. Therefore, ACAg F ¢.

5. Conservativity of LTTy over ACAq

In this section, we shall prove that LTTy is conservative over T5. This shall
complete the proof that LTTq is conservative over ACAy.
We shall do this by defining a number of subsystems of LTT as shown in
the diagram:
Ty — T, — T,U < LTTy, .

For each of these inclusions A — B, we shall prove that A is a conservative
subsystem of B; that is, for every judgement [J in the language of A, if J is
derivable in B then J is derivable in A. This shall sometimes involve con-
structing yet more subsystems in between A and B, and proving that all these
inclusions are conservative.

Intuitively, each subsystem deals with a subset of the types of LTTy.

e T5 has only two types, N and Set (N).

e The types of T, are all the types that can be built up from N using x, —
and Set ().

e The types of T, U are the types of T, together with the universe U. (The
constructors x, — and Set () may not be applied to U in T,U.)

The formal definitions of these systems shall be given in the sections to come.

5.1. Digression — Informal Explanation of Proof Technique

Before proceeding with the technical details of the proof, we shall explain
the informal ideas behind the technique we use to prove LTT( conservative over
Ty. The system LTTy is formed from Ty by adding products, function types,
types of sets, and the universe U. Intuitively, none of these should increase the
power of the system.

We can see this most clearly in the case of products. Speaking generally,
let S be any type system, and let T be formed by adding product types to S.
Then T should have no more expressive power than S, because we can envisage
a translation from T to S:

e wherever a variable z : A x B occurs, replace it with two variables
x:Avy: B;

e wherever a term of type A x B occurs, replace it with two terms, one of
type A and one of type B.
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As long as the only way of introducing terms of type A x B is the constructor
(, ), we should always be able to find the two S-terms of types A and B that
correspond to any T-term of type A x B. (This would however not be possible
if (say) we could eliminate N over A x B in T.)

In brief:

e the terms of type A x B can be interpreted as pairs (M, N) where M : A
and N : B.

Similarly,

e the terms of type A — B can be interpreted as pairs (z, M)
where z: A+ M : B;

e the terms of type Set (A) can be interpreted as pairs (x, P)
where = : A+ P prop.

Our proof relies on making these intuitive ideas formal.

These ideas show us how we might be able to remove types A — B that
involve only one use of the arrow, but they do not show us how to handle types
of the form (A — B) — C. Let us take another example: let S be a typing
system without function types, and let T' be formed from S by adding function
types. Let us define the depth of a type A, d(A) by:

e the depth of each type in S is 0;
e d(A — B) =max(d(A4),d(B)) + 1.

Then we have seen how to interpret types of depth 1 in terms of types of depth
0. More generally, we can interpret types of depth n 4+ 1 in terms of types of
depth n.
This shows us how to complete the proof. We introduce an infinite sequence
of subsystems of T
SZAo‘%Al%AQ%“'T

where, in A, only types of depth < n may occur. We build an interpretation
of A,4+1 out of the terms of A,: every type of A, is interpreted as itself; the
types A — B of depth n + 1 are interpreted as the set of pairs (z, M) where
z:AFM:Bin A,,.

Using these interpretations, we can prove each A, 11 conservative over A,,
and hence T conservative over S. With these intuitive ideas to guide us, we
return to the proof development.

5.2. T,, is Conservative over To

We shall now define the system T, to be Ty extended with pairs, functions
and sets over all types, and prove that T, is conservative over Ts.
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Definition 5.1 (T,). The LTT T,, is defined as follows.
The grammar of T, is the grammar of Ty extended with

Type A == - |AXxA|A— A|Set(A)

Term M == | (M,M)axa | WfXA(M) | W?XA(M) |
et AM:A|M(M)asa|{z:A| P}

Small Proposition P == ---| MésM

The rules of deduction of T, are the rules of deduction of T5, together with the
rules for pairs (Appendix Appendix A.1.3), function types (Appendix Appendix
A.1.4) and typed sets (Appendix Appendix A.1.5).

Note that the type-theory component T, is non-dependent: a term can never
occur in a type. As a consequence, we have

Lemma 5.2 IfTHFA=B inT, then A= B.
PRrOOF. Induction on derivations.

To prove that T, is conservative over Ty, we shall define an infinite sequence
of subsystems of T, and prove that each is conservative over the previous
subsystem, and that the smallest is conservative over Ts.

Tg‘—)Al‘—>A2‘—>"~TUJ
We define the depth of a type of T, as follows.
Definition 5.3. Define the depth d(A) < w of a type A of T,, by

d(N) -0

d(Ax B) = max(d(A),d(B))+1

d(A— B) = max(d(A),d(B))+1

d(Set(N)) = 0

d(Set (A)) d(A)+1 (A#N)

Note that the types of Ty are exactly the types of depth 0.
For n > 1, we shall define A,, to be the fragment of T,, that deals only with
types of depth < n.

Definition 5.4 (A,). Let n > 0. By a type (term, small proposition, propo-
sition, context, judgement) of A,, we mean a type (term, small proposition,
proposition, context, judgement) of T, that does not contain, as a subexpres-
sion, any type of depth > n.

We say a judgement J of A, is derivable in A,, iff there exists a derivation
of J in T, consisting solely of judgements of A,; that is, a derivation of J in
which no type of depth > n occurs. We write I' i, J iff the judgement I' - J
is derivable in A,,.
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Note that the types of A, are exactly the types of depth < n. Note also that
Ay is just the system Ts.

We shall prove that A, 11 is conservative over A,. The proof shall involve
defining an interpretation of A,4+1 in terms of the expressions of A,,. For the
rest of this section, fix n > 0, and fix a context A of A,, such that A I, valid.

Definition 5.5 (Interpretation of Types). For the purposes of this defini-
tion, an ‘object’ is either a term of A,,, or a pair of terms of A,.

For every type A of A, 11, we define the set of objects [A] 5, and an equiv-
alence relation Ng on this set, as follows.

If d(A) < n, then

[A] A = {M|AF, M:A}
M~AN & AF,M=N:A
Otherwise,
[A x B], = {(M,N)|At, M:AAF,N:B}

(M,N) ~3*B(M''N"Y & AF,M=M :ANAF,N=N'":B

[A— B], = {(&,M)|Ajx: A+, M : B}
(x, M) ~27B (x, M"Y & Aaxz:A+, M=M:B

[Set (A)]5 — {(&,P)| Az Aby P prop)
(2, P) 5 (2. Py & Ax:Ab,P=P
We identify the elements of [A — B], and [Set (A)] , up to a-conversion; that

is, we identify (z, M) with (y, [y/x]M) if y is not free in M.
We define the operations I1;, IIs and @ on these objects as follows.

I((M,N)) = M
I,((M,N)) = N
(x, M)QN = [N/z]M
(x, PYQN = [N/z|P

IT1; (X) and II5(X) are undefined if X is not a pair. X@QY is undefined if X does
not have the form (x, Z), or if Y is not a term.

The intention is that we will interpret the terms of type A as members of the
set [A] , with equal terms being interpreted as Nﬁ-equivalent members

Definition 5.6 (Valuation). Let I' = z; : A;,...,2, : A, be a context of
Ani1- A A-valuation of T is a function v on {z1,...,2,} such that

v(z;) € [Ai] A (it=1,...,n) .
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Definition 5.7 (Interpretation of Terms). Given a term M of A,,; and
a function v whose domain includes FV (M), we define the object (M)Y as
follows.

)" — ()
Jop* = 0
s M)" ~ s(M)’

(R(L, [, y]M,N))" = R((L)", [, y] (M) "= (N)Y)

. (M), QN )axs i d(Ax B) <n
14, N)axa) {<GM|)”,(NI)”> i d(A x B)=nt 1

> B((M)Y) ifd(Ax B)<n
I, ((M)?) if d(Ax B)=n+1

SXB((M)?) ifd(Ax B)<n

= { ((M)") ifd(AxB)=n+1
R LR Rt i
T T R Sl
({z: A| P})" {Zf :(I;)U([l:_D:][; o i ZESZI Ej;; i Z+ 1

Note that this is a partial definition; (M )% will sometimes be undefined.

Definition 5.8 (Interpretation of Small Propositions). If P is a small
A, +1-proposition, we define the small proposition (P])? of A,,.

(M=nN)" = (M])"=n(N)*

(IiDv = L
(P5Q)" ~ (P)"3(Q)"
(I%c ‘N.P)? =~ Vo N.(|P|)“[$:::C]

(M)YEA(N)® ifd(A) <n

IMEN]" = {(va@qzwpv if d(A) =n+1

Definition 5.9 (Depth of a Proposition). We define the depth of a propo-
sition ¢, d(¢), to be

d(g) = 0 if ¢ is quantifier-free
| max{d(A) | ¢ contains a quantifier Yz : A} otherwise
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Definition 5.10 (Interpretation of Propositions). If ¢ is
an A, 41-proposition of depth < n, we define the A,,-proposition (@) as follows

(M =n N)” =~ (M)"=n(N)"
(LD* 1

(o 2> )” ~ (o) > (¥)”
(Vo : Ag)’ =~ Va:A(g)"=7]
(v(P))” ~ V((P)*)

We have defined a sound interpretation of all the judgement forms of A, 11
except one: the judgement form I' = ® = ¢. To interpret these judgements,
we shall define a notion of satisfaction. Intuitively, we define what it is for a
proposition ¢ of A, 1 to be ‘true’ under a context A, valuation v and sequence
of propositions ® of A,,.

Definition 5.11 (Satisfaction). Let ® = ¢4, ..., ¢,, be a sequence of proposi-
tions of A,, such that A ,, ¢1 Prop, ..., Ak, ¢, Prop. Let v be a A-valuation
of T'. Suppose I' - ¢ Prop. We define what it means for (A, ®,v) to satisfy ¢,
(A, D,v) = ¢, as follows.

If d(¢) < n, then ((A,®,v) E¢) = (AF, D= (0)Y).

Otherwise,

o (A,D,v) E¢Diff, for all A’ D A and &' D @, if (A, d',v) | ¢ then
(A, @, 0) |= 9.

o (A, ®,v) =Va: Agiff, for all A’ D A and a € [A] A/, we have

(A, D, 0]z = a]) E ¢.

Definition 5.12 (Satisfaction and Truth). Let I' - J be a judgement of
A,41, and let v be a A-valuation of I'. We define what it means for A and v
to satisfy J, written (A,v) | J, as follows:

o (Av) | M: Aiff (M)" € [A] .

(A,v) = M = N : Aiff (M) ~4 (N)".

(A,v) = P prop iff A+, (P])? prop.

(A 0) E P =Qiff At (P)” = (Q]".

If d(¢) < n, then (A,v) = ¢ Prop iff Ak, (¢)? Prop.

(Av) E¢ =1 iff for all @, (A, ®,v) E ¢ < (A, P,v) E .

(A, 0) E 1,y .. n = x i, for all @, if (A, @, v) | ¢, for 1 < i < n then
(A, D,0) = x.

e For all other judgement bodies 7, we have (A,v) E J for all A, v.
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We say a judgement I' F J of A,,41 is true iff, for every context A of A,, such
that Ak, valid and every A-valuation v of T, (A, v) = J.

The following theorem shows that this interpretation is sound.
Theorem 5.13 (Soundness) FEvery derivable judgement of An41 is true.
The proof is given in Appendix Appendix B.1.

Theorem 5.14 (Completeness)

1. Let '+ J be a judgement of A, and suppose J does not have the form
® = . If the judgement is true, and I' k-, valid, then the judgement is
derivable in A,,.

2. LetT'F ¢q,...,0m = ¥ be a judgement of A,. If the judgement is true,
and we have I' F, valid and T +,, ¢; Prop for i = 1,...,m, then the
Judgement is derivable in A,,.

PROOF.

1. Let 1r be the identity function on domI'. Then 1r is a I'-valuation of I'
and, for every expression X of A,, such that FV (X) C domT,

(X)'r=x .
So, suppose I' - M : A is a judgement of A,,, and is true. Then
T,Ir)EM: A

and so I, (M)Ir : A. But (M))!r = M, and so T' b, M : A as required.
The proof for the other judgement forms is similar.
2. Suppose I' - & = 1 is true, where ® = ¢4, ..., ¢,,. We have that

'-®= ¢ (i=1,...,m)
and so (', @, 1) satisfies each ¢;. Therefore, (I', @, 1) satisfies ¢, that is
rEod=1v
as required.

Corollary 5.14.1 If J is a judgement of A, derivable in A, 41, then J is
derivable in A,.

PRrROOF. This follows almost immediately from the Soundness Theorem and the
Completeness Theorem. There are just two facts that need to be verified:

1. If T is a context of A,, and " 11 J, then T I, valid.

2. If I is a context of Ay,; ¢1, ..., ¢m are propositions of A,; and T' k4
@1y O = ¥; then ' I, valid and T' F,, ¢; Prop.
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These are proven fairly easily by induction on derivations, using the Soundness
and Completeness Theorems.

Corollary 5.14.2 (Conservativity of T, over Ts) IfJ is a judgement of
T, and J is derivable in T, then J s derivable in Ts.

PROOF. Suppose J is derivable in T,,. Let n be the largest depth of type or
proposition that occurs in the derivation. Then 7 is derivable in A,,. Applying
Corollary 5.14.1, we have that J is derivable in A,_1, A,_2, ..., Ag. But
derivability in A is the same as derivability in Ts.

5.3. T,U is Conservative over T,

The system T, U is the fragment of LTT, that includes all the types of T,
and the universe U, but does not include types such as U x U, N — U, or
Set (U). It is defined in a similar manner to the systems A, of the previous
section, but using a new notion of depth.

Definition 5.15 (T,U). A type A of LTTy is a type of T,U, iff either A = U
or the symbol U does not occur in A.

By a term (small proposition, proposition, context, judgement) of T, U, we
mean a term (small proposition, proposition, context, judgement) of LTT( in
which every type that occurs as a subexpression is a type of T,U

We say a judgement J of T, U is derivable in T, U iff there exists a derivation
of J in LTTy consisting solely of judgements of T, U; that is, a derivation of J
in which every type that occurs is a type of T,U.

We write I' = 7 iff the judgement I' - 7 is derivable in T, U, and ' = J
iff the judgement I' - 7 is derivable in T,,.

Note. The types of T, U are not closed under x, — or Set (). For example, the
types U x U and U — U are not types of T,U.

In order to prove T,U conservative over T,,, we must find an interpretation
of U and of the types T'(M). We do this by interpreting the objects of T'(M) as
binary trees with leaves labelled by natural numbers. For example, the object
((1,2),3) of type T((NxN)xN) will be interpreted as the binary tree

1 2

We interpret U as the set of all shapes of binary tree. We begin by inventing a
syntax for the set of all shapes of binary trees:
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Definition 5.16 (Shape). The set of shapes is defined inductively by:
e e is a shape.
e If S and T are shapes, sois SAT.

We write . for the set of all shapes.

The example tree above has shape (e A ®) Ae.
We must thus associate each shape with a small type. This association is
done formally by the following function:

Definition 5.17. For every shape S € ., define the type J(S) of T, as
follows:

T () = N
TSAT) = T(8)xT(T) .

There are two other gaps between T,U and T, to be bridged. In T,,, we
can only eliminate N over N; in T, U, we can eliminate over any small type.
Likewise, in T,,, a small proposition may only involve quantification over N; in
T,U, a small proposition may involve quantification over any small type.

We bridge these gaps by using the fact that every binary tree can be coded as
a natural number. Given a bijection P : N? — N, we can assign a code number
to every binary tree. The binary tree above, for example, would be assigned the
code number P(P(1,2),3). We shall define, for every shape S, mutually inverse
functions

codeg : J(S)—=N
decodes : N — 7(9)

Using these functions, we can interpret recursion over small types by recursion
over N, and quantification over small types by quantification over N.

We turn now to the formal details. The first step is to construct in T, the
bijection P above, and the coding and decoding functions.

Lemma 5.18 (Pairing Function) There exist T, -terms

P : NxN-—->N
Q : N—N
Q: : N—=N

such that the following are theorems of T, :

Vo : N.Vy : N.Qi(P(z,y)
Va : N.Vy : N.Qo(P(z, y)
Vo : Nz =y P(Q1(x), Q2(x))
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PRrROOF. Consider the three primitive recursive functions

plmyn) = 2™(2n+1)
q(n) = the greatest m such that 2™ divides n
r(n) = 1/2(n/29M —1)

It is straightforward to define terms P, Q; and Qs in T,, that express p, ¢ and
r and prove the three formulas (9).

Fix three such terms P, Q; and Qs for the sequel.
We shall also need a notion of equality on every small type in Ty, not just
N. This is defined as follows.

Definition 5.19. Given T,-terms M and N and a T -type A, define
the T-proposition M =4 N as follows.

M:NN = MZNN

M:Ang = 7T1(M) :A7T1<N)/\7T2(M) =B 7T2(N)
M=4,N = Vz:AM(z)=p N(x)

M =gepay N = Vo:A(x€a M << x€4N)

Definition 5.20 (Coding Functions). For each shape S € ., define
the T, -terms

codeg : J(S) =N
decodes : N — 7(95)
as follows.
code, = M :Nux
decode, = Mr:Nx
codegar = Ap:J(5) x I(T).P(codeg(m1(p)), coder(ma(p)))
decodegar = An:N.(decodeg(Qi(n)),decoder(Qz(n)))

Lemma 5.21 For every shape S, the following are theorems of T,,:

Vp : 7(8).decodeg(codes(p)) =7(s) p
Vn : N.codeg(decodeg(n)) =nn

PROOF. The proof is by induction on .S, using the properties of P, Q; and Q-
from Lemma 5.18.

We can now proceed to define our interpretation of T,U in terms of T,,.
The definition is more complex than the interpretation in the previous section,
because the type-theoretic component of T, U is dependent, so we must define
our interpretations of terms and types simultaneously.
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Definition 5.22. Let A be a context of T,,, and v a function. We define the

following simultaneously.

e Given a T, U-term M and a function v, define the object (M|))V as follows.

(G

(op*

(s D"

((M, N)axg)"
(P (M))°
(5P (M))°
(Ax: A.M : B)”
(M(N)a-g])"
(N)
(MxN]®
({z: Al P}

GEN([I]T(K)7 L, [.CE, y]M7 N)Dv

where S(N) = (K|l

12

1

v(x)

0
s(M)*

(AMD*, (ND*)gapxqBpe
Y (gaa))
|A\)“ (B)" ((M)?)

Az (A)Y. (M= (B)

(MD*(AND*)gape—qmpe
(M) A (ND*

{a: (AD" | (P) =1
decodeg g npr) (R(codes o) ((L)"),

[z, y]codes(sz ((M)?), (N)?))

=N and v = vz == x,y = decodes(z)(y)]-

e Given a type A £ U of T, U, define a type (A])? of T,,.

(
(
(
(
(

e Given a T, U-type A, define a set [A]\ and an equivalence relation ~4,

on [A] as follows.
If A# U, then
[A]

Otherwise,

e let'=ux1: Ayq,...,

IND*

|A x B
|A — BJ)
T(M))*
[Set (4))"

[y

12

12

12

N
(A" > (B)"
(A4)* = (1B)”
T((MD*)

Set ((A)*)

A

{M AR M:(A)"}
M Ngv N & AF'=M =(A)» N

= 7

S~ K, T & S=T

Ty @ Am be a context of T, ,U. We say that v is a
A-valuation of T iff v(z;) € [A:]A

fori=1,...,n.
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e Given a small proposition P of T,U, define a small proposition (P|)¥ of
T,, as follows.
|M1 =nMy I)v =~ codedNDv ((‘Ml D”):ANcodeqNDv ((|M2 DU)
1
(|P )" 5(QD"
- N. (lPDU[m::dECOde(‘ M (2)]
|MéANDU ~ (|M|) €(|ADU(

S
.o (Q e
S

Ny

=

[l |

e Given a proposition ¢ of T,U that does not include a quantifier over U,
define a proposition (¢))¥ of T, as follows.

(M =N Ma))" =~ (Mi)" =z(npv) (M2)"
(LD” = 1

(¢ D> 9)° ~ ()" 2 ()"

(Vz : A.9])” ~ Vz:(A)".(p) =]

(v (pP)p* ~ V({(P)")

Recall that we write A+~ 7 iff A+ J is derivable in T,,.

Definition 5.23 (Satisfaction). Let ® = ¢4, ..., ¢, be a sequence of propo-
sitions of T,, such that A -~ ¢; Prop. Let v be a A-valuation of I'. Suppose
'+ ¢ Prop. We define what it means for (A, ®,v) to satisfy ¢, (A, ®,v) = ¢,
as follows.

If ¢ does not involve quantification over U, then

(A, 2,0) Fg) & (AFT 2= (9)")
Otherwise,

o (A,D,v) = ¢ Doiff, for all A’ D A and @ D @, if (A, D',v) = ¢ then
(A, @) =9

o (A <I> ,v) EVz: Ag iff, for all A’ D A and a € [A]}, we have
(A", @, v[z = d]) = ¢.

Definition 5.24 (Satisfaction and Truth). Let T' + J be a judgement of
T,U. Let A = valid, and let v be a A-valuation of I'.  We define what it
means for A and v to satisfy J, (A,v) E J, as follows.

o If A% U, then (A,v) = A type iff (A" is defined.

o If A% U % B, then (A,v) = A = B iff (A)" = (B)".
o (Av) =M :Aiff (M) € [A]4.

o (Av) M =N:Aiff (M)" ~4, (N)".
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(A,v) = P prop iff A+~ (P)? prop.

(Av) | P=Qiff AFT=V((P)") < V((Q)")-

If ¢ does not include a quantifier over U, then (A, v) = ¢ Prop iff
AR~ (o) Prop.

(A, v) |E ¢ = iff, for all @, we have (A, ®,v) E ¢ iff (A, D,v) = .

(A 0) E ¢1y.. ., dm = ¢ iff, for all @, if (A, ®,0) E¢; fori=1,...,m
then (A, ®,v) = 1.

e For all other judgement forms, we have (A,v) | J for all A, v.

We say a judgement I' F 7 of T,U is true iff, for all A such that A = valid
and all A-valuations v of T, (A,v) = J.

Remark. This interpretation uses the propositional equality defined in Defini-
tion 5.19, whereas our interpretation in the previous section used judgemental
equality. This is because the properties of our coding and decoding functions
can be shown to hold up to propositional equality (as in Lemma 5.21), but not
up to judgemental equality.

We now prove that the interpretation is sound.

Theorem 5.25 (Soundness) Fvery derivable judgement in T,U is true.

The proof is given in Appendix Appendix B.2.

Theorem 5.26 (Completeness) IfT'+ 7 is a judgement of T, that is true,
and I' b~ valid, then I' = J is derivable in T,.

Proor. Exactly as in Theorem 5.14.

Corollary 5.26.1 If J is a judgement of T, derivable in T, U, then J is
derivable in T,.

PROOF. Similar to Corollary 5.14.1.

5.4. LTTy is Conservative over T U

The next step in our proof is to apply the same method to show that LTT,
is conservative over T,U. The proof is very similar to Section 5.2, but the
details are more complicated, because we are now dealing with LTTs whose
type theoretic components use dependent types.

Once again, we introduce an infinite sequence of subsystems between T, ,U
and LTT:

TwU:lgo‘—)Bl (_>BQ — LTTO

We do this using a new definition of the depth of a type:
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Definition 5.27 (Depth). Define the depth D(A) of a type A of LTTy by

D(N) =0

o if D(A) = D(B) =0
D(AxB) = {max(D(A),D(B)) +1 otherwise

o if D(A) = D(B) =0
D(A— B) = {max(D(A),D(B)) +1 otherwise
D(Set(4)) = {?)( A)+1 ioftfe(rfv)isz 0
D(U) = 1
D(r(M) = 0

We define the depth of a proposition ¢, D(¢), to be the largest depth of a type
A such that the quantifier Vz : A occurs in ¢, or D(¢) = 0 if ¢ is quantifier-free.

Note that the types of T, U are exactly the types A such that D(A) < 1.
The subsystems B,, are defined as follows.

Definition 5.28 (B,). Let n > 0. By a type (term, small proposition, propo-
sition, context, judgement) of B, , we mean a type (term, small proposition,
proposition, context, judgement) of LTT, that does not contain, as a subex-
pression, any type A such that D(A) > n.

We say a judgement J of B, is derivable in B, iff there exists a derivation
of J in LTTy consisting solely of judgements of B,,; that is, a derivation of 7 in
which no type A occurs such that D(A) > n. In this section, we write I -, J
iff the judgement I' - 7 is derivable in B,,.

We define an interpretation of B, 11 in terms of B,:

Definition 5.29. Fix n > 1. Let A be a context of 5,,, and v a function. We
define the following simultaneously.
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e Given a term M of B, 11, define the object (B])".

(a)® ~ ()
(op® =0

(s M) ~ s(M)"
(En([z]T(K), L, [z,y]M, N))"

12

En([]T((K ) =), (L))",
[, ) (M) E=e = (N)Y)

(M7, (N if D(Ax B) <
(0L N gl ~ UMD AND ) gapoqmye i D(A X B) <n

(M7, (N)D¥) if DIAx B)=n+1
(|7TA><B( )Dv ~ ‘Al ‘BD (IM‘ if D(A x B)
I, ((M)?) 1fD(A><B)—n—|—1
(B ((ar)) if D(Ax B)<n
)=n

Az (AD(M)UE=T L (B)”
(Ax: AM:B)¥ =~ if D(A—>B)

|M|)ng =] 1fD(A%B)_n+1

(=200 = { (M)?) 1fD(A><B

(z,
(MDU(IND?)gapr—qByr if D(A— B) <n
(

(M(N)ass)® M| v@(N) if D(A— B)=n+1
(N)© = N
(MXN)" ~ (M)"x(N)"

x: (|A|)”|(|P|)” =1} if D(Set (4)) < n

x: ! ~
(|{ A|P}D =~ {< (IPDU > if D(Set(A))=n+1

e Given a type A of B,4+1 such that D(A) < n, define the type (A))"? of B,.

(N]® = N

(AxB)” =~ (A)"x(B)"
(A= B)" =~ (A)"—(B)*
() = U

(r(nh” -~ T(M)*)
(Set (A))” =~ Set((A)”)

e Given a small proposition P of B,1, define the small proposition (P|)"
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as follows.

(My=nMa])" >~ (Mi)"=(npw(Ma])”
(Lp” =1

(P>Q)* (P)"5(Q)"

(Vz: M.P)" ~ VYa:(M)".(P)*=="]
(MEAND" = (MD"€qap- (N

12

e Given a type A of B,41, define a set [[A]]Z and an equivalence relation
~4  on this set.

If D(A) < n, then

[AlA = {M]AkF, M:(A)"}
M~A N & Ab, M=N:(A)"
Otherwise,
[A x B]'A = {(M,N)|AF, M:(A)",AF, N:(B)"}

(M,N) ~2XB(M' Ny & Ab, M=M:(A)"
AAF, N=N':(B)"

[A — B] = {{z,M)|A,z:(A)"+M:(B)"}
(x, M) ~A7B (x, M)y & Ajx:(A)'FM=M:(B)"

[Set (A)]A = {(z,P)| A z:(A)" - P prop}
(2, P) 50 (2 Py & Az (A)'FP=P

e Given a context I' = 21 : Ay,..., 2 @ Ay of Byy1, we say that v is a
A-valuation of T iff v(z;) € [4;] for each 1.

e Given a proposition ¢ of B, 41 such that D(¢) < n, define the proposition
(o))" as follows.

(M =n Ma)" =~ (Mi)" =qnp (M2])*

(L) = 1

(o D> v)” ~ (o) > ()"

(Vo : A.g]" ~ Vo (A)Y.(g) =
(ve))” ~ V((P)")

We define what the notion of satisfaction (A, ®,v) = 1 similarly to Defini-
tion 5.11:
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Definition 5.30 (Satisfaction). Let ® = ¢4, ..., ¢, be a sequence of proposi-
tions of A,, such that A F,, ¢1 Prop, ..., A+, é,, Prop. Let v be a A-valuation
of T'. Suppose I' F,+1 ¢ Prop. We define what it means for (A, ®,v) to satisfy
o, (A, ®,v) E ¢, as follows.
If D(¢) < n, then (A, ®,v) = ¢) & (A, © = (9)").
Otherwise,
o (AD,v) E¢Dyiff, for all A’ D A and &' D @, if (A, ?',v) = ¢ then
(A, &,0) b= .
o (A, ®,v) EVr: Agiff, for all A’ D A and a € [A],, we have
(A, D, 0]z = a]) | ¢.
Definition 5.31 (Satisfaction and Truth). Let I' - J be a judgement of
B+1. Let A |, valid and v be a A-valuation of I'. We define what it means
for A and v to satisfy J, (A,v) = J, as follows.
e If D(A) < n, then (A,v) = A typeiff [A]} is defined and A +,, (A)? type.
If D(A) =n+1, then (A,v) = A type iff [A]\ is defined.
o If D(A) D(B ) < n, then (A,v) | A = B iff [A]y = [B]A and
(~Ao) = (~K,) and A, (A)Y = (B)".
If D(A) = D(B) = n+ 1, then (A,v) = A = B iff [A]A = [B]A and
) Ro)-
)M Aiff (M) € [A]A.
) M =N Aiff (M)Y ~3, (N)
) = P prop iff A+, (P)¥ prop.
)

FP=Qiff At, (P)"=(Q)"

o (4,

v)
o (Av) E r,..., 0, = x iff, for all @, if (A, P, v) satisfies 9; for all i,
then (A, ®,v) satisfies x.

E ¢ = iff, for all &, we have (A, ®,v) | ¢ iff (A, ,v) E .

e For any other J, we have (A,v) = J for all A, v.

We say I' F 7 is true iff, whenever A F,, valid and v is a A-valuation of I", then
(A0) EJ.

Theorem 5.32 (Soundness) FEvery derivable judgement in By, 1 is true.
PROOF. Similar to Theorems 5.13 and 5.25.

Theorem 5.33
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1. Let T' = J be a judgement of By, and suppose J does not have the form
& = 1. If the judgement is true, and I' k-, valid, then the judgement is
derivable in B,,.

2. Let ' ¢1,...,0m = 9 be a judgement of B,,. If the judgement is true,
and we have I' F, valid and T +,, ¢; Prop for i = 1,...,m, then the
judgement is derivable in By,.

PROOF. Similar to Theorem 5.14.

Corollary 5.33.1 If J is a judgement of B, derivable in B,y1, then J is
derivable in B,,.

Corollary 5.33.2 If J is a judgement of T, U derivable in LT Ty, then J is
derivable in T,U.

With this final step, we have now completed the proof of the conservativity
of LTTy over ACAy:

Corollary 5.33.3 Let ¢ be a formula of second order arithmetic with free vari-
ables x1, ..., Tm, X1, ..., Xp. If

1 N,y Ny Xy 0 Set (N), ..., X, 0 Set (N) F= (@)
in LTTy then ACAg F ¢.

Proor. Let J be the judgement
z1: Ny Ny Xy Set (N), ..., X, 2 Set (N) F= (¢).
Suppose J is derivable in LTTy. Then

J is derivable in T,U (Corollary 5.33.2)

. J is derivable in T, (Corollary 5.26.1)

. J is derivable in T (Corollary 5.14.2)
SACAp - ¢ (Corollary 4.3.1)

6. Other Conservativity Results

6.1. Conservativity of LTTY over ACA

Our proof method can be adapted quite straightforwardly to prove the con-
servativity of LTT{, over ACA. We shall present these proofs briefly, giving only
the details that need to be changed.

We define subsystems of LTT:

Ty — T — T,U" < LTT,

T3 is formed from Ty by allowing the rule (Indy) to be applied with any analytic
proposition ¢. In the same manner, T7 is formed from T,,, T, U* is formed from
T,U, and LTT}) is formed from LTT.

The proof of the conservativity of LTT( over T% follows exactly the same
pattern as in Section 5.
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Theorem 6.1 Theorem 4.2 holds for T5 and ACA.
PROOF. Similar to the proof of Theorem 4.2.

Similarly, Corollary 5.14.2 holds for T}, and T3, Corollary 5.26.1 holds for
T,U* and T}, and Corollary 5.33.2 holds for LTT{; and T,,U*. This completes
the proof that LTT{ is conservative over ACA.

6.2. Conservativity of ACAg over PA

As a side-benefit of this work, we can easily produce as a corollary another
proof that ACAy is conservative over Peano Arithmetic (PA). We can define a
system T3 with just one type, N, in its type-theoretic component. We can apply
our method to show that T5 is conservative over 717, and that T} is conservative
over PA; we omit the details.

Combining all these proofs, we can produce the following elementary proof
that ACAy is conservative over PA, which proceeds by interpreting the formulas
of ACAq as statements about PA. To the best of the authors’ knowledge, this
proof has not appeared in print before.

Theorem 6.2 ACA, is conservative over PA.

PROOF. Define a PA-formula to be a formula in which no set variables (bound
or free) occur.

Let V be a set of variables of Ly. A valuation of V is a function v on V such
that:

e for every number variable z € V, v(z) is a term of PA;

e for every set variable X € V, v(X) is an expression of the form {y | ¢}
where ¢ is a PA-formula.

For t a term, let v(t) be the result of substituting v(x) for each variable x in ¢.
For ¢ a formula of Ly, let v(¢) be the PA-formula that results from making
the following replacements throughout ¢.

e Replace each atomic formula s =t with v(s) = v(t).

e For each atomic formula ¢t € X, let v(X) = {y | ©}. Replace t € X with
[v(t)/yl-

Define what it is for a valuation v and PA-formula v to satisfy an Lo-formula

o, (v,9) = ¢, as follows.
o If ¢ is arithmetic, (v,9) = ¢ iff ¥ D v(¢) is a theorem of PA. Otherwise:

o (v,9) | ¢ D x iff, for any PA-formula v/, if (v, AY') = ¢
then (v, AY') E x.

o (v,9) | Vo iff, for every term ¢, (v[z :=t],¢) = ¢.
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o (v,9) EVX¢ iff, for every PA-formula x, (v[X :={y | x}],¥) E ¢.

Let us say that a formula ¢ of Lo is true iff (v,x = x) | ¢ for every valuation
.
We prove the following two claims:

1. Every theorem of ACAy is true.
2. Every PA-formula that is true is a theorem of PA.

The first claim is proven by induction on derivations in ACAy. As an example,
consider the axiom

VX (¢ D 9) D (6D VXY)
where X ¢ FV (¢). Fix v and yx, and suppose

(v,x) EVX(¢ D ¢) .

We must show that (v, x) E ¢ D VX1.

Let x’ be any PA-formula, and suppose (v,x A X') E ¢. Let 7 be any PA-
formula; we must show that (v[X = {y | 7}, x A X) = ¢. Since X ¢ FV (¢),
we have that

WX ={y [T}, xAX) E ¢

We also have (v[X := {y | 7}], xAX') = ¢ D ¢, and so (v[X = {y | 7}, xA\X) E
1 as required.
The second claim is proven using the valuation that is the identity on FV (¢).
It follows that, if a formula of PA is a theorem of ACAy, then it is a theorem
of PA.

Remarks.

1. The same method could be used to show that Godel-Bernays set theory
is conservative over ZF set theory.

2. Another proof-theoretic method of proving this results is given in Shoen-
field [10]. That proof relies on some quite strong results about classical
theories; our proof is more elementary. However, Shoenfield’s proof is con-
structive (giving an algorithm that would produce a proof of L in PA from
a proof of L in ACAp) and can be formalised in PRA; ours has neither of
these properties.

6.3. ACAJ

An argument has been made that the system ACA{ corresponds to Weyl’s
foundation [9, p.135], claiming that its axiom schema of w-iterated arithmeti-
cal comprehension ‘occurs in the formal systems defined by Weyl and Zahn’,
presumably a reference to Weyl’s Principle of Iteration [13, p.38].

The axioms of ACA{ are the axioms of ACA, together with the follow-
ing axiom schema of w-iterated arithmetical comprehension. Assume we have
defined a pairing function (z,y) in ACAy. We put

(X); ={n:(n,j) € X}, (X)) = {(m,i): (m,i) € X Ni <j} .
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Then, for every arithmetical formula ¢[n,Y] in which X does not occur free,
the following is an axiom:

AXVjn(n € (X); ¢ d[n, (X)']) .

The translation we gave in Section 3.3 is a sound translation from ACA{ into
LTTw. It is difficult to construct a subsystem of LT T that is conservative over
ACA{, however. A natural suggestion would be to extend LT T, by allowing Ey
to take either a small type, or the type Set (N); let us call the system produced
LTT{. Then LTT{ is indeed conservative over T4, the extension of Ty with a
new constructor

I'HL:Set(N) T,z:N,Y:Set(N)F M :Set(N)
I'FN:N
I'+RY(L, [z, Y]M,N) : Set (N)

and appropriate equality rules.

However, it seems unlikely that T3 is conservative over ACA] . In particular,
there seems to be no way to interpret terms that involve two or more applications
of RT. In LTT, we may iterate any definable function Set (N) — Set (N). In
ACAS‘ , we may only iterate those functions that are defined by an arithmetic
proposition; and not every such function definable in ACA{ is defined by an
arithmetic proposition.

7. Conclusion

We have constructed two subsystems of LTTyw, and proved that these are
conservative over ACAy and ACA respectively. We have thus shown how, using
LTTs, we can take a system like ACAy or ACA and add to it the ability to
speak of pairs, functions of all orders, sets of all orders, and a universe of types,
without increasing the proof-theoretic strength of the system.

We have also begun the proof-theoretic analysis of LTTw. We now know
that LTTyy is strictly stronger than LTTg, and hence ACAy. The subsystem
LTT{ is quite a small fragment of LTTyw, and so we conjecture that LT Tw
is strictly stronger than LTT{, and hence strictly stronger than ACA. Once
this conjecture is proven, we will have quite strong evidence for our claim that
Weyl’s foundation exceeds both ACAg and ACA.

The method of proof we have given is quite a general one, and should be
applicable in many other situations. It does not rely on any reduction properties
of the type system, and so could be applied to type systems that are not strongly
normalising, or do not satisfy Church-Rosser (or are not known to be strongly
normalising or to satisfy Church-Rosser). It provides a uniform method for
proving types redundant; we were able to remove products, function types,
types of sets, and the universe from LTT\.

Furthermore, the method allowed us to separate these tasks. We were able to
remove U separately from the other types, and to use a different interpretation
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to do so. In Sections 5.2 and 5.4, for example, we interpreted judgemental
equality by judgemental equality; in Section 5.3, we interpreted judgemental
equality by propositional equality. Our method is thus quite powerful; we did
not have to find a single interpretation that would perform all these tasks.

A proof of our conjecture that LT Ty is stronger than LTT{ has very recently
been discovered, by the first author and Anton Setzer. The proof theoretic
strength of LTTw is in fact ¢, (0). A paper presenting the proof of this result
is in preparation.

For future work, we should investigate more generally how adding features
to an LTT changes its proof-theoretic strength. This will be a more difficult
task, as we will need to investigate what effect induction and recursion have
when they are no longer confined to the small types and propositions. We are
particularly interested in the differences between LTTs and systems of predicate
logic; for example, in how the strength of an LTT changes when we modify the
type-theoretic component but not the logical component.

Finally, we note that there are striking superficial similarities between our
work and Streicher [17], who also gave interpretations to type theories. Like our
interpretations, his were first defined as partial functions on the syntax, then
proven to be total on the typable terms by induction on derivations. He also
made use of a ‘depth’ function on types. Our work is not a direct application
of his, but it remains to be seen whether there are formal connections that can
be exploited.
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pendix A. Formal Definition of Systems

We present here the definition of LTTyw and the two principal subsystems

used in this paper.
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Appendiz A.1. LTTw
The syntax of LTTy is given by the following grammar:

Type A = N|AXA|A—-A|U|T(M)|Set(A)

Term M == =z|0|sM |Ex([z]A, M,[z,z]|M,M) |
(M, M) axa | mi"A(M) | 7 4(M) |
Az AM: A M(M)asa |N|MXM |

{z:A| P}
small Proposition P u= M=yM | L|PDOP |Vax: M.P|MEsM
Formula ¢ = M=y M|L|pD¢|Vax:A¢|V(P)

We write —¢ for ¢ D 1L, and M €4 N for V(ME4N).
The rules of deduction of LTTw are as follows:

Appendiz A.1.1. Structural Rules

I' - A type I' F valid AeT
. — _— : e
Fvalid  To:Arvaid Traial )
THM:A I'FM=N:A T+M=N:A TFN=P:A
TFM—=M:A TFN=M:A TFM=P:A

'Atype TI'FA=B TFA=B T'+B=C

A=A '-B=A r-A=cC
'-rM:A THA=B 'rM=N:A TTHFA=B
I'-M:B I'FM=N:B
'FPprop TI'FP=Q 'FP=Q T+Q=R

r-pP="~P r-Q="~r 'P=R
I'F ¢ Prop F'kFo=1 'kFeo=y ThHyY=x

T'Eo=2¢ Ty =2¢ 'E¢p=x
I't¢y Prop -+ T'FHo¢,Prop TH®P=0¢ TFHop=1¢

F'Faér,...,00 = ¢; T =1

Appendiz A.1.2. Natural Numbers

I' F valid ' valid I'-M:N T'FM=M:N
I' - N type '-0:N I'-sM:N 'sM=sM':N

[,z:NF C type '+ L:[0/z]C
(Ey) T,2:Nyy:CkHM:[sz/x]C '-N:N

'+ En([z]C, L, [z,y]M, N) : [N/z]|C
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Nz:NFC=C 'EL=L:[0/z]C
(En =) Nz:Ny:Cr-M=M":[sz/z]C TFN=N':N

'+ En([z]C, L, [z,y]M, N) = Ex([z]C', L', [x,y]M',N") : [N/z]C

Iyz:NFCtype T'HL:[0/z]C
(Ex0) Nz:Nyy:CkM:[sz/z)C
I'+En([2]C, L, [z, y|M,0) = L : [0/z]C
I'z:NF C type '-L:[0/z]C
e :Njy:CkHM:[sz/z]C I'EN:N

e EN([x}Ca Lv [CU,y]M,SN)
= [N/x,EN([x]C’,L, [%y}M, N)/y}M : [SN/.’L‘]C

(Ens)

I',z:NF ¢ Prop I'-N:N
(Indy) T'F®=1[0/2]¢p T,2:NF®& ¢=[sx/z]p

I+ &= [N/z)¢

Appendiz A.1.3. Pairs

I'-Atype TFBtype TFHA=A THB=B
'k A x B type I'-(AxB)=(A"xB')

I'EM:A T-N:B A=A I'-B=5
IEM=M:A T-FN=N':B
FF(M,N)AXB:AXB

'k (M,N)AxB = (M/,N/)A/xB’ :Ax B

r-A=A" I'+-B=D
r-M=M:AxB

LBy = x> (M) : A

I'-M:AxB
TEaB(M): A

'FM=M:AxB

I >B(M) =% (M) : B

Im*B(M): B

'-M:A TEN:B '-M:A THFN:B
TFaB(M,Nyaxg) = M:A  TFa2*B(M,N)axg) = N : B

INz:AxBkF¢Prop THFM:AxB
(etay) I'F @ = [(m*P (M), m "5 (M))/2]¢
o= [M/z]¢
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Appendiz A.1.4. Functions

'+ Atype T'k B type '-A=A4 I'-B=D
' A — B type '-(A—B)=(A—=B)

'HA=A" THB=DB
z:A-M:B Nx:ArM=M':B
'(M:AM:B):A— B 'k (Az:AM:B)
=MN:AM:B):A—=B

THFA=A r-B=D

I'-M:A—-B T'HFN:A
I'-M=M:A—-B I'FN=N':A

I M(N)asp: B D= M(N)asp =M (N)asp : B

TF'z:A-M:B THN:A
'k (Az:AM:B)(N)asp = [N/z]M : [N/x])B

I''z:A—-Bkt¢Prop THFM:A—B
(eta_,) TH®= [Ax: AM(x): B/z]¢

TH®=[M/2]¢

Appendiz A.1.5. Typed Sets

' A type A=A
'k Set (A) type [ Set (A) = Set (4)

I'z:AF P prop I'A=A4 T,2:ArP=PFP
PH{z:A|P}:Set(A) FF{z:A|P}={x:A"| P} :Set(A)

THA=A
TFM=M:4 TkN=N:Set(A)

I'F(MELN) = (M'EoN')

'EM:A TFHN:Set(A)
'k M&yN prop

'EM:A T,z:AF P prop
M (Mé&p{z:A|P})=[M/z|P
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Appendiz A.1.6. The Type Universe

' I valid '-M:U r-M=M:U
I'cU type THT(M)type TrFT(M)=T(M)
I+ valid I’k valid

r-N:v TFTN)=N
'-M:U THEN:U '-M=M:U TFN=N:U
I'-MxN:U ' (MxM")=(NxN"):U
'-M:U TEN:U
I'=T(MxN)=T(M) x T(N)

Appendiz A.1.7. Classical Predicate Logic

I' F valid 'F¢Prop TH®= L

I'= 1L Prop r''F®=¢
I'¢Prop "¢ Prop ThHeo=¢ Tryp=1
I'F¢ >y Prop I'E(@ovy)=(¢ D)
TH®,¢= 1 FrFd=¢Dyp TH®=¢
'F®d=¢D9Y o =1
(DN)F F® = ()
I'®=¢

Iz: AF ¢ Prop A=A T,o0:AF¢=¢
['+Vz: A.¢ Prop ' (Vo: Ag) = (Vz: A.¢)

[FE gy Prop - TE@uProp  prgvpiag I-M:A
Da: Al 1. fp =1
TH® = [M/2)p

TFgr,...,fn=Va: A

Appendiz A.1.8. The Propositional Universe

I'F P prop r=P=qQ
'+ V(P) Prop TEV(P)=V(Q)
I' F valid I' F valid

I-lprop THV(L)=1
' Pprop I'k Q prop '-P=P TFHQ=Q
I'+ PSQ prop I'H(POQ)=(P'2Q)
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't Pprop T'FQ prop
I'EV(P3Q) = (V(P) D V(Q))

',z :T(M)F P prop r-M=M:U T,2:T(M)FP=PF
[+ Va : M.P prop '+ (Vo : M.P) = (Vo : M'.P")

I,z :T(M)F P prop
L'V (Ve : M.P) = (Vo : T(M).V(P))

Appendiz A.1.9. Equality

'FN=N:U
M, :T(N) TFDM,:T(N) 'k M, =M :T(N)
- (M, =y M) Prop U'E My =M, :T(4)
I'E (M =y Mz) = (M] =n M)
I'+¢; Prop --- T'F ¢, Prop
T+ M:T(N)

F|_¢1,...7¢n:>M:NM

I,z :T(N)F ¢ Prop
(subst) I'F® = M; =y My T'F®= [M/z]p

'k ® = [My/x]¢

I'+ M, =M :T(N)
I'+ M, =M),:T(N)

[+ (My=nMa) = (Myj=nMy)

Tk M, :T(N) TF M :T(N)
'+ (My=nM,) prop

LM, :T(N) T+ M, :T(N)
['FV(Mi=§Msy) = (M, =y My)

Appendiz A.1.10. Differences from Previous Presentation

The above presentation differs from the one in [6] in a few respects. In that
paper, we constructed LT T within the logical framework LF’. Here, we have
presented LTTyw as a separate, stand-alone formal system. The constant Peirce
in [6] has been replaced with the rule (DN), the constant I_, has been replaced

with the rule (eta_,), and the constant Iy has been replaced with (etay).

It is not difficult to show that the two presentations are equivalent. These
changes have been made in order to simplify the definition of the interpretations

in Section 5.

In [6], we introduced a proposition ‘prop’, and used the proofs of ‘prop’
as the names of the small propositions. We also discussed the possibility of
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making ‘prop’ a type. In this paper, we have taken a neutral option: we have
used a separate judgement form I' = P prop. The system we present here can be
embedded in both the system that has ‘prop’ a proposition, and the system that
has ‘prop’ a type. It can be shown that these two embeddings are conservative.

Appendiz A.2. LTT

The subsystem LTTj is formed from LT Ty by making the following changes.

1. Whenever the rules (Ey), (Exy =), (En0) or (Ens) are used, the type A
must have the form T'(K).

2. Whenever the rule (Indy) is used, the proposition ¢ must have the form
V(P).

3. Whenever the rule (subst), (etay) or (eta_,) is used, then for every quan-
tifier Vx : A in the proposition ¢, the type A must not contain the symbol
U.

4. The following rule of deduction is added:

I'-¢; Prop --- T'kF¢,Prop T'HFM:N
L1y, 00 = (0= sM)

(P3)

Appendiz A.3. LTT]

We say a proposition ¢ is analytic iff, for every quantifier Vx : A in ¢, either
A =T(M) for some M, or A= Set (N).
The subsystem LTTy is formed from LT Tw by making the following changes.

1. Whenever the rules (Ey), (Ey =), (En0) or (Ens) are used, the type A
must have the form T'(K).

2. Whenever the rule (Indy) is used, the proposition ¢ must be analytic.

3. Whenever the rule (subst), (etayx) or (eta_,) is used, the proposition ¢
must have the form V(P).

4. The rule of deduction (P3) is added.

Appendix B. Proof of the Soundness Theorems

We present here the proofs of two of the Soundness Theorems in this paper.

Appendiz B.1. Proof of Theorem 5.13

We begin by proving the following properties of our interpretation:
Lemma Appendix B.1 If A C A/, then [A], C [A]p and (~2) C (~4)).
PROOF. The proof is by induction on A.

Lemma Appendix B.2

1. Let M be a term and X an expression of Apt+1. Let v/ = v[z := (M)"].
If (M) is defined, and (X)) is defined, then ([M/x)X )" is defined, and
([M/z]X])" = (XD
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6.

Given a term M of A, and expression X of Any1, we have [M/x]( X))V ~
(X )™ where, for all y € domw, u(y) = [M/x]v(y).

If (M)Y and (X)**=2 are defined, then ([M/z]X|)" is defined, and
(M) X)* = [(M)® /2](X )= |

If v(z) = '(x) for all x € FV (M), then (X)) = (X)" .

Suppose (A, ®,v) E ¢. If A C A, & C &, and v(x) = v'(z) for all
x € FV (), then (A, ®' V) = ¢.

(A, ®,0) |= [M/2)6 iff (A, &, [M/a]0) = .

Proor. Part 1 is proven by induction on X, and part 2 by induction on N.
Part 3 follows simply from the first two. The remaining parts are proven by
induction on X or ¢.

Theorem 5.13 is now proven by induction on derivations. We deal with five

cases here.

1.

Consider the case of the rule of deduction
I''e:AFM:B TEN:A
'(Mx:A(M:B)(N)asp =[N/z]M : B

By the induction hypothesis, we have
Az Ab, (M)#=2. B, Ak, (N)":A

and we must show Ak, ((Az: AM)(N))” = ([N/z]M)" : B.
Suppose d(A — B) < n. Then we have

A b (s A(MYE=)((N)) = [(N)° /2] (M)"F=" B

By the two claims above, we have [(N|)*/x|(M|**=* = ([N/z]M)? and
the required judgement follows.
Suppose now d(A — B) = n+1. We must show A F ((Az : A.M)(N))¥ =
([M/z]N)? : B But

(Az: AM)(N)) = (Mz: AM)"Q(N)”
(&, (M) =) a(N )
[(ND* /] (M)t
([M/z]N]*

and so the required judgement is
AF [N /(M=) = (V) /el (M) B

which is derivable in A,,.
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2. Consider the rule of deduction
'FV =Vr: Ay '-M:A

T30 = [M/z]y

Suppose (P, A, v) satisfies each member of ¥. Then (®, A, v) =V : A,
We also have (M) € [A]x-

Ifd(Ve : Aap) < n,thenwehave A @ =V : A (¢)” and A+ (M])? : A,
hence A F & = [(M))?/z](¢])"*=2], and this is the judgement required
by Lemma Appendix B.2.3.

If d(Vx : Ap) = n+ 1, then we have (¢, A, v[z := (M)"]) E ¢. Hence
(®,A,v) = [M/x]tp by Lemma Appendix B.2.6 as required.

3. Consider the rule of deduction

I' -+ Prop r''CFv=_1
v =9

For this case, we need the result:

If A ® = L then (A, ®,v) E ¢ for every proposition ¢ of
Apta.

This is proven by induction on ).

4. Consider the rule of deduction
FrEvY = -
(DN) ———

THFY =

For this case, we need the result:
If (A, ®,v) E ——¢ then (A, D,v) | ¢.
If d(¢) < n, we have

A F D= (y])”

LA F D= (Y)Y (DN)
If d(¢) =n+1and ¢ = D x, we have that
(A,@,0) | ~=(¢ D x) - (B.1)
Suppose A; D A, ®; D &, and
(A1, @1,0) F ¥ (B.2)

We must show (A1, ®1,v) | x. By the induction hypothesis, it is sufficient
to prove (A1, ®1,v) |E ——x. So suppose Ay D Aq, &9 D &4, and

(A, @2,0) = x - (B.3)

We must show (Ag, ®2,v) = L. By (B.1), it is sufficient to prove that
(Ag, @o,v) = —(¥h D x). So suppose Az D Ay, 3 D Py, and

(A, @3,0) =49 D x - (B-4)
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We have (As, ®3,v) = ¢ by Lemma Appendix B.2.5, so (A3, ®3,v) E X,
and hence (As, ®3,v) | L by (B.3), as required.
The case d(¢) =n+ 1 and ¢ = Vx : A is similar.

5. Consider the case of the rule of deduction (Indy):

I,z :NFV(P) Prop '-N:N
'F®=V(0/x]P) T,z:NF® V(P)=V(sz/z]|P)
'k ® = V([N/z]P)

This follows by applying (Indy) in A,,. Note that it is important here that
V(P) must be a small proposition.

Appendiz B.2. Proof of Theorem 5.25
We begin by proving

Lemma Appendix B.3 IfA C A’ then [A]) C [A]A, and (~4,) C (~4,,)-
PROOF. Similar to Lemma Appendix B.1.

We prove that Lemma Appendix B.2 holds for our new translation. The
proof is similar.

Theorem 5.25 is now proven by induction on derivations. We deal with one
case here: the rule of deduction

I'z:NFT(K) type 'FL:T(0/z]K)
Fe:Nyy:T(K)F M :T([sz/z]K) '-N:N

'+ En([z]T(K), L, [z,y]|M,s N)
= [N/2, En([|T(K), L, [z, y) M, N) /y|M : T([s N/x]K)

(EN S

Let v be a A-valuation of I'. Inverting, the derivation includes I,z : N+ K : U,
and so the induction hypothesis gives us (K|)*[*=/ € . whenever A F.J : N.
Let us define

S() = ()=
Dy = decodeg(y
Cy = codeg(y)
F(J) = Ex([2]T(K), L, [z,y|M, J)

We have the following chain of equalities provable in T\,:

(F(sN)D”
= Dynp(R(Co((L)), [z, y]Cer (M) =m0 =P s(N)?))
— Ds(lND(Cs(lND((|M|)v[w::(|N|),y::(IF(N)D]))
— (IMDv[r::(\ND,y::(IF(N)D}

([N/z, F(N)/y]M)*

as required.
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